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PREFACE TO THE SECOND EDITION

The rapid advances made in the science of Physical Optics

since the appearance of the first edition of this book in 1905,

have made additions necessary in practically every chapter.

The numerous typographical errors which marred the first edition,

have been corrected, and certain sections of small interest or

importance have been removed bodily, to make more room for

new material. Even with these removals, the new edition will be

found increased in size by about 150 pages, and nearly 100

new illustrations. Three new chapters have been added, dealing

with the subjects of Meteorological Optics, Electro-Optics, and
the Principle of Relativity. The numerous additions and en-

largements deal almost exclusively with the experimental side of

the subject, and the larger part of the matter removed is mathe-

matical, the loss of which, it is believed, will not be felt. I am
under great obligation to Professor Frost, who furnished a large

number of illustrations which have appeared in the Astrophysical

Journal, and to Mr. Francis, of the Philosophical Magazine, for

tlie same courtesy. I am also under obligation to Professor

Zeeman for his kindness in reading the proof of the chapter on
Magneto-Optics, and supplying me with some of his most recent

results which otherwise could not have been included.

R. W. WOOD.
Geneva, 'February, 1911.





PREFACE TO FIRST EDITION

The present volume was commenced at a time when Preston's

Theory of Light was practically the only advanced textbook on

the subject in English suitable for general class work. This work,

while excellent in every respect, could scarcely be said to repre-

sent our present knowledge of the subject. Anomalous dispersion

and the relation existing between absorption and dispersion was

barely mentioned, and of course the recent remarkable discoveries

in the field of magneto-optics were not recorded. In the mean-

time, two very excellent books have appeared, the English trans-

lation of Drude's Lehrbuch der Optik, which cannot be surpassed,

and Schuster's Theory of Optics, which, while extremely interesting

and suggestive, omits all mention of the Laws of Radiation,

Fluorescence, and Phosphorescence, and the whole subject of the
" Optics of moving media."

In the present volume especial stress has been laid on the ex-

perimental side, and it is the author's hope that the perhaps too

frequent references to experiments with which he has been more

or less directly associated will not be taken as an indication of

a lack of perspective.

No pretence at originality in the mathematical treatment is

made: the work has been compiled to a great extent from lecture

notes, and many plagiarisms doubtless occur. The excellent

theoretical treatment, based upon the electro-magnetic theory

given by Drude, has been followed very closely, and it is hoped

that this acknowledgment may serve in place of the numerous

quotation marks which would otherwise be necessary. Various

other standard textbooks have been drawn upon freely, especially

the very comprehensive work of Verdet.

Too much space has perhaps been given to the theory of dis-

persion, and the incorporation of the somewhat lengthy develop-

ment of the dispersion formula by elementary methods, based

upon the elastic-solid theory, may appear superfluous. The
advantage of this treatment lies in the fact that it does not
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involve the use of imaginary quantities, which are always a little

troublesome to the student at first; in addition to this, it appears

to be a little more intelligible, the reciprocal actions between the

vibrating atom and the ether being more readily grasped by the

mind than the somewhat vaguer conception of displacement

currents in the ether and their action upon charged electrons.

The electro-magnetic treatment follows.

The illustration of the book has been greatly facilitated through

the courtesy of jMr. William Francis, who has furnished blocks

of many plates and figures from the Philosophical Magazine.

I am under very great obligation to my friend, Professor J. S.

Ames, who has made many valuable suggestions from time to

time, cleared up many doubtful points, and read the manuscript

during the process of its preparation.

R. W. WOOD.
Baltimore, May 2nd, 1905.
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CHAPTER I

THE NATURE OF LIGHT

Older Theories.— The foundations of our present knowledge re-

specting the nature of hght were laid during the latter part of the
17th century, although the modern wave-theory did not take definite

form until over a century later. The important discoveries which
may be said to mark the beginning of the science of optics may
be summed up in a few words.

In 1666 Sir Isaac Newton effected the prismatic decomposition
of white light into its component colors, and proved that no further

color change resulted from subsequent refractions. He moreover
recombined the spectrum colors, and formed from them white light.

This was a great step in advance in one way, for it had been thought
previously that color was produced by refraction, manufactured by
the prism so to speak, whereas Newton showed that the colors

were originally present in the white light, the function of the prism
being merely to separate them or sortthem out, which it accomplished
in virtue of its power of deviating rays of different colors through
different angles. Curiously enough this discovery, which we are

taking as marking the beginning of our definite knowledge about
light, is one which we shall demolish in the last chapter of this book,
for our present idea regarding the action of the prism more nearly
resembles the idea held previous to Newton's classical experiments:
we now believe that the prism actually manufactures the colored

light, and what is more to the point, we have a pretty definite idea

regarding the manner in which it manufactures it, in which respect

we may consider ourselves in advance of Newton's contemporaries.
The importance of Newton's discovery is not to be underestimated

on this account, and his conception of the nature of white light will

be held to throughout the greater part of this book, for it represents

perfectly all of the experimental facts with which we are acquainted,

and the treatments of nearly all of the optical phenomena which we
are to study are greatly simplified by its use.

Newton elaborated what is known as the corpuscular theory of

light, and clung to it tenaciously to the last, the weight of his

opinion retarding in no small degree the development of the wave-
theory, which was first clearly expressed in 1678. On the corpus-

cular theory light was regarded as a flight of material particles
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emitted by the source, the sensation of sight being produced b}-

their mechanical action upon the retina. The rectihnear propagation
followed at once from the second law of motion, whereas the earl}^

supporters of the wave-theory were unable to account for it, as
every known form of wave motion bent freely around the edges
of obstacles.

In 1676 it was demonstrated by Romer, a Danish astronomer, that
light required a finite time for its propagation, travelling across space
with a velocity which he estimated at 192,000 miles per second. Now
the impact of corpuscles movmg at such a speed might well be ex-
pected to exert a pressure, and attempts were at once made to estab-
lish the materiality of light by detecting this pressure, all of which
were failures however. At the present time we know that light does
exert a pressure, though a very small one, but this pressure can be
shown to be the necessary consequence of the impact of waves, so
that it is as strong evidence of the truth of the wave-theory, as it

would have been of the emission-theory had it been discovered in the
days of Ne^\i.on.

A wave-theory of light was first expressed in definite form by
Huygens in 1678, and twelve years later he satisfactorily explained
reflection, refraction, and the phenomenon of double refraction in

uniaxal crystals, which was discovered by Bartholinus in 1670.

Although he discovered the phenomenon of polarization, which would
have practically been the death-blow to the emission-theory, had its

nature been understood, he was wholly unable to account for it. We
must remember, however, that he had longitudinal waves in mind, i.e.

waves in which the direction of the vibration was parallel to the
direction of propagation, and polarization would be as difficult to
account for by such a theory as by the corpuscular one. He was
moreover unable to offer any satisfactory explanation of the recti-

linear propagation of light, or the formation of shadows, and his

theory fell into disrepute.

Strangely enough Newton himself made the discovery which, if

handled in the proper manner, would have established almost beyond
a doubt the validity of the wave-theory.
He devised a method for studying the dependence of the colors

of thin films, first observed by Boyle and Hooke, upon the thickness
of the film. These colors, however, he sought to explain on the
emission hypothesis. Grimaldi in 1665 was engaged with the study
of diffraction, or th(> bending of light around the edges of obstacles.

Admitting sunlight through two small apertures into a darkened
room, he observed what he thouglit to be a darker region at the
point where the two diverging beams overlapped. As he was merely
looking for evidence of the non-materiality of light, he regarded his

experiment as conclusive and pursued the subject no further. The
apparent destructive interference of light, which (Irimaldi thought
that h(> had ()l)S('rve(l, was without doubt an effect tlue to contrast.

True interference was first observed by Dr. Young at the beginning
of the 19th century nearly 150 years later, whose justly celel)rated

experiments established almost beyond question the validity of the

wave-theory.
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Young, however, at first regarded the waves as longitudinal, which
assumption, though erroneous, did not affect the validity of his

reasoning concerning the formation of interference fringes and the
colors of thin plates. Fresnel commenced his optical studies in 1814
and introduced, for the first time, the conception of transverse waves,
a conception which he found necessary for an explanation of polariza-

tion. Rectilinear propagation he accounted for by a most ingenious
method of dividing the wave front up into zones, often wrongly
attributed to Huygens, and showing that the disturbances coming
from the collective zones, produced zero illumination within the
shadow according to the well-known principles of interference. This
was a very bold hypothesis, for it necessitated an ether having the
properties of an elastic solid, a condition difficult to reconcile with
the free and unobstructed motion of the planets through it. This
"elastic solid" theory, however, came to be generally accepted, and
can still be used to advantage in treating many optical phenomena,
for it is more easily intelligible than the modern electro-magnetic
theory. Light, on this theory, is regarded as a transverse displace-
ment of a medium called ether, having properties similar to those of
an elastic solid, the displacement being propagated from point to
point, according to the well-known laws which govern wave motion.
There are many objections, one of which is the difficulty regarding
the longitudinal disturbance, which always accompanies the trans-
verse one, in the case of a solid. No existence of any such longitu-
dinal disturbance in the ether has ever been found.

Various hypotheses have been made to get around the diflJculty.

The phenomena of light cannot well be reconciled with the presence
of any longitudinal disturbance which is propagated with finite

velocity. It has been gotten rid of in the theory by considering the
ether as incompressible, which gives to the longitudinal disturbance
an infinite velocity. Lord Kelvin made a still bolder suggestion in

1888; he showed that if a "contractile-ether" be assumed, the
velocity of the longitudinal wave is infinitely small. In a solid if « is

the elasticity or resistance opposed to a shearing strain, k the resist-

ance to compression, and d the density, it can be shown that the

velocity of the transverse wave is -y ^ , while that of the longitudinal

J"- . In an incompressible fluid k would be infinitely large,

and we should have an infinite velocity for the longitudinal impulse.

To give us zero velocity for this disturbance, A; + ^ e must equal zero,

that is k must be negative, or there must be a negative resistance to

compression. This can only be true in a medium in which the con-
ditions are such that it would shrink if left to itself, and it is hard to

imagine a stable ether endowed Avith such properties. Lord Kelvin
gets over the difficulty by showing that the instability disappears if

we regard the ether as rigidly supported at its boundaries. The con-

dition may be illustrated by considering the case of a mass of small

soap bubbles, such as is formed by blowing into a soap solution. The
mass in this condition offers a resistance to compression in virtue of
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the enclosed air. Suppose we could spirit the air away : the mass
would then contract, owdng to surface tension, until it vanished into

a small liquid drop. At the moment at which the air disappeared
it would offer a negative resistance to compression. If the mass of

bubbles were, however, blown within a hollow spherical vessel,

with a continuous surface, spiriting the air away would cause no
change, as the mass would be everj^'here supported by the walls.

Lord Kelvin showed that on the assumption of an ether of this

nature, the relation between the intensities of the incident and
reflected light, in the case of transparent bodies, as expressed by
Fresnel's tangent formula, could be accounted for, and Glazebrook
showed that it led as well to Fresnel's wave surface in the case

of double refraction, both of which phenomena had not previously

been well explained on the electro-magnetic theor3\

Lord Kehdn probably did not mean to imply that the ether really

was finite and supported by a rigid shell, though some have imagined
that the ether may stop somewhere. Such a condition of affairs

would prevent the escape of energy from the universe by radiation

to infinit}^ for the waves would be reflected back at the boundary.
Such speculations belong rather to metaphj'sics, and have no place

in the present volume.
The Electro-Magnetic Theory. — This theory assumes light to be

identical with the electro-magnetic disturbances, which are radiated

from bodies in which electrical oscillations are taking place. The
fundamental equations we owe to Maxwell, who predicted the exist-

ence of the waves which were discovered and studied by Hertz.

The periodic disturbances, which are supposed to constitute these

waves, were called displacement currents by MaxTA'ell, and these

displacement currents can occur in the free ether or in a dielectric,

i.e. in a non-conductor of electricity. A medium, to be capable of

propagating \'ibrations, must possess two qualities. There must be
a force of restitution which pulls a displaced particle back into its

original position the moment it is released, and the medium must
in addition possess inertia, or something corresponding to it, other-

wise it would not swing past its position of equilibrium in opposition

to the elastic forces which oppose its motion. The electrical behavior
of the dielectric in a condenser furnishes abundant e\'idence of a force

closely related to elasticity, and the oscillatory discharge of a Leyden
jar points to the fact that electricity in motion has a tendency to

continue in motion. Maxwell's theory does not tell us anything
about the nature of this electric displacement, so that in one sense

our ideas about the real nature of the luminous disturbances are

much vaguer than they were fifty years ago, when the elastic

solid theory was generally accepted, for in the motion of a solid we
are dealing with perfectly definite physical jirocesses. As Schuster
remarks in the preface of his recent work on Optics, " So long as

the character of the displacements which constitute the waves re-

mains undefined, we cannot pretend to have estal)lished a theory of

light." The fundamental equations of the electro-magnetic theory

will be developed in the chapter on The Theory of Reflection and Re-
fraction, and we shall have occasion to make frequent use of them.
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Simple Periodic Motion.— If a particle moves along a straight
line in such a way that its distance y from a fixed point satisfies

the equation

y =asm ((Dt — a),

in which t is the time and a and w are constants, its motion may
be defined as simple harmonic, or, as Schuster prefers to call it,

simple periodic motion. A particle which is acted upon by a force
which varies directly with its distance from a fixed point will, if

displaced and released, execute a motion represented by the above
equation, if no other forces, such as friction for example, come into

play. Forces of this nature are assumed to be called into play
by the displacements, mechanical or electrical, which constitute
light, and we will accordingly begin by establishing the above
equation and interpreting its meaning.

Let the force corresponding to displacement y be

^=-py,

in which p is a constant, viz. the force corresponding to unit dis-

placement; the minus sign is given since the direction of the force

is opposed to that of the displacement. If m is the mass of the
particle, we have for the acceleration,

" ^ . —^ = —k-y (writing k- = ^]: .'. — = —k^y.
_ J^ -r m \ m) at

ftll fit) /7~7/

Now v=-f- and we therefore have -r = "t^ = — k^Vy the integral
dt dt de

^

of which is y = a sin {kt — a)

.

This can also be shown in the following way.
The work done on a mass is measured by its kinetic energy and

is represented by the product of the force and the distance through
which it acts. Since the force varies in the present case, we have
for the work done on the particle, displaced a distance a, and
moved back by the force to position y,

-
I

pydy>
%J a

the minus sign being given because the path traversed is in the

negative direction of y.

Equatmg this to the expression for kinetic energy gives us

-mv^==-JJpydy= - -p jj2ydy=^(a^-y^);

m

.'.^=kVa^^\ -^=^kM,
dt

^•'
^o?-y'
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whence

or

kt

Jo «V-

^

—— = sin ^

y = a^\\\kt. (1>

Suppose the time to increase from f = to /d= -, then y= a, the

maximum value which it can attain, or in other words the ampUtude
of the vibration.

For ;^^

For kt =

2'

2

y = a, For kt = Tr, y = 0,

y a, For kt = 27r, y= Oj

the particle having performed one complete vibration.

If the time occupied is called T, we have kT = 2ir, or

k- T
k
= 2'

V

1 o ^ \m

Substituting for k in equation (1) gives us

. 27r.
y = asin-—t.

Wave-Motion. — In the above discussion we have investigated the
motion of a single particle. We will now consider what happens
when the particle is bound to other particles by forces which tend

to keep the particles at a fixed distance, such, for example, as an
attractive force and a repulsive force, the latter increasing more
rapidly than the former as the particles approach. Such a medium
would be capable of transmitting transverse waves, and we ran
imagine a sort of atomic ether consisting of extremely minute par-

ticles bound together by forces as above specified. This concej:)tion

need not be taken as expressing our views regarding the constitu-

tion of the ether by any means, but as we shall make use of a medium
of this nature in the elementarj^ deduction of the dispersion formula,

we may as well take it for our t^^pe of medium in the preliminary

study of wave-motion.
Suppose our particles to be arranged in a row (Fig. 1) and held

at a fixed distance apart, say by a sf)iral sjiring in which they are

imbedded. If one of them is

"
' ' ' '

"

• displaced, it is drawn back by
the vertical component of the

forces T and T' duo to the in-

creased tension of the spring.

Suppose the pnrticles displaced

as .shown in Fig. 1, the radius

of curvature at A being R. The
force acting on A along y will be

. 2 T sin rt, where a is the angle

cur\ature by the element ds of thesubtended at tl)(' cciitie of
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medium, i.e. the distance between the two particles adjoining A;
2 T represents the sum of the tangential forces T and T'\ which are
assumed equal for small values of a.

We have then F = 2T ^\na = T 2a=~ ds fsince2«=—

'

R \ R,

Now the curvature — = — -7^ for small displacements, and if p isH dx-

the density per unit length, pds is the mass, and we have

J d-y ri rpd-y , d-y Td'ypds-^ = -F=T-^^ds, or ^ = -tJ-ar dx^ dt p dar

This equation has for its solution

r . .r 1 .. r X
or y=f\ t-^\ +f' \t + —-

V-l V-
I ^p J I ^p J

in which / and /' are arbitrary functions.

In the case which we are considering, if the row of particles is

displaced as figured, and released, a wave-motion will spread out in

V-^both directions, with a velocity equal to "V— = V.

If now the particle A vibrates in simple periodic motion,

?/= a sin 2 TT — , we have one of our wave disturbances represented by

y^asm-^(t~^\ or y =asm2ir(--^\ since VT= X.

This equation represents as well a plane-wave travelling along the
rc-axis ; its amplitude is a, its periodic time T, and its wave-length A.

We may get the form of the wave by giving to t any fixed value,

for example ^ = 0, when our equation becomes

ij = asin2 7r~-^
\

We can plot the curve in the following way.
We will plot the ordinates (y) for values of x equal to multiples of

— (Fig. 2). Divide the circumference of a circle into 12 equal parts^

Fig. 2.
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and call the radius unity. For x = l = —-, the cos of « is the ordi-

nate of point 1 on the circumference of the circle. The same holds

for the other points, therefore we have only to draw lines parallel to x
through the points on the circle and mark their intersection A\-ith

ordinates erected at 1, 2, 3, etc. The points thus determined lie on
the wave.

Absence of Back-Wave. — If a point in a medimn is made to vi-

brate in simple periodic motion, it sends out waves in both the posi-

tive and negative direction. Now when a wave meets a point in a

medium, the point is made to execute periodic motion, and the wave
beyond the point can be regarded as due to its motion. In this case,

however, the moving point only sends out a disturbance in one direc-

tion, though its motion is identical ^^•ith that of the point sending out
waves in both directions. As we shall in the next chapter make use

of this conception of a point thro'UTi into \'ibration by a wave as a

source of other waves, it is of some importance to distinguish be-

tween a secondary source of this nature and an actual source of light.

Let the curved line in Fig. 3 represent a wave travelling towards
the right. We know that this wave will be propagated with its type
unchanged, and that the medium behind it will come to rest the

moment the wave has passed. If, however, we distort the medium
into the shape figured, and then release it,

»» * we shall have a wave traveUing in both
directions. The difference between the

two cases will become at once apparent
if we consider the velocities as well as

the displacements of the particles. Con-
sider the first case, that of the mo\ang
wave : the particle at A is acted on by
a force drawing it downward, and being

at rest initially it moves in consequence. The particle at B is acted
upon in the opposite direction by an equal force. It, however, is

not at rest, for it is moving in a dowTiward direction with a velocity

represented by the dotted arrow, for the wave has just passed by it,

and it is returning to its position of equilibrium : this velocity just

compensates the force due to the distortion of the medium and the
particle comes to rest. In the second case both A and B are at rest

initially, and both move the moment the restraint is removed, and
we have a wave moving in both directions. We can in the same way
see how the vibration of A by the passage of the wave through it

fails to give a back-wave. It moves let us say to .1', which it will do
T

in time — • In the meantime the point C has returned to C, and its

velocity just compensates the force due to the displacement of A,
whicli in a medium initially at rest would result in a back-wave.

Wave-Front. — We may define the wave-front as the continuous
locus of the points of the medium which are about to be disturlied.

Thus defined the wave-front marks the limit which the disturbance

has reached at the instant considered. A more general definition,
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however, and one which we shall find more useful is the following.

The wave-front is the continuous locus of points which are in the same
phase of vibration, or a surface of equal phase. If this surface is plane,

we speak of the waves as plane-waves, and since in isotropic media
the rays are perpendicular to the wave-front, the rays are in this

case parallel. The waves coming from sources of light situated at

infinity (e.g. the stars) are plane.

If the source is at a finite distance, the wave-fronts are spherical,

if the velocity of propagation is independent of the direction, as

is the case in isotropic media. By means of mirrors or lenses it

is possible to transform a spherical wave-front into a plane one,

but we possess no means of starting a plane-wave directly. We
can perhaps get a better case of what this would involve in the

following way.
Consider a vibrating particle attached to an elastic string : waves

will run along the string and the wave-front will be a point (Fig. 4a)

.

Attach a number of strings to a rod vibrating in a direction parallel

to its length (Fig. 46), and the wave-front will be a straight line if we
regard the strings as forming a continuous medium (Fig. 46).

There is no such thing in nature as a hnear wave of light, for

the reason that such waves can only occur in a medium of two
dimensions. The conception of such a wave is often made use of

in elementary treatments of diffraction, as the problems are much
simphfied by restricting the disturbance to two dimensions.

If now our strings are attached to a vibrating plane, the continu-

ous locus of equal phase is obviously a plane, parallel to the moving
plane, since the waves all start at the same instant, and travel

with equal velocities. To reaHze this condition in optics it would
be necessary to arrange a plane source of light, over the surface of

which the vibration was uniform, i.e. the phases of all the vibrating

particles would have to be the same, a condition which obviously

cannot be realized. By attaching the strings to a vibrating point

and arranging them so that they stretch out in all directions, we
represent roughly the conditions under which we obtain a spherical

wave. It should be observed, however, that in the case of a to-and-

fro motion of the point, there are two directions in which transverse

waves wall not be given out, these directions coinciding with the

direction of motion of the point. We have this circumstance occur-

ring in certain optical phenomena, as we shall see later on (certain

facts connected with the Zeeman effect, for example).
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Frequency and Wave-Length. — The length of the Hght wave de-

pends as we have seen upon two factors, the velocity and the fre-

quenc}^ or time of vibration. Since the velocity in refracting media
is usually less than the velocity in ether, the wave-length is reduced
when the disturbance enters such a medium, for the frequency re-

mains the same. The wave-length and freciuency obviously depend
upon the nature of the source. Flames colored by metaUic salts

may emit hght of definite frequencies, such as the sodium flame, the

light of which consists chiefly of two yellow radiations, commonly
designated as the D hnes.

Light in which we have but a single wave-length is said to V^e

monochromatic. It must be remembered, however, that strictly

monochromatic light involves an infinite train of waves, such as

would emanate from a particle the vibrations of which were subject

to no sudden or gradual changes of phase. Absolutely homogeneous
or monochromatic light is something that has no actual existence,

though we are accustomed to speak of light which the spectroscope

shows as a single narrow line, as monochromatic.
The color depends upon the wave-length, but the color carmot

always be taken as an indication of wave-length, as certain colors can
be imitated by the simultaneous action upon the retina of two trains

of waves, either of which acting alone would give rise to a totalh^

different color from that perceived when both act together.

For example, a yellow scarcely distinguishable from the yellow
of the sodium flame can be produced by a mixture of red and green
light in the proper proi:)ortions. A screen can be easily prepared
which transmits red and green only and in about the right propor-

tions to produce the sensation of " subjective yellow," as it is called.

Canacla balsam, boiled down until it will sohdify on cooling, is

stained with. " brilliant-green " and naphthalene yellow, in the same
proportions used for making dichromatism prisms (see page 351)
and a small quantity pressed out between two warm glass plates

until the color of the transmitted hght is yellow. Examination with
a small spectroscope reveals the fact that in reality no yellow light is

transmitted, only red and green. We have then the important
(hstinction that while wave-length determines color, color does not
necessarily determine wave-length.

Lord Rayleigh recommends a mixture of an alkaline solution of

litmus A\nth chromatc of potash. If a window, backed by well-

lighted clouds, is viewed through such a solution and a prism it pre-

sents a most splendid appearance, for the red and gi-een images are

widely separated, the region where they overlap being colored with
the compound yellow. A screen capable of transmitting only the

yellow region is difficult to prepare. A mixture of bichromate and
permanganate of potash answers fairly well, and can I'C made to

match the color of the first screen. A sodium fiame is invisible

through the first and easily visilile through the second. Both to-

gether are practically opaque even with very intense white light.

The different radiations present in a source may be separated liy

a prism or diffraction grating, as we shall see, and we obtain in this

way what is known as a spectrum of the source : not all of the radia-
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tions in the spectrum affect the eye, for, as we know by experiment,
there are regions beyond the red and violet which we cannot see.

The longer waves in the infra-red spectrum can be recognized by
their heating power, or by their action on phosphorescent sub-
stances ; the ultra-violet or short waves can be detected by photog-
raphy or by their action in causing fluorescence.

The leng-th of the light wave can be measured with great precision

by methods which will be described later on. The shortest ultra-

violet light waves were discovered by Schumann and were subse-
quently more accurately measured by Lyman : they are so strongly

absorbed by air that they have to be investigated in vacuo, or in an
atmosphere of hydrogen. The longest infra-red waves, found in

1910 by Rubens and Hollnagel, have a length of yV of a millimeter
or are one thousand times as long as the Schumann ultra-violet

waves. The wave-lengths in the different parts of the spectrum are
given in the following table

:

Wave-Length

Schumann waves .00010 mm.
Ultra-violet j

.00020 mm.
1 .00035 nmi.

Extreme violet .00040 mm.
Blue 00045 mm.
Green 00050 mm.
Yellow 00058 mm.
Red 00065 mm.
Extreme red .00072 mm.
Infra-red 1 fx .001 mm.
Residual rays reflected from quartz, 8.5 /u. . . .0085 mm.
Residual rays from sylvite, QO /j- .0600 mm.
Residual rays from iodide of potassium, 96 /a

or nearly j\j mm .096 mm.
Shortest electro-magnetic waves 6.0 mms.

The " residual rays " are obtained by reflecting the radiations of

a Welsbach lamp from a number of surfaces of quartz or other
material. To get a comparative idea of these wave-lengths we may
take a metre stick as our scale. CaUing the Schumann waves 1 mm.,
green light will be 5 mms., red Hght 7 mms., and the longest heat
waves thus far found 96 cms., or practicaUy the entire meter. Now
consider this scale reduced in length to yV of a millimeter, and we
have our waves as they actually are.

Sources of Light for Experimental Purposes. ^— It will perhaps be
well in the introductory chapter to describe briefly a number of

sources of light, which will be found useful In experimental work
pertaining to the subject of Physical Optics. As a source of white
light, the sun is to be preferred when great intensity is required.

Next to this comes the electric arc, the type most suitable for

experimental work being a lamp in which the "positive carbon is

horizontal. If great intensity is not necessary, the Nernst filament
will be found very serviceable. It ranks next to the arc in intrinsic



12 PHYSICAL OPTICS

intensity, requires no attention, and has the added advantage of

narrowness. It may thus be used in many cases as a substitute for

an illuminated slit. If an electric current is not available, a
Welsbach lamp, surrounded by a sheet-iron chimney furnished

with a small vertical slit, will be found an excellent substitute.

If a source of light giving a continuous spectrum in the ultra-

violet is required, as in the study of aVjsorption spectra in this region,

nothing is superior to the cadmium spark, which in addition to its

bright lines has a fairly strong continuous background. An induc-

tion coil, or better still a 10,000-volt transformer, with one or two
large Leyden jars in the circuit, furnishes the best means of obtaining

a suitable spark. An acetylene flame, traversed by the discharge

of the high potential transformer, gives a continuous spectrum free

from bright lines, which extends do^Ti into the ultra-violet region

much farther than most sources of light, and can be used in cases

where the bright lines of the cadmium spectrum are undesirable.

The spark under water is another source of an ultra-violet spectrum,

but its use is troublesome. The modern incandescent lamps, with
filaments of tungsten, have an intensity even greater than that of

the Nernst lamp, and it is probable that a lamp made with a tung-
sten filament half a millimeter broad and one centimeter in length

would be extremeh' useful for experimental work.

As sources of monochromatic light we possess various colored

flames and vacuum-tubes, from the spectrum of which we can pick

out a monochromatic radiation by
L screening off the wave-lengths

^1 . ,^---
—

f?"^^^~">K
which are not desired. A simple

^^"^^"^—

^

-~^*L<^^p|\\ form of apparatus for accomplish-

s' ^^vl ''\\^ ^^S ^^'^ ^^ described in Mann's

^^f^^^H' Manual of Optics. It is easily con-
^ structed, not expensive, and can

Fig. 6. be made without the services of a
skilled mechanician (Fig. 5). Light

from a slit *S, made parallel by a lens L, traverses a glass prism,

after which it is reflected back through the prism and collimating

lens, the convergent beam being then deviated to one side bj- a
small right-angled prism, the focussed spectrum falling upon a
screen provided with a vertical slit *S'. By turning the mirror M
by means of adjusting screws, any desired portion of the spectrum
may be passed out through the side slit. It is possible with this

instrument to obtain fairly monochromatic light from a source
giving a continuous spectrum, or to pick out the highly homo-
geneous radiations which are emitted by metallic vapors, brought
to a state of luminescence l)y the electrical discharge in vacuum
tubes, or in the arc or spark discharge.
An instrument is made by R. Fuess, of Steglitz, near Berlin, which

is a combined spectroscope and monochromatic illuminator. The
author has found this instrument most useful. It is very easily

calibrated, and will furnish a beam of approximately monochromatic
light from sun or arc light, the width of the band being not much
wider than the distance between the sodium lines. The transmitting
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slit can be removed in an instant, and the insertion of the eye-piece

in its place transforms the instrument into a very good spectroscope.

The sodium flame is the most generally used source of mono-
chromatic light. Its radiations, however, consist of two wave-
lengths, consequently its spectrum consists of two Unes in the yellow
very close together. To separate one of these from the other is a
matter of considerable difficulty, and for most purposes the complete
radiation will be found equally satisfactory. The most satisfactory

flame can be obtained by winding a piece of asbestos paper around
the top of a Bunsen burner (fastening it with wire) and saturating
it with strong brine.

Monochromatic red light can be obtained by saturating an asbes-

tos cylinder with a solution of chloride of lithium, and a satisfactory

green by means of a small fragment of metallic thallium, fused to a
loop of platinum wire. The bead should be mounted so as to barely
touch the outer edge of the flame, otherwise it will rapidly evaporate.

For long-continued work, however, the most satisfactory light is

the mercury arc, from the radiation of which we can pick out by
means of color screens, or the simple spectroscope described above,
any one of the numerous bright lines.

A commercial mercury arc is the easiest to operate, and gives no
trouble. It will be found immensely useful and should be installed

in every laboratory. Its light is not as intense as that emitted by
the lamps made of fused quartz by Heraeus of Hanau, Germany,
and it does not give us much of the ultra-violet, but for most pur-
poses it is most satisfactory.

A very simple and easily constructed mercury lamp has been
described by A. H. Pfund. It consists of a piece of glass tubing
7 cms. in length and 1.2 cms. in diameter sealed to a larger tube
3 cms. in diameter and 18 cms. long, provided with a side tube for

exhaustion. A platinum wire is sealed into the lower end of the

small tube, which is half filled with mercury. The mercury forms
the negative electrode, while a hollow sheet-iron ring forms the posi-

tive (Fig. 6). This electrode is made by cutting out a piece of

sheet iron as shown in the smaller figure (a) and bending it into the

form of a double ring (b).

The lower ring should be a little smaller than the upper, so as not
to come into contact with the glass when the upper, or supporting,

ring is pushed into the small tube. The ring is heated to a high tem-
perature when the current passes, and invariably cracks the glass

if it touches it. A thin iron wire is fastened to the ring and passes

out through the top, through a sealing wax seal. It is better to

use copper wire at the point where it passes through the wax, as

the current heats the iron. The joint is made at C, The top is

closed by a quartz plate sealed on with wax.
A properly made joint made with sealing wax will hold a cathode

ray vacuum for days. The end of the tube should be warmed and
the wax applied until a thick ring is formed. The plate should

then be heated and pressed against the wax ring, after which the

joint should be gone over with a small pointed gas flame, burning

at the tip of a " drawn-down " glass tube. The lamp is exhausted
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\

with a mercury pump, and joined to a 110-volt direct current cir-

cuit, "uath a resistance of about 30 ohms in series with it. It is

started b}^ warming the bottom with a Bunsen burner and tilting

or shaking it until the circuit is made. It should be run for fifteen

minutes while connected with the pump, to get rid of the occluded
gases, after which it can be sealed off. If the light in the visible

spectrum alone is re-

quired, it may be taken
from the side. The ul-

tra-violet radiations
come out through the

quartz plate. If only
the \isible and a part of

the ultra-violet are re-

quired, the quartz plate

can be dispensed with
and a sealed-in platinum
wire joined to the iron

wire. After several days
running, gases may iDe

liberated and impair the
vacuum, causing the arc

to acquire a tempera-
ture sufficient to melt
the glass. The lamp
should be tested from
time to time by holding
a piece of paper against

the glass. If it chars, it

is time to reexhaust the
tube.

The mercury arc lamps made of fused quartz are most satisfac-

tory in every respect, though rather expensive. The ultra-\dolet

radiations are so intense that the air becomes immediately charged
with ozone, and glasses should always be worn, as an exposure of

only a minute or two of the naked eye to the light results in a very
serious and painful inflammation. The glasses need not be dark,

as the harmful rays are absorbed by ordinary transparent glass.

Cadmium and zinc lamps can also be obtained of quartz. These,
however, require a certain amount of preliminary heating.

During operation they should be kept in communication with
the pump. After prolonged use (30 to 40 hours running), tii(>

quartz often becomes partially devitrified, resembling ground glass,

and a black deposit sometimes forms oil the inner walls. To
remedy this, the tube should l)e removed from the ])ump and heated
in an oxy-hj'drogen flame, which restores the surface antl burns oft

the black deposit.

Color Screens or Ray Filters. — The monochromatic constituents

of a source of light such as the mercury arc can be separated by a
spectroscope, but color screens are more convenient, and have the

advantage that they permit us to utilize the entire source. There

Fig. 6.
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are countless absorbing substances at our disposal, colored salts of

metals and aniline dyes, solutions of which can be used in glass cells

made by cementing glass plates to annular strips cut from heavy
brass or glass tubing.

The foUoAAnng substances are most useful : cobalt chloride, copper
chloride, nickel sulphate, potassium permanganate, chromium
chloride, bicliromate of potash, picric acid, sodium chromate,
neodymium chloride, and praseodymium chloride. The last two
are very useful when comlDined \vith other filters for sharpening
the edges of absorption bands. We sliould have on hand also a
good collection of aniline dyes and especially the very useful com-
pound nitroso-dimethyl aniline, the numerous remarkable properties

of which have been investigated by the author. A very complete
Hst of the aniline dyes, with photographs of their absorption bands,

vnW be found in the Atlas of Absorption Spectra, by Uhler and Wood,
published by the Carnegie Institute, Washington, D.C., and a
more recent one, dealing in particular with the absorption in

the red region, by C. E. K. JMees, pubHshed by Longmans, Green,
& Co.

For separating the radiations of the mercury arc the following

solutions will be found suitable:

Bichromate of potg,sh transmits the green and the two yellow
lines. Addition of a neodymium salt removes the yellow lines,

without reducing the intensity of the green Hue in the least. No
other substance is as satisfactory as this. Cobalt glass + aesculin

solution transmits the 4359 hne. Guinea green B extra (BerUn) -t-

chinin sulphate transmits 4916. Nickel sulphate is also useful.

Chrysoidine -(- eosine transmits the yellow hues 5790. The chry-

soidine should be dilute, and the eosine added until the green line

disappears. A very thick cell with a saturated solution of bichro-

mate of potash is perhaps as good. Methyl violet 4 R. (Berlin an.

Fabrik) very chlute, and nitroso-dimethyl aniline transmits the
ultra-violet line 3650. Methyl violet + chinin sulphate (separate

solutions) transmits 4047 and 4078, also faintly 3984.

The absorption bands of a number of substances are sho^vn in the
form of a chart (Fig. 7), which \\ill doubtless be found useful in

preparing screens. A very useful set of ray filters are made by
Wratten and Wainwright, Croyden, England.
A film of silver chemically deposited upon a quartz lens or plate is

practically opaque to all radiations except the ultra-violet region
3160-3260. The silver film should be of such thickness that a
wdndow backed by a brilliantly lighted sky is barely visible through
it. Directions for silvering ^\-ill be found in the Chapter on Inter-

ference Spectroscopes. Lenses prepared in this way have been used
by the author for photograpliing the moon, landscapes, and various
objects in ultra-violet light. Very dense cobalt glass combined
wth a layer a centimeter or more in thickness of a saturated solu-

tion of bichromate of potash cuts off everything except the extreme
red above wave-length 69. This screen was used by the author in

making infra-red landscape photographs. A clear blue sk}^ is

nearly black through it, while sunlit foliage comes out very bright.
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A saturated solution of iodine in carbon bisulphide is opaque to all

visible radiations, and transmits freely the infra-red.

If, in addition to the substances enumerated above, we have a
collection of scraps of colored glass, we shall be sufficiently well

equipped in the way of ray filters for all ordinary optical and spec-

troscopic work.

Velocity of Light. — The first determination of the velocity of light

was made by a Danish astronomer Romer in 1676. From observa-

tions made on the eclipses of Jupiter's satelHtes he showed that the

inequalities noted in their times could be explained by the finite ve-

locit}' of propagation of light. Since the time of rotation of the

satellites around the planet is constant for each satellite, they will

enter the shadow of the planet at regular intervals, and the times of

the echpses can be predicted with the greatest accuracy. Romer
found, however, that the intervals between successive eclipses of a
given sateUite varied gradually if the observations extended over a

year. The eclipses were found to occur earher or later than the cal-

culated time, according as the earth and Jupiter were on the same,
or opposite sides, of the sun. The discrepancy was obviously due
to the time taken by light to travel across the earth's orbit. Calcula-

tion showed that the velocity of light was about 192,000 miles per
second.

The second determination was made in 1728 by Bradley, who
discovered the phenomenon known as the aberration of light. He
observed that the apparent position of the stars shifted slightly from
time to time, and finally came to the conclusion that this small

apparent motion could be explained by taking into account the
earth's motion in its orbit, together with the fact that light is propa-
gated with a finite velocity. The phenomenon of aberration will be
more fully discussed in the chapter on the relative motion of matter
and ether.

Fizeau's Method. — Galileo had made an unsuccessful attempt to

determine the velocity of light, by placing two observers at a great
distance apart, each furnished ^vith a lamp. One observer uncovered
his lamp and the second observer watched for the flash and removed
the screen from his lamp at the moment it appeared. The first

observer was to determine the velocity by noting the time elapsing

between the uncovering of his own lamp and the appearance of the
distant light.

This method failed obviously, owing to the enormous velocity of

light. In 1849 Fizeau made an experimental determination of the

Fig. 8.

velocity of light by means of a revolving disk furnished with a
toothed rim. The method is essentially as follows : A beam of light

was introduced into the tube of a telescope by means of a collimator
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fitted in to its side, and was focussed by means of a reflecting plate

upon the rim of the toothed wheel (see Fig. 8). This point was at

the principal focus of the object glass of the telescope ; consequently
the light, after passing between the teeth of the wheel, was made
j^arallel by the objective.

After traversing a distance of three or four miles, it fell upon a
second lens, which brought it to a focus upon a concave spherical

mirror, the centre of curvature of which coincided with the centre

of the lens. The light was thus returned as a parallel beam over
the same path, and entered the eye-piece at E, passing through the

reflecting plate. If the toothed wheel is rotated the beam of light

\x\\\ be made intermittent, and if the speed be great enough the light

W'hich passes through the space between the teeth will, upon its re-

turn, be cut off by the adjacent tooth, which in the meantime has

advanced into the position previously occupied by the space. On
looking into the telescope the observer sees at first a bright star,

which diminishes in intensity as the speed of rotation is increased,

finally disappearing entirely. Further increase in speed causes the

reappearance of the star, the light passing through a given space,

falling upon the next adjacent space upon its return. Fizeau expe-

rienced great difficulty in determining accurately the speed at the

moment when the eclipses occurred. The image of the distant star

was never bright, and the light reflected from the teeth of the wheel

caused a general illumination of the whole field. To ob\date this

difficulty Young and Forbes, in repeating the ex]3eriment, bevelled

the teeth so that the fight reflected from them fell upon the black-

ened sides of the telescope. The teeth were also ]:)lackened so as to

diminish their reflecting power as much as possible. In 1874 Comu
repeated tlie experiment T\ith certain modifications. To avoid the

difficulty of determining the exact moment at which the star was

eclipsed, he made use of an electrical chronograph, arranged so as to

record every hundred revolutions. Seconds were marked by a clock,

and tenths of a second by means of a vibrating spring. By means of

a key the observer could record any instant at which he wished to

know the velocity. The speed and its rate of change could be deter-

mined at every instant from the record of the chronograph. Instead

of attempting to determine the moment of comjilete extinction,

Cornu compared the briniancy of the image with a light of fixed in-

tensity, On increasing the speed the intensity of the image sank,

and the speed of the wheel was recorded at the moment at which it

w^as equal to the intensity of the standard light. After extinction the

star reappeared and the speed was recorded at the moment w hen it

regained its former brightness. The speed corresjionding to com-

plete extinction was the mean of these two. Cornu's final result for

the velocity w^as 800.330 Knis. per sec. in air, or 300,400 in vacuo.

Foucault's Method. — AVheatstone had suggested that a revolving

mirror might be (•ini)l()yed in the determination of the velocity

of light, and his suggestion was taken up by Arago, Init it remidned

for Foucault to carry out the experiment in a form capable of giving

accurate results. The arrangcMuent of his aj^jxiratus is shown in

Fig. 9. Sunfight after transmission through an aperture at .S and
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Fig. 9.

an achromatic lens / falls upon a mirror R, which can be rotated
at high speed. A concave mirror M fixed at a distance of several
metres returns the light to the revolving mirror. If the mirror R
is at rest, the light returned by it after reflection from the inclined

plane mirror comes to a focus at a.

The axis of the mirror R is at the centre of curvature of the
mirror il/, consequently the cone of rays, which converges upon M,
is returned over the same path,

and the rotation of J^ will not

affect the position of the image
at a. This, however, is only

true if the mirror is in the

same position when the rays

meet it a second time, as will

be readily seen by considering

the passage of a ray from *S to a.

If the mirror turns through an
appreciable angle while the light is traversing the distance 2 RM, the
image will be shifted to a point a'.

The revolving mirror was driven by an air turbine, the speed
l^eing determined by a stroboscopic method. The displacement of

the image amounted to only .7 mm., which gave for the velocity

of light 298,000,000 metres per second.

Michelson's Experiments. — Foucault's method was improved hj
Michelson, who placed the lens between the two mirrors (Fig. 10).

The lens was 8 inches in diameter and had a focal length of 150
feet. The revolving mirror was placed 15 feet inside the principal

focus, and the mirror M at a distance
of 2000 feet. Deflections of the image
amounting to 133 mms. were obtained,
which made it possible to dispense with
the oblique reflecting plate, and observe
the image directly, with an eye-piece
placed to one side of the slit. The speed
of the mirror was determined by means

of a tuning fork, one of the prongs of which carried a light mirror,
which reflected the light from the revolving mirror into the eye-
piece. When the fork \nbrated, the spot of light was drawn out
into a band, which broke ui^ into a number of moving images as
soon as the mirror was set in rotation. A single stationary image
Avas obtained only when the mirror made as many turns per second
as the frequency of the fork ; this condition was easily secured by
regulating the air pressure at the turbine. The mean result for the
velocity of light (reduced to the velocity in vacuo) was 299,910 ± 50
kilometres per second. No indication of the phenomenon alleged
to have been observed by Young and Forljes was observed. A
difference of velocity between the red and blue radiations, as large

as their experiment indicated, would have resulted in a drawing
out of the image into a spectrum 10 mms. in length.

Experiments were also made on the velocity of light in bisulphide
of carbon, a tube three metres in length being interposed between the

Fig. 10.
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mirrors. The ratio of the velocity in air to the velocity in this fluid

was found to be 1.758, while the ratio indicated by the refractive

index is 1.64. This discrepancy wall be explained in a subsequent
chapter. Professor Alichelson also experimented with lights of

different colors, and found that red light travelled 1 or 2 per cent,

faster than green hght in the carbon bisulphide.

Newcomb's Experiments. — A series of experiments were made by
Newcomb at Washington in 1880-82, with an apparatus of slightly

different type. Sunhght entered the sUt at S (Fig. 11), and, after

reflection from a mirror at the elbow joint, passed through the tele-

scope lens and fell upon the revohnng mirror rti, from which it was
reflected along the line z to the distant mirror. The object glass of

the recei\dng telescope was immediate^ below that of the sending

telescope, the light entering it being received from the lower part of

the revohdng mirror. This consisted of a rectangular prism of steel

Fig. 11.

(Fig. 12), the surfaces of which were nickel plated, driven by means
of an air blast. The speed was regulated by means of a slight counter

blast directed against the lower fan wheel. By employing two lenses

in the manner indicated, the diffused light from the strongly illumi-

nated upper portion of the mirror did not enter the recei\'ing tele-

scope. The mirror could be driven in either direction, by interchang-

ing the direct and counter blasts ; the displacement measured could

thus be doubled.

The quantit}' measured directly was the angular deviation of the

return image, and not its linear displacement ; this was accomplished

by swinging the observing telescope, the eye-piece end moving along

a graduated arc, the divisions of which were read by means of a pair

of microscopes.

Newcomb's final result was, for the velocity in vacuo,

V = 299,860 ± 30 kilometres.

Group Velocity. — An important distinction exists between the

velocity of a group of waves and the velocity of a single wave.
We can get a very good idea of what is meant by group velocity



THE NATURE OF LIGHT 21

by throwing a stone into a quiet pond, and watching the circular

waves which spread out. If the attention be fixed on a single wave-
crest at the centre of the group, it will be seen presently to lead the

group, the waves ahead of it appearing to die out, and in a few
seconds its amphtude will become so small that the eye can no longer

be kept on it. There are just as many waves in the group, however,

as there were before, and a httle further observation will reveal the

fact that, as the waves in front die out, new ones appear in the rear.

The group is obviously moving forward with a velocity less than that

of the individual waves.

The explanation of the phenomenon was first given by Stokes, who
regarded the group as formed by the superposition of two infinite

trains of waves, of slightly different wave-length, which advanced in

the same direction but with different velocities.

Lord Rayleigh was the first to draw attention to the bearing of

group velocity upon optical problems. In his article on " The Ve-
locity of Light " (Nature, 1881), he called attention to the fact that,

in all experiments made for the purpose of determining the velocity

of light, it is the group-velocity, and not the wave-velocity, which is

actually measured. What is actually determined is the velocity

with which some peculiarity impressed upon the wave-train moves
forward. Since it is impossible in the case of light to pick out and
watch a single wave, the best that we can do is to measure the

speed with which a block, cut out of a wave-train, advances. If

the medium is free from dispersion, i.e. if waves of all possible

lengths are propagated with the same velocity, the group-velocity

and wave-velocity will be the same, the group being propagated
without alteration.

This will be made clear by reference to Fig. 13. In the lower
diagram we have two superposed trains of waves, moving in the

direction of the arrow. The
resultant disturbance is indi-

cated in the upper diagram.

The longer waves (dotted

line) are out of step with the .^-, ^^ ,^ m .i^ /^ /^ a- a- A^A-.A
shorter (solid fine) at A and XWWJ\/\Af\MW\^
C, and the resultant is zero A Q C

at these points. At B, where ""'
*

there is agreement of phase, ^^°- ^^

the resultant amplitude is double that of the single waves. If now
the velocities of the two sets of waves are equal, it is evident that

the group shown in the upper diagram will move forward without

alteration with the wave-velocity. If, however, the shorter waves
move at the higher speed, it is evident that they will presently get

out of step at B, and into step at C, which now becomes the centre

of the group. The group thus advances with a velocity greater

than that of the individual waves. If the reverse is the case, the

amphtude to the left of B increases as the group advances, the

amphtude to the right of B diminishing, A becoming eventually

the centre of the group. In this case the group-velocity is less than
the wave-velocity.



22 PHYSICAL OPTICS

We will now derive an expression for the group-velocity. Let the

longer wave A' (dotted line in Fig. 14) move with a velocity V'> V,

the velocity of the shorter wave X. Let T
be the time required for the point m.arked
T'' to overtake the point marked T". Wlien
this event has occurred, the centre of the
group, defined as the point of maximum

» * resultant ampUtude, and originallj^ at B,

p^^ j^
A\ill have moved back a distance of one
wave-length. Now the crest V is ap-

proaching the crest V with a velocitv V — V, therefore (V — V)T =
distance V'V = \' - X. If we write dV=V' - V and rfA =V - X,

we have

dV
dX

During the time T the A-wave train moves forward a distance VT,
therefore the centre of the group as defined above has moved a dis-

tance

x=Fr-x=(r-xf)r,

and the group-velocity is given by dividing this quantity by T.

Calling U the group-velocity, we have

u^v-x^-
dX

dV
If the medium is free from dispersion — = 0, and t/ = F.

dX

We shall have occasion to use the formula for group-velocity in

studying the action of a prism on white light, which will be taken up
later.

The difference between U and T' only comes into play in deter-

minations of the velocity of light in strongly dispersive media, the

correction to be applied amounting to 7.5/^ in the case of bisulphide

of carbon.

]\Iich(^lson, employing the revolving mirror method, which has
been shown l)y Rayleigh to yield U and not V, found the velocity of

light in air 1.758 times greater than in this fluid, while determinations

made by measuring the refractive indices gave the value 1.G4. If

we increase 1.64 by 7.5/0 we obtain the value 1.76, which is in close

agreement with the value observed by IMichelson.

It is worthy of remark that determinations of the velocity of light

by observations made on the aberration of light from the stars, give

us V. Romer's method, however, yields l\ and the close agreement
between the values obtained by these two astronomical methods
indicates that light is propagated across interstellar space without
dispersion.
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Independent e\'idence that waves of all lengths travel with the
same velocity in the free ether, is furnished by the variable star

Algol, which shows no color sequence when increasing in brightness,

as would be the case if waves of different lengths travelled with
different velocities.

The Doppler-Fizeau Principle. — Doppler, in 1842, called atten-

tion to the change in the pitch of a sound, which resulted when the
source was moving towards or away from the observer, and applied
the principle to luminous disturbances radiated from bodies in

motion, explaining the colors exhibited by certain stars as due to

their proper motion. The acoustical phenomenon is most fre-

quently heard when travelling in a railroad train. If a whistling

locomotive is passed, the drop in the pitch is very noticeable, espe-

cially if the locomotive is moving rapidly in the opposite direction.

Doppler's apphcation of the principle to stellar phenomena was
unsound, and Fizeau appears to have been the first to show that the

effect would manifest itself as a sUght shift in the position of the

bright or dark lines in the spectrum. If the source of hght is mov-
ing towards the observer, the frequency of the disturbance as it

passes the observer is increased, and the wave-length diminished

:

the spectrum lines are therefore shifted towards the violet : the re-

verse is true when the source is moving away in the line of sight.

By photographing the spectrum of a star alongside of a comparison
spectrum, it is possible to determine, not only whether the star is

moving towards or away from us, but also the velocity with which it

approaches or recedes. The principle has had wide appHcations
in astro-physical research, and the rapidly accumulating data
regarding stellar velocities will, at some future date, in all proba-
bility furnish the key to the solution of that greatest problem of

astronomy, the nature of the motion of the multitude of suns which
make up the universe.

Double stars have been discovered by. the Doppler effect, the com-
ponents of which no telescope will show separated, and their time of

revolution about their common centre of gravity determined. Such
stars are called spectroscopic binaries. The first was discovered at

the Harvard Observatory by Pickering. Observations of a number
of spectra of this star, taken at different times, showed that the lines

became double at stated intervals, an effect which could only be
accounted for l)y assuming the source of light to consist of two bodies

which alternately approached and receded, in other words two bodies

revolving around their common centre of gravity.

Keeler apphed the principle to the study of the rings of Saturn,

and showed that each portion of the ring was rotating at the speed
which an isolated sateUite would have at the same distance from the

planet.

The effect was first obtained in the laboratory by Belopolsky in

1901 (Astro. Phys. J. 13, pg. 15-24), who reflected a beam of light

from a system of moving mirrors, subsequently analyzing the light

with a spectroscope. The displacement of the spectrum lines was of

the calculated order of magnitude, which was, however, an exceed-

ingly small quantity. The minimum velocity capable of modifjdng
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the wave-length to such a degree that the spectroscope will note the
change is a kilometre or perhaps half a kilometre a second. The
change of wave-length resulting from reflection from a moving
mirror is double the change resulting from the motion of the source

with the same velocity. Belopolsky made use of multiple reflections

from two sj^stems of mirrors, mounted on the rims of a pair of op-

posed wheels, which could be revolved at high speed. In this way
he was able to obtain a shift of the spectrum lines which, though
small, was easily measurable.

The experiment was repeated in 1907 by Prince Galitzin and J.

Wilip with Belopolsky's apparatus. They emploj'ed an echelon

spectroscope and the mercury arc, and obtained much larger shifts

than those observed pre\'iously on account of the much greater

power of the spectroscope. The mirror wheels rotated at a speed
of 45 revolutions per second, which represented a linear velocity of

the mirrors of 30 metres per second. Six reflections were used and
the displacement amounted to 3V of the distance between the spectra

of different orders. This was a double displacement obtained by
two exposures, with the direction of rotation of the mirrors reversed
betw^een them. It is a very small amount, as we shall see when we
come to the study of the echelon, but the calculated velocit}' of the
mirrors agreed well with the observed. For example, the velocity

calculated from the line shift in one case was .405 Km. per second
while that determined by measuring the speed of the wheels was
.379.

More recently the Doppler effect has been found by Stark in the
case of the light emitted by the canal rays in vacuum tubes. The
canal rays occur where the cathode is perforated with small holes,

and they are known to consist in all probability^ of the positively

charged residue of the atom after the negative electron has been

ScdhocLeTTjstr. < \\\]\anaZstr.

€
Fu;. 1.5.

expelled. They are hurled dow^i the tube with a prodigious veloc-

ity, and if the stream is pointed towards the spectroscope a line is

observed shifted towards the violet. If the tube is oriented so that
the stream is directed away from the instrument, the shift is in the
opposite direction. If, however, the canal ray stream stands per-
pendicular to the collimator of the spectroscope, no shift is observed.
The effect is not at all difficult to observe, and the canal ray tube
can be made in a few minutes from some small pieces of glass tubing.
The electrodes can be scaled in with sealing wax, if the discharge is

prevented from reaching the wax joint. The construction is shown
in Fig. 15. The catluxh^ should be made from a i)iece of aluminum
plate a trifle over a millimetre thick, pcM-forated with numerous holes

not over a millimetre in diameter. The anode is formed from a short
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piece of aluminum wire. The rounded end of the tube should be
placed against the slit of a two or three prism spectroscope, filled

with hydrogen and connected to a mercury pump. The effect is

best seen at the blue line of hydrogen, on account of the higher dis-

persion of the instrument in this region. At a pressure of a milli-

metre or two the line appears perfectly sharp and in its normal posi-

Violet
Red

MllillMlMMHH !!

star

Spectrum

Comp. Sp.

Star

Spectrum

Comp. Sp,

Fig. 16.

tion. As the exhaustion proceeds a wing appears on the violet side,

which presently detaches itself from the line and creeps slowly away
from it. This gradual movement is due to the fact that as the

vacuum becomes higher the canal rays travel at a higher velocity,

and the change in the wave-length becomes greater. There is

always present the line in its normal position, wiiich shows that there

is an emission as well from hydrogen atoms which do not partake of

the motion of the canal rays. The velocity of the rays can be de-

termined by measuring the position of the shifted part of the line.

A photograph by Stark of the hydrogen lines showing the effect,

and the effect as shown in the spectrum of a double star, are repro-

duced in Fig. 16. The latter was made by Professor Frost, and the

difference of shift between the dark lines of the star and the bright

reference lines in the two photographs is plainly evident. In this

case we have a star revolving about a dark body, its velocity in

the line of sight varying with its position in the orbit.
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The motions of the molecules of a luminous gas modify slightly

the wave-length of the emitted light. Since the molecules are mov-
ing in all possible directions, with all sorts of velocities, the result

is that the spectrum lines appear shghtly broadened, the broadening
increasing with the temperature. The subject has been fully

treated by Lord Rayleigh {Phil. Mag. (5), 27, page 298, 1889).

The change in the period T, of the radiation coming from a
source of light moving vnih. a velocity v, is given by the equation

in which T is the actual period of the \4bration, T' the period of the

radiation, and c the velocity of hght. It is to be carefully observed
that when the source is in motion, the frequency of the vibration in

the source differs from the frequency with which the waves pass by
the observer, the former being unaffected by the motion.

The above equation for the change in the frequency of the vibra-

tion applies to the case of a stationary source of light and a moving
observer, as well as to a moving source. The two conditions are,

however, represented by the same formula only when the velocity

of translation is small in comparison with the velocity vnih. which the

waves travel. That this is true is evident from the following very
elementary consideration. Let .4 be a source which emits ten waves
per second, the waves travelling with a velocity of one metre per

second. Let an observer B advance against this wave-train ^^^th a

velocity of \ m. per second. It is evident that the waves will pass

him at the rate of 15 per second. Though the actual wave-length
remains unaltered, the frequency of the \ibration so far as B is

concerned has been increased from 10 to 15. The deviation of

waves by a prism depends upon their frequency; consequently in

the case of light waves we obtain the spectrum hue in a shifted posi-

tion when the spectroscope is moving with a high velocitj^ towards
the source. Suppose now that B remain at rest, and the source A
to move towards him with a velocity of \ m. per second. During
the time occupied by the source in moving \ m., it emits ten waves.

These waves will be crowded together into a space of half a metre,

that is, between the point occupied by the first wave of the train of

ten waves, at the end of one second, and the point occupied by the

source at the same time. In other words the wave-length has been
halved. This wave-train will sweep by the observer with a velocity

of 1 m. per second, or with a frequency 20. The Dopi)ler effect is

therefore greater for the case of a moving source than for a moving
(observer, when we are dealing ^vith velocities comparable with .the

velocity with w^hich the waves travel.

The number of waves of frequency ;V, coming from a fixed source,

which in one second pass an observer moving towards the source

with a velocity v, is A'^^- - or , in which y = velocity of light.
A A

If, however, the observer is fix(>(l. anrl the source moves with a

velocity v, the wave-length is changed from A= - to X= ———
A -V
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and the number of waves which pass the observer per second is the

velocity V divided by this number, or —— N. If a source moves

with a velocity equal to or faster than that of the radiation, no peri-

odic waves are given out. There is, however, a single wave like

the bow wave of a ship. The sharp click of a high velocity bullet

as it flies past us is an illustration of this. Calculate the change
of wave-length produced by reflection from a mirror moving towards
the source ^\^th a velocity equal to one-half that of the radiation.

The image in the mirror appears to move with a velocity equal to
that of the radiation, but it will be seen that the effect upon the
wave-train is not the same in the two cases.



CHAPTER II

RECTILINEAR PROPAGATION OF LIGHT

Huygens's Principle. — One of the objections which was first

urged against the wave theory of hght was its failure to account for

the rectiUnear propagation of luminous disturbances, and the forma-
tion of shadows. Waves of sound and water waves were observed

to bend around the corners of obstacles, and it was perhaps natu-

rally argued that if light consisted of a wave-motion, it should behave
in a similar manner. The objection was partially answered by

Huygens, though it remained for Fresnel to give the

complete explanation.

Huygens's conception of the manner in which wave-
motion was propagated was as follows : He regarded
every vibrating point on the wave-front as the centre

of a new disturbance : these secondary disturbances,

travelling \\-ith equal velocitj-, are enveloped by a sur-

face identical in its properties with the surface from
which the secondary disturbances start, and this sur-

face forms the new wave-front.
For example, in Fig. 17, consider a luminous point,

and AB a, portion of the spherical wave-front. Adjoin-

ing points a, b, c, d, etc., on this wave-front are

vibrating in unison and can be regarded as centres

of new disturbances, which spread out around them
as indicated by the dotted lines. It is evident that

these secondary waves are enveloped by the spherical

surface A'B', and this surface is the new wave-front.

If the luminous point is at a great distance, and we
are dealing with a plane-wave, we have the condition shown in the
lower figure.

This view of wave prop-
agation is known as the
Huygens principle. It can
be applied to the calcula-

tion of the position of a
reflected or refracted wave-
front, by regarding the
points on the reflecting or refracting surface, as they are collectively

or successively struck by the incident wave, as individual centres of

28

A

Fig. 17.

Fio. 18.
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Fig. 19.

new disturbances. For example, consider a wave-front AB descend-
ing in an oblique direction on a reflecting surface AC. The points

a, b, c, d of the surface will be struck in succession by the points a',

h', c', d' of the wave-front, consequently they will become succes-

sively the centres of secondary disturbances, as indicated in Fig. 18,

which are enveloped by the plane surface A'B'. This is the reflected

wave-front, and we shall see later on that it makes the same angle

with the reflecting surface as the incident wave.
Rectilinear Propagation. — Assuming Huygens's conception of

the mechanism of wave-propagation to be correct, how are we to ac-

count for the rectilinear propagation of

light ? Suppose we have a luminous body
at (Fig. 19) and an opaque screen, a coin,

for example, at A . We know that no light

penetrates into the conical region behind
the coin (neglecting for the present a phe-

nomenon known as diffraction).

But if all points on the wave-front are

acting as independent sources, we should

naturally expect them to be effective in

illuminating the region behind the ob-

stacle ; in other words, we should expect

the luminous waves given ofif by the'points

c and d to have some effect in the space
behind the coin. Why does not the entire

wave appear luminous to an eye behind the obstacle if every point

of it is giving off radiant energy in the form of secondary wavelets?

The answer given by Huygens was that these secondary waves
produced no appreciable effect at a point unless they were at that

point enveloped by a common tangent plane, or that the only effec-

tive portion of a secondary wavelet was the small point at its apex
which touched the plane tangent to all of them. Huygens regarded

the impulses as coming at irregular intervals, and his explanation of

the rectilinear propagation of light amounted simply to the assump-
tion that only one point on the secondary wavelet was effective in

producing light.

Fresnel was the first to give a really satisfactory explanation.

Making use of the principle of interference discovered by Young, by
which two luminous vibrations may destroy one another, he arrived

at the somewhat startling conclusion that the absence of light in the

shadow of a body was due to destructive interference between the

secondary wavelets. This explanation not only accounted for the

darkness behind the obstacle, but explained perfectly the slight

bending of the rays around the edges, a phenomenon known as

diffraction, which had been previously explained by assuming the

edge to exert a modifying action on the luminous rays which passed

close to it.

It was no longer necessary to assume that only a minute portion of

the secondary wave was operative in producing light, which as a

matter of fact is contrary to experimental evidence, as can be shown
b}^ allowing a plane-wave to fall on an opaque screen perforated with
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a very small aperture. The point on the wave-front not cut off by
the screen acts as a centre of a disturbance, which spreads out into

the space behind the screen as sho\Aii in Fig. 20,

^/ and a card placed in the position shown ^^ill be

Dl
^/ illuminated over an area many times greater than
^- the aperture.

//,,j Waves of sound behave in a similar manner,
i(aU and it is actually possible to photograph the

[ ^ secondary wavelet. The accompanying photo-

graph is one of a series made by the author to

illustrate certain features of wave-motion. The

Fig. 20 method by which the pictures were made will be
discussed later on.^

For the present it will be merely necessary to state that in every

case the sound photographed is the crack of an electric spark, which
gives, of course, a single pulse, instead of a train of weaves. The series

shown in Fig. 21 was made to illustrate the principle of Huygens.

The spark wiiich started the wave was arranged to snap directly

above a screen provided with a narrow slit. A short distance below
this first slit a second was mounted, and it will be seen that the two
narrow apertures become in succession the centres of secondary
weaves wiiich diverge precisely as if the source of the sound, that is to

say the spark, w^re situated in the aperture itself. In No. 1 of the

series, the w^ave, which started at the point A, has just encountered
the first screen. The aperture, wiiich appears in the photograph as ;i

l)reak in the horizontal white line, ])ecomes the centre of a new hemi-
spherical Avave, the gradual (leveloi)ment of wiiich is sliown in Nos. 2,

3, and 4. In No. 5 the secondary wave lias collided with the second
screen anri been reflected, the aperture in this screen becoming in its

turn tlie origin of a new secondary w^avelet. These jiictures show
that if all but a small part of the original wave is screened off, this

' Wood, " Photography of Sound Wavos," Philosophical Magazine, August, 1899.
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small part becomes a complete wave, and again if a small portion of

this secondary wave is allowed to pass through a small aperture, it

becomes in turn a complete wave.
Before considering in detail Fresnel's explanation we must make

an assumption regarding the nature of the secondary wavelet, which
is based on the circumstance that no disturbance is radiated back-

icard. An opaque screen which absorbs all of the energy falling on
it has no effect whatever on the vibration of the medium between
it and the luminous source.

From this we infer that the secondary wavelet is propagated only
forward, and lies wholly in front of the plane tangent to the wave
front at the centre of the wavelet. We are also justified both by
theory and experimental evidence in assuming that the effect of the
secondary wavelet is greatest on the Une which is normal to the
tangent plane at the point of tangency.

This will be better understood by reference
;

to Fig. 22, where AB is the wave-front,

a the centre of any secondary wavelet, and
xy the tangent plane behind which we
assume that the secondary wavelet never
spreads. The effect of the wavelet is b-

greatest along the line, or in the direction

ah, less along ac, and falls off continuously,

having the value in the direction ax. This
may be summed up by saying that the effect

of the secondary wavelet decreases with
increasing obliquity. The reason for the

absence of a back-wave has been given.

We will commence the investigation of

Fresnel's treatment of the subject by examining the effect of a linear

wave on a point P in front of it.

g Let AB he the wave-front (Fig. 23) which

^^ we may consider moving as a whole up and
Ab down parallel to itself. Thus all the particles
'^2 on AB move together, and the secondary
Ml waves leave them at the same moment.

Draw a perpendicular from P to the wave-
front, meeting it at C, which point is called

the pole of the wave with reference to the

point P.

Lay off on AB points Mi, ilfo, Mg, Mi, etc.,

so that the path from Mi to P is half a wave-
length longer than the path from C to P, and
M2 half a wave-length further from P than Mi,
and so on. If secondary wavelets start simul-

taneously from these points and move with the
same velocity, the disturbance from C will reach P first, since CP is

the shortest path, and the wavelet from Mi vnW reach P half a wave-
length behind the one coming from C, since we have so located Mi on
the wave-front that the path PMi is half a wave-length longer than
PC. This means that the crest of the wavelet from Mi reaches P at

Fig. 22.

Fig. 2.3.
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the same moment that the trough of the wavelet from C is passing

through it, or the waves are in opposite phase and would destroy each

other if both were equal. In the same waj^ other wavelets coming
from points hang between C and Mi will reach P wnth phases oppo-

site to those coming from corresponding points between Mi and M«.

The same will be true for wavelets coming from points between

Mo.l/s and M^M^.
To determine the effect of the whole wave at P we determine the

total effect or resultant of all the secondary wavelets, pa3dng atten-

tion to their phases as well as their amplitudes. The effect at P of

each of the elementary arcs into which we have subdivided AB we
consider as proportional to its length, and inversely proportional to

its distance from P. As we recede from C the effect will also dimin-

ish on account of the increasing obliquity.

We will now determine the relative lengths of the arcs into which
we have subdi\aded AB, Fig. 24.

Let the distance from the pole of the wave to P be h, then the

distance of Mi from Pis h-\- - and the length of the arc CMi is

V 6+ ^y -&- or ^/6^ +2^ + ^ - Ir or V6A,
2/ ^24

if we neglect — , which is very small in comparison to h\.

The path PM^= 6 + 2^or6 + A; therefore

Cil/2=V(6+A)--62

= V6' + 26A + A2-62 =

neglecting A^, which is small.

Therefore

Cilfi=VfoA, and CMi=V6A, Fio.24.

CM.,= V26A, M1M2= V26A- VhX= V6A(V2- VI)

,

CMz= V36A, MrhP = V3^- V26A= V6A(^/3 - V2)

.

The arcs thus decrease rapidly in length in the neighborhood of

the pole. The length of any arc at distance R (G in the diagram)

is determined as follows, since the small right triangle at G is similar

to the right triangle PCG.

G:^=R.VR^^' or G=k ^

a quantity which decreases with increasing R, approaching the value

- as a limit. The arcs far removed from the pole decrease slowly

in length, approaching the limiting value -•
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Besides decreasing in length, the elements become less and less

effective owing to increasing distance and obliquity.

Remembering that adjoining elementary arcs send disturbances of

opposite sign to P, we see that the effect of all is represented by
a series of alternately positive and negative members, which at first

decrease rapidly, then more slowly approaching in value, since the
very remote arcs are inoperative owing to their obliquity. Calling

the effect due to the central arc I, and that due to the following ones
m, m', m'\ etc., the whole effect is represented by the series

l-m! ^m"~m!" ^iyi\

the value of which is a fraction of the value of the first member.
Therefore the effect of the entire wave at P is less than that due

to the first element acting alone. If we were to screen off all of the

wave except the first element, the illumination at P would be greater

than that due to the whole wave, a surprising conclusion which, as

we shall soon see, can be verified by experiment.

The wave-length of light is so small that with P at a distance of

10 cms. from the wave-front Mx would be scarcely more than .2 mms.
from the pole of the wave. At a short distance from the pole the
arcs would become very nearly equal and opposite in their effect,

consequently the effective portion of the wave reduces itself to a
comparatively small area around the pole ; and if we screen off this

region we shall have darkness at P owing to the destructive inter-

ference between the disturbances coming from the outlying ele-

mentary arcs, or a shadow will exist behind the screen.

Efifect of a Plane-Wave on an Exterior Point. — Thus far we have
been considering wave-motion in two dimensions only, a hypotheti-
cal case. Let us now find an analogous treatment for waves moving
in space, which is the condition under which we observe them in our
experiments.

Consider a plane-wave (Fig. 25) moving towards P, an exterior

point : we require the effect at this point of all the secondary wave-
lets emanating from the wave-front. Draw
a perpendicular from P to the wave-front,

intersecting it at C, the pole of the wave .--.--'-.''

with respect to P. Around C describe cir- ^^sv^^^^^-
-- "

cles on the wave-front such that the first is

half a wave-length further from P than C is,

the second 2 half wave-lengths, etc. The
rings thus formed on the wave-front will be
analogous to the elementary arcs into which ^^*

we divided the linear wave, that is to say, the secondary disturbances
coming from any circle will reach P half a wave-length ahead of

those coming from the circle encircling it.

We regard the effect of the disturbances coming from each ring

as proportional to its area and as decreasing with increasing distance
and obliquity as before. Let us now investigate the areas of the rings.

The radii of the circles are obviously equal to the distances CMi,

CMi on the linear wave, namely VfeA, V2 6A, Vs b\, etc., and the
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areas or Trr

7r5A, 2 7r6A, 3 7r6A..

Neglecting the square of X as we have done, we find the area of the

central circle and each surrounding zone to be equal or Trb\.

For a zone at distance R from P we have its width given by

- — ^
as in the case of the element of the linear wave.

2VR'-b'
Its circumference is 2Tr^R~-h-, and its area, or the product of

these two quantities, is ttXR.

The effect due to the disturbances coming from a single one of the

zones will be proportional to its area and inversely proportional to

its distance. The shght increase in the area of the zones as we
recede from the centre of the system is compensated by the increased

distance, so that, other things being equal, we could regard the

successive zones as producing equal and opposite effects at the point.

The zones, however, become less and less effective as we recede from

the centre owing to the increased obliquity. We can therefore

represent the resultant effect by a series of terms of alternate sign

which decrease slowly at first, and then more rapidly, eventually

becoming zero, thus

:

S= m\-~7ni-\-mi—mi, etc.

The sum of this series is usually stated as being equal to one-half

of the first term plus one-half of the last term ; the method usually

adopted to prove this consists in balancing the second term against

half of the first and half of the third, and so on. Schuster has shown
that this treatment is too arbitrary, no reason being given why
the balancing is not effected in some other way, for example, by
considering the second term balanced b.y three quarters of the first

and one quarter of the third, which would make the resultant out-

standing effect approximately equal to one quarter of that due to the

first member acting alone. Schuster shows in what cases the addi-

tion of the series can be effected in the manner indicated. He first

wTites the series in the two follo\ving forms :

(f-'«.+f)+(f-'«.+'f)

\ 2 '''""^ 2 I

Suppose first that each term of the original series is greater tliiui

the arithmetical moan of the two adjacent terms. From the above
equations we see that
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for in both equations the terms bracketed are all small negative

quantities, and the value of S lies somewhere between the two quan-
tities given above.

If mi is very nearly equal to mi and m„ nearly equal to tn„_i, the

two limits lie close together, and we may write

2 2

If the series is such that each term is less than the mean of its

neighbors, aS lies l^etween the same Imiits (transposed).

If in the first p terms of the series each term has a greater value,

and in the remaining part a smaller value than the arithmetical mean
of the terms between which it stands, we may break up the series

into two, and obtain the sum

2 2 2
2""

It is thus clear that the expression for S given above will be the

correct summation only, if the series can be broken up into a small

number of separate series for each of which the value of a term is

either smaller or greater than the arithmetical mean of the terms
between which it stands, so that the sum of all such values may be
neglected.

The problem therefore reduces to a determination of the effect due
to one-half of the central zone.

The secondary wavelets from this zone unite into a disturbance the

phase of which is midway between those of the wavelets from the

centre and rim, for we may divide the zone into a series of concentric

rings of equal area, the effects of which at the point are equal in

amplitude, and of phases ranging over half a complete period.

These 'vibrations may be compounded as vectors by the method
given on page 158. The resultant amplitude will be very nearly the

diameter of a circle, the semi-circumference of which is made up of

the vectors which represent the amplitudes contributed by the

elementary zones into which we have divided the central circle.

The direction of the diameter makes an angle of 90° with that of the

first vector, consequently the phase of the resultant is a quarter of a

period behind that due to the element at the centre. We must
consequent!}^ consider that the secondary waves start with a phase
one quarter of a period ahead of that of the primary wave. The
amplitude of the resultant bears the same ratio to the amplitude
which would be produced if all the disturbances arrived in the same
phase, that the diameter bears to the semi-circumference, i.e. 2/it.

The matter of the acceleration of phase of the secondary wavelet
of a quarter of a period, with respect to the phase of the primary
wave, has sometimes been regarded as a sort of mathematical fiction.

If the advance of phase really exists, a secondary wavelet, if isolated,

would reach a distant point with a phase a little in advance of that of

the primary wave which originated it. That this is actually so was
shown by Gouy.^

'Gouy, " Sur la propagation anomale des ondes," Comptcs Rcndus, 1890.
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The theory of this experiment will be taken up more in detail

when we come to the subject of interference, and for the present

it wall serve our purpose to take note of the fact that the advance
of a quarter of a wave-length has been demonstrated. Gouy
formed a system of interference fringes with light reflected from a
pair of Fresnel mirrors, and then introduced into the path of one of

the interfering beams a screen perforated with a minute pin-hole,

which became at once the source of secondary spherical wavelets.

These interfered with the uninterrupted waves, and formed a sys-

tem of fringes with a color distribution which showed that the dis-

turbances from the pin-hole were advanced a quarter of a wave-
length ahead of the primarj'- wave which was intercepted by the
screen.

Assume the amplitude on the wave front to be unity, and consider

that the secondary wave from a small element of its surface produces
a resultant effect represented by kds. If r is the radius of the zone,

2
its resultant effect will be - • k-n-r. Nowr^ = hk, and the amplitude

due to the whole zone is therefore 2 khX. The whole wave wdll pro-

duce an amplitude one-half as great, which we may equate to unit}',

since we have assmned unit amphtude on the wave-front, and a plane
wave is propagated wathout loss of amplitude. From this we find

that k, the factor which represents the effect of the secondary wave,
is equal to 1/bX. That the amplitude due to the secondary wave should
varj^ inversely as the distance b is to be expected, but it may not be
at once obvious why it should vary inversely with the wave-length.

There is no mj'stery about the matter, however. If we keep the dis-

tance b fixed and increase the wave-length, we are obliged to increase

the size of the zone, if the conditions are to remain as before, that is,

if the zone is to produce the same effect at the point. The secondary
disturbances are now com.ing from a larger area, while only produc-
ing the same resultant effect, consequently the effect produced by
any small element of surface ds will be proportionally smaller.

Let us now put the theory to experimental test.

Suppose we screen off all of the wave-front except the central circle

of the zone series. There is now no encircling zone to partly neutralize

it, and the illumination is greater than that due
to the entire wave. This can be accomplished
l)y placing a screen provided with a small cir-

cular aperture at such a distance from the point
P that the area of the aperture is equal to the

area of the central zone, when the amplitude at

once becomes double, and the illumination four

times that due to the unobstructed wave. It is

of course apparent that the actual size of the
^^^- "^' zones on the wave-front in a given plane de-

pends on the distance of the point P. As this distance increases

the zones widen out. On a wave-front distant about 5 feet from the

point, the zones would be of the size shown in Fig. 20, so that if our
small circular aperture was of the size of the central circle in the

figure, the illumination at a point on the normal 5 feet behind the
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aperture would be greater than if the screen were not present.

And now comes a very curious fact : suppose we increase the size

of our aperture until it contains another zone. The disturbances

coming from this ring will be out of phase with those coming
from the central circle, and will entirely destroy them. Thus
b}^ increasing the size of the hole we can reduce the illumina-

tion to zero. The experiment can be performed with very sim-

ple apparatus, provided one has a dark room of sufficient length.

A pin-hole in a piece of thin sheet metal illuminated with arc or sun
light makes a suitable source of light. A first-class iris diaphragm,

such as is provided with the best photographic objectives, furnishes

us with an aperture the size of which can be varied at wall. The
diaphragm should contract to a diameter of 3 mms. or less, and the

outline of the opening should be circular and not polygonal, as is the

case with the cheaper kinds provided with but few wings. Suppose
the smallest aperture to have a radius of 1.5 mms. : we require the

distance of the point so situated that only the central circle of the

zone system is exposed. The formula CMi= V6A shows us that, if

we put A = ,0005 mm., the distance of the point is 4.5 metres. This

is for plane-waves, or with our source at a great distance. For the

condition of source and point at equal distances from the aperture

we substitute - for - in the original formula, for now there will be a
4 2

path difference on both sides of the screen ; in other words, the vibra-

tion at the edge of the aperture will be slightly behind that at the

centre. The distance now increases to 9 metres. Clearly we shall

need a long room for our experiment, for the source must be 9 metres
behind the screen, or our total optical path must be 18 metres. We
can, however, reduce this by one-half by using a small reflector of

silvered glass, an excellent arrangement being to so arrange

things that the diaphragm and the illuminated point are close to-

gether. To accomplish this we place it at a distance of 9 metres
from the source and mount our mirror 4.5 metres behind it, reflecting

the light back to a point a little to one side. If we hold a sheet

of paper here we shall see a little point of light. Put a little drop of

white paint on a bit of glass, and mount it in such a position that

it lies in the centre of the small spot of light. This forms our
illuminated point. Now, increase very slowly the size of the dia-

phragm and the light gradually fades away, the drop of paint pres-

ently becoming invisible. Twice as much light comes through the

hole as before, yet the point is in darkness. The law of the conser-

vation of energy tells us, of course, that no light has been destroyed.

It has simply gone somewhere else, and where it has gone does not

concern us at present. The fact that it no longer manifests itself at

the point in question is sufficient.

Let us now try the converse of this experiment by substituting for

the aperture a small circular disk of the same diameter. According to

Huygens's theory, if placed over the central zone, it should cut off

the illumination at the point entirely. On the Fresnel theory we sim-

ply remove the first member of the series, and the effect is represented
by the remainder of the series, namely, half the second member, or the
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illumination is unaffected by the interposition of the circular disk,

and this is precisely what we find to be the case. By increasing the

size of the disk we cut off another zone, still without influencing the

illumination, and this may be continued, not indefinitely, but until,

owang to the increasing obHquity, the effect of the zones begins to

diminish appreciably. We thus see that the centre of the shadow of

a circular body may, under certain conditions, be as brightly illumi-

nated as the surrounding field, a proposition due to Poisson.

Fresnel's memoir on diffraction was presented to the French Acad-
emy and reported on by Poisson, who raised the objection that if the

treatment were applied to the case of a circular disk (a case which had
not been treated by Fresnel), it would lead to the conclusion that the

illumination along the axis of the disk would be the same as if the disk

were absent, which was supposed to be a reductio ad absurdum. In
this case it is clear that the illumination "u-ill be represented by the

above-mentioned series, with as many members removed as there

are zones covered by the disk, which ^^dll be, as before, one-half of the

first exjoosed zone, and if we assume the zones to produce equal

effects, the illumination should be the same as without the disk. As
a matter of fact, the experiment had already been recorded by
Deslisle, but it had been forgotten, and was rediscovered by Arago
and Fresnel, who observed the bright spot in the centre of the

shadow of a circular disc.

This experiment is easily performed with a small disk of metal,

a copper cent, for example. If a coin is used, a new one should be
selected, the edge of which is smooth and undented. It should be
supported by means of three fine threads, which can be attached to

the coin with wax. Using the same source of light as before, ^\nth

the coin mounted at a distance of three or four metres, we shall find,

if we explore the region behind the coin \Aith a low-power eye-piece,

that there is a brilliantly illmninated region along the axis of the

geometrical shadow. The illumination is faint in the immediate vi-

cinity of the coin, owing to the irregularities of the rim, as will be
explained later, but at a distance of several metres behind the coin it

is nearly as bright as if the coin were absent. If the eye is brought

into coincidence \y\\\\ the luminous spot, it will be found that the

light comes from the edge of the coin, which appears brilliantly

illuminated. If the eye is moved a Httlc to one side, the ring

breaks up into two spots of light situated on opposite sides of the

coin. We are now getting the light which bends into the shadow
radially, without the great reenforcement due to agreement of phase.

Zone-Plate. — A remarkable verification of Fresnel's theory is

furnished by what is known as a zone-plate. If we describe on a
large sheet of white paper circles, the radii of which are proportional

to the square roots of the natural numlxTS, we shall have very nearly

an exact drawing of the zone system, the neglected terms containing

the square of X introducing a very slight error. If now \\v blacken

the alternate rings with ink, and take a greatly rethiced j^hotograpli

of the whole on glass, we shall obtain a device whidi will enable us to

screen off tlie alternate zones on the wave-front. Suppose we inter-

cept a plane-wave with such a plate and consider the illumination at
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Plate 1.

Zone-plate, from a drawing.
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a point so situated behind the plate that the central circle of the plate

corresponds in size and position to the first zone on the wave-front.

The black rings stop all the secondary disturbances from the alter-

nate or odd zones, which previously neutralized those coming from
the even ones, consequently all the secondary disturbances coming
from that portion of the wave-front covered by the plate reach the

point in the same phase, and the illumination will be very intense.

The whole surface of the zone-plate will send light to the point, the

action being very similar to that of a convex lens. The distance of

the illuminated point from the zone-plate we may speak of as its

focus, and we readily see that the smaller the zones the shorter the

focal length.

In the earlier edition of this book I gave a greatly reduced copy
of such a drawing. A better method has recently been found and
a second plate was prepared in the following way : A photograph
was made of the circular sj^stem of interference rings obtained by
passing the green light of the mercury arc through a combination
formed by a large lens of long focus in contact with a flat glass

plate. The two surfaces in contact were half silvered, which gives

us a system of rings by transmitted as well as by reflected Ught.

Photographs of these rings discovered by Sir Isaac Newton will be
found in the Chapter on Interference, where it wdll be shown that

the rings are on the same scale as the Huygens zones. A small

scale photograph of Newton's rings will serve therefore as a zone-

plate. As the number of zones obtained in this way was more
than twice as great as the number in the original drawing, it ap-
peared to be worth while to make a new plate. The photograph
of the interference rings was mounted on the tool carriage of a

lathe, and observed under a microscope provided with a cross-hair.

Circles were now turned on a brass plate, the advance of the tcTol

being controlled by watching the transit of the rings across the

field of the microscope. Two hundred and fifty rings were cut in

this way, and Plate 2 was printed from the resulting engraving.

It is possible in this way to obtain lines much finer and sharper

than those yielded by any photo-engraving process. (The omis-

sion of one ring was my fault and not Sir Isaac's !) Very good
zone-plates can be made by making photographic reductions on
glass of either plate, the perfection of which will depend upon the

accuracy of the focus and the excellence of the lens used in making
them. Lantern slide plates are fairly satisfactory, but the best

results are obtained with a collodion emulsion on thin plate glass.

(See Lippmann photographs for directions for preparing such

emulsion.) The variation in the relative widths of the bright and
dark rings will be found instructive when we come to the consid-

eration of the zone-plate in the Chapter on Diffraction, in connec-

tion with the distribution of light in spectra of different orders.

It is well to make several plates of different focal lengths. That they

have properties similar to lenses may ))e well shown by holding one of

suitable focus, say half a metre, between the eye and a distant lamp.

If the central zone is brought over the flame, the whole plate fills up
with light like a lens. By combining a zone-plate with a low-power
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eye-piece we can form a telescope which will give a fairly sharp
image of a brilliant object, such as an incandescent lamp.

Lord Rayleigh, in his article on Wave-Theory in the Encyclopedia
Britannica, called attention to the fact that if it were possible to

provide that the light stopped by the alternate zones could be al-

lowed to pass, but with a reversal of phase, a four fold intensity in the

illumination at the focus would result. In this case the secondary
disturbances from all the zones, both odd and even, would reach the

point in the same phase. This can be accomplished in two ways,^

first by making the zones of a thin film of gelatine on glass, the thick-

ness of the film being such as to retard the waves one-half wave-
length. These were made by coating a glass plate with a thin

film of gelatine containing a little bichromate of potash. Con-
tact prints are made from the reduced photographs in sun-

light, and washed for a few seconds in warm water. Still

better plates have been recently made by the author by etch-

ing glass with hydrofluoric acid. The glass plate was coated with

a thin film of wax, and mounted on a small turn-table revolved by
a motor. The ruling needle was advanced by a dividing engine,

and circles cut through the wax, the proper radii being secured by
observing a photograph of Newton's rings through a microscope
provided with a cross-hair, which was carried along with the ruling

point. After etching the plate with the acid the wax is removed.

Casts of these plates can easily be made in celluloid. Another
method is to form the zones of metallic silver on the hypothenuse
surface of a right-angle prism. In this case the light from the odd
zones is reflected metallically from the silver, while that coming from
the even zones has been reflected from the air surface (total internal

reflection). Reflection under these two conditions introduces a
phase change of almost exactly a half wave-length, and the light at

the focus is quite as brilliant as mth the gelatine plates.

The zone-plate has many peculiar properties. It has multiple foci

and can act at the same time both as a convex lens and a concave

lens ; but these properties can be discussed to better advantage after

we have studied diffraction.

Huygens's Principle as applied to Solitary Waves. — Objections

have been raised from time to time as to the general applicability of

Huygens's principle. For example, it is well known that a wave-
disturbance, consisting of simply a ''crest," unaccompanied by a
" trough," is capable of propagation under certain conditions. Since

rectilinear propagation depends upon interference, and as we can

have no destructive interference between disturbances in which the

displacements are all in one direction, it would seem as if the prin-

ciple could not be applied in this case. Gou>' has shown, in the

paper previously alluded to, that we can have only plane-waves of

this iYpa : a spherical wave, even if started by a disturbance consist-

ing of half an undulation, will develoj) the other part as soon as it

breaks away, so to speak, from the source. This is proven for waves
of sound : we cannot have a spherical sound wave which travels

out as a condensation, even if we start it by the sudden expansion of

1 Wood, "Phase Reversal Zone-Plates," Phil. Mag., June, 1898.



Plate 2.

Zons-plate engraved on lathe.



I



RECTILINEAR PROPAGATION OF LIGHT 41

a small sphere unaccompanied ])y a contraction of the sphere. The
wave will go out as a condensation followed by a rarefaction. Since

our secondary wavelets are spherical in form, the same holds true

for them. This peculiarity of spherical waves was shown by Stokes
some time before the appearance of Gouy's paper, and is referred

to b}^ the author.

There appears also to be a feeling that Huygens's principle cannot
be applied to a solitary wave. There certainl}^ can be no inter-

ference between secondary wavelets which do not pass simultane-

ously through the given point, and the points on the wave front,

from which the wavelets start, lie at different distances from the

point in front of the wave at which we are determining the illumi-

nation.

We can form an idea of how the interference takes place in the

case of a solitary wave in the- following way.
Consider three points a, h, c, on the wave front each half a wave-

length farther away from the exterior point than its neighbor.

The crest of the wavelet from the middle point b will reach the ex-

terior point at the same moment as the trough from a, and will be
destroyed by it ; the trough from b will, however, be destroyed by
the crest from c ; in other words the disturbance from b is destroyed

in part by a disturbance from a, and in part by one from c. Another
way of looking at the matter is to make use of the method of resolu-

tion employed by Stokes in his paper upon the nature of X-rays.
In Fig. 143, we have a plane-wave with its crest represented by a
dotted line, and its trough by a soHd line, and we have to determine
the portion of the wave effective in illuminating the point X. De-
scribe around X spheres (circles in the diagram) of radii a, a, a", also

larger spheres of radii b, b', b". It is clear that disturbances originat-

ing on the surface of any one of these spheres will pass simultane-

ously through X, since X is equidistant from every point on the

surface of a given sphere. Disturbances on the solid and dotted line

are of opposite sign and will destroy each other if they pass simul-

taneously through X. In the case of the spheres which cut the pole

of the wave, the positive and negative disturbances pass through X
in succession, and there is no destructive interference. In the case

of disturbances from more remote parts of the wave, we have a

positive disturbance from C and a negative one from B reaching X
simultaneously and destrojdng each other, and the same for points

D and E. We shall make use of this method again when we come to

the subject of diffraction, in explaining the relation between the

magnitude of diffraction and the wave-length. It is clear that the

shorter the wave, i.e. the smaller the distance between the two lines,

the more nearly is the effect at X due to a small region around the

pole of the wave. The pole is intercepted by a screen in the figure.

Law of Regular Reflection deduced from the Principle of Inter-

ference of Elementary Waves. — The construction given by Huy-
gens for the reflected and refracted waves is incomplete, just as was
his construction for rectilinear propagation, for he was obliged to

assume that only a single point on the secondary wavelet was opera-

tive in producing illumination. In applying the Fresnel principle of
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interference to reflection from a plane surface, we regard each point

on the surface of the mirror, as it is struck by the incident wave, as

the centre of a secondary wavelet, and determine the collective

effect of these wavelets at anj^ point, just as we did when we re-

garded points on the wave-front as centres of disturbance. We
know that the light, radiating from a point and reflected from a
plane mirror, which is effective in illuminating a given point, comes
from a point on the mirror so situated that hues joining it with the

source of the light and the point ilhmiinated, make equal angles

with the normal. Let us see if we can construct a sj'stem of zones
on the surface of the mirror in such a way that the effects coming
from all "VAill be essentially reduced to that due to a small area sur-

rounding a point situated as described. The problem is somewhat
more complicated than the one which we have just solved, for the

centres of the secondary wavelets on the surface of the mirror are

not vibrating in unison as are those on the wave-front. The reason
of this is obvious, for different points on the mirror are struck by
the wave-front at different times, and the secondary' disturbances

therefore do not start simultaneoush', and mil not be in agreement
of phase except in the case of a plane-wave incident normally.

The calculation of the zone-system on a reflecting surface is

rather tedious, and does not teach us very much. It w\\\ be found
in the earlier edition of this book, where it is shoum that the zones

are ellipses, their eccentricity var3^ng -^dth the angle of incidence.

At normal incidence the ellipses become circles.

The areas of the ellipses can be sho^\m to be very nearly equal,

forming a decreasing series similar to the circular zones on the plane-

wave front. If we describe such a series of ellipses on a flat mirror

and make the alternate zones opaque, the flat surface ^nll concen-

trate parallel rays incident at the proper angle, much like a concave
mirror. Such a plate can be made by photographing our drawing
of the circular zone system at an angle of 45°. The negative when
placed on a piece of silvered glass gives very sharp focal images for

light incident at the same angle. If the elliptical zone system is

printed on the h>^3otenuse surface of a right-angle prism, in metallic

silver, our phase difference of half a period between the adjacent
zone results from the reflection occurring under different conditions.

Such prints can be made by a method given in the paper referred to

in the previous section.

Reflection and Refraction by Unpolished Surfaces. — One of the
most interesting and instructive applications of the Fresnel con-
struction is to the diffuse reflection and refraction which occur when
light strikes unpolished or matt surfaces, such as paper, plaster of

Paris, or ground glass. We have ex]ilained regular reflection by
shouing that there is destructive interference between the wavelets
arriving at any point from the surface of the mirror, and that the
illumination is practically due to disturliances coming from a small

region surrounding the point so situated that straight lines joining

it to the source of Mght and the ilhiminatcMl point make equal angles

with the normal. An unpolished surface destroys all phase relation

between the elements on the wave-front. The secondary wavelets
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start from the elevated portions of the surface first, since these

portions are struck first by the incident wave, and the reflected

wave-front, instead of being plane, is pitted and corrugated in an
irregular manner. It is impossible to arrange any zone system on
such a surface, for there are all possible phase differences irregularly

distributed over the reflected wave-front, consequently each point

on the surface acts as an independent luminous source, sending
light out in all directions. We can apply the Fresnel theory to

reflection of this sort in the following way.
Suppose we have a plane surface X Y (Fig. 27) and a luminous

point S, and are considering the effect at P, which we will suppose
to be the point to which a ray SA would be reflected. We have,

Fig. 27.

however, at A an elevation of height H, and the secondary wavelet
will leave the point B sooner than it would have left the point A
were the elevation absent. We can see that the effect at P will be
the same in either event, provided the difference between the path
SBP and SAP is small in comparison to the wave-length. At
normal incidence it is obvious that this path difference will be 2H,
therefore a surface having elevations on it of such magnitude that

twice their height is not small in comparison to the wave-length
will not reflect regularly at normal incidence. With a given rough-
ness long waves may be regularly reflected, and short waves irregu-

larly. It can be seen from the right-hand figure that the difference

of path becomes less as the angle of incidence increases, being in

the case figured BA — B K, which is less than H, and that at grazing

incidence it will become 0. It can be shown geometrically that the

path difference is represented for all incidences hy2H cos i, the value
of which must not exceed a small fraction of a wave-length if regular

reflection is to occur.

SB =SA-AB =SA-^^
cos i

and BP=AP +BK=AP +AB cos (7r-2i)=AP- ^cos2{,
cos i

SA+AP-(SB+BP) = -^(l + cos2i)=2Hcosi.
cos I

Since the path difference decreases as the angle of incidence increases,

it is obvious that for a given roughness we shall get regular reflection
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when the incidence angle is so great that pX = 2H cosine ?', where p
is a small fraction ; therefore if we gradually increase the incidence
angle, the long waves vnll be reflected first, and then the shorter.

Smoked glass, which at perpendicular incidence will show no image
of a lamp at all, 'uill at nearly grazing incidence give an image of

surprising distinctness, which is at first reddish, becoming white as
the angle increases.

Let us next consider the effect of a matt surface on refraction.

Here the phase differences are due to retardations of the portions
of the wave-front encountering the elevations, on those portions

encountering the depressions. With a given
degree of roughness the retardation \yi\l be
greater when the substance has a high re-

fractive index, or more accurately when the
difference between the refractive indices of

the media bounding the rough surface is large.

^^^^en the retardation between two adjacent
paths is larger than a small fraction of a wave-
length, we have diffuse transmission. If we
take a sheet of ground glass and wet the sur-

face, the glass transmits more direct light than
it did before, since we have lessened the dif-

ference between the refractive indices of the

Pjq r,g bounding media. If we substitute benzole
for water the glass becomes still more trans-

parent, and by bringing up the refractive index of the benzole by an
addition of Canada balsam, we can cause the ground surface to
disappear entirely.

Let us now examine the effect of the angle of incidence on the
transmission (Fig. 28).

The path difference expressed in time between two disturbances
travelUng over the paths SAP and SBP can be found as follows.

The time occupied over the route SAP (which would be the one
followed were there no elevation on the surface) will, if v and v' be

S 4
the velocity of propagation in the upper and lower media, be —^ +

V

A P Sf/? FiP—— , while the time over SBP or via the elevation will be 1 r-
V V V

and the difference in time will be the difference between these two
quantities.

The regularity of the transmission Avill not be affected if this time
difference

SA^AP_rSB^BP^
V v' \ V

\'

is small in comparison to the time of a complete vibration. To
change this time difference into a path difference, wesul)stitutefor

— the quantity n, which is the relative refractive index between the
V

two media, which gives SA ^-nAP- (SB + nBP).
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If this quantity is small in comparison to the wave-length, the
regularity of the transmission will be unaffected.

This path difference can be shown to be

H ^'-1

Vn-— sm-^+cos^

where H is the height of the elevation and i the angle of incidence.

This quantity has its smallest value when i = 0, when the path
difference becomes H(n—1), or the regularity of transmission de-

creases as the angle of incidence increases, the opposite of what we
found in the case of reflection.

If the refractive index of the substance is 1.5, then H(1.5— 1) or

H /2 must be small in comparison to the wave-length of light, if

the light is to be regularly transmitted at perpendicular incidence.

Inequalities can then exist, the heights of which are, say, not greater

than \ \, which is four times as great a discrepancy as we could have
on a reflecting surface.

Summing up, we have (for perpendicular incidence) for regular

reflection, 2H = pX and for transmission H/2 = p\.

If we procure a piece of ground glass, which will barely show the
outHne of a lamp flame by transmitted light, and thinly silver a
portion of the ground surface, we shall have a reflecting and trans-

mitting surface of the same degree of roughness. It will be found
that by reflected light the outline of the flame is indistinguishable.

Ground glass of this description may be made by grinding two pieces

of ordinary ground glass together, with fine emery and water, the
process being the first stage of polishing.

We thus see that a rough surface may regularly reflect the long

waves while diffusing the shorter ones. Lord Rayleigh has make
some interesting experiments upon the reflection of heat waves
from ground-glass surfaces too rough to give any trace of regular

reflection wdth visible light. The ground surface was silvered and
the radiations of a Welsbach lamp reflected from it. In some cases

two reflecting surfaces were used. It was found that the radia-

tion, freed by the process from the shorter waves, was reflected

almost as well by a third ground and silvered surface as by a
pohshed silver mirror. The method is analogous to that origi-

nated by Rubens and Nichols for isolating long heat waves by re-

peated reflection from quartz or rock-salt surfaces.

A paper by Lord Rayleigh on " Polish " in the Philosophical

Magazine will be found of interest.



CHAPTER III

THE REFLECTION OF LIGHT FROM PLANE AND
CURVED SURFACES

When light strikes the boundary surface separating two media of

different optical densities, some of the energj^ is reflected back into

the first medium, and some crosses the boundary and is transmitted
through, or absorbed bj', the second medium. We have shown in

the previous chapter that if the surface is smooth to within one-
eighth (I) of a wave-length, we shall have regular reflection, and the

law of reflection from a plane-mirror has been demonstrated by the

Fresnel theory of destructive interference.

As a matter of fact, we are practically miable to make a surface

so perfect that absolutely no light is diffused. Admit a ray of

sunlight into a dark room and reflect it from the most perfect mirror

attainable ; were diffuse reflection not present the mirror itself would
be in\'isible, which is never the case. The percentage of diffused

light decreases as the angle of incidence increases, as has been shown
in the pre\nous chapter, regular reflection taking place even on matt
surfaces at grazing incidence.

In studying the reflection of light from plane and curved surfaces

we shall investigate not onl}^ the direc-
»k;;;/;>-^^-^., tion of the reflected rays, but also the form

'*'''""-,
of the reflected wave-fronts.

''^°'ic'^['\ Reflection of a Plane-Wave from a

,^^ V;.^ Plane-Mirror. — Here the incident rays

^/C/^N.^''''^^ ^^^ parallel to one another and normal to

>pV\^^^^\^\^ the wave-front. We have seen that the

^<>/,^^;^^^\^^ reflected wave-front will be the surface

/^y^'i."
L)'. E-',^oT- enveloping the secondary wavelets given

"'~-,^ ^ -., "•
, >£• off by the various points on the mirror's

~"^~, ^^-.. '

'b' surface as they are struck in succession by
~'-. /c" the incident wave. The general method

""A' of constructing the reflected wave-front is

ViG. 29. shown in Fig. 29. Let AB' be the surface

of the mirror, and AB the incident-wave
front, the raj's being indicated l)y lines. At the moment figured, a
secondary disturbance is about to leave the point ^1. This second-
ary disturbance will have spread out all around A, to a, distance equal
to BB' at the moment when the point B on the wave-front en-

counters the surface. The secondary wavelets from points C, D, E,

etc., intermediate between A and B\ will have lesser radii. To
construct them draw A' B' parallel to .4/^. This will give us a
subs(>quent position of the wave-front, assuming the mirror not

4G



REFLECTION FROM PLANE AND CURVED SURFACES 47

present. Join these two wave-fronts by perpendicular lines, which
represent rays, which cut the mirror's surface at C, D, E, etc. The
wavelet around C must obviously have a radius equal to CC , while

that around D has a smaller radius, DD' , and so on for all the other

points. If we describe these spheres (circles in the diagram) we
shall find that they are enveloped by a plane surface, which makes
the same angle with the mirror's surface as the incident wave.
This can be proven by similar triangles, Rt. triangle ABB' = Rt.
triangle AFB' = Rt. triangle AB' A'. (Hypotenuse in common
and AF = BB' = AA' by construction.) Therefore, their homolo-
gous angles are equal. The rays being normal to the wave-front
will make equal angles with the normal to the surface of the mirror.

We can apply this same method to the construction of the wave-
front after reflection from a surface of any form. In brief, we draw
the wave-front before it encounters the reflecting surface and also in

some subsequent position, behind the mirror, which it would occupy
at a later moment were the mirror not present. Join these two
fronts by normal lines (rays) and describe around the points at

which they cut the reflecting surface circles whose radii are equal
to the respective distances of the points from the wave-front in its

second or imaginary position. The envelope of

these circles shows us the position of the reflected

wave-front, at the time at which the incident

wave would have reached its unaginary position

were the mirror absent.

Let us now apply this method to the construc-

tion of the reflected wave-front, when a spherical

wave encounters a plane-mirror. Let be the

luminous point around which we construct the
circular section of the spherical wave intersecting

the mirror at A and B (Fig. 30). Completing the wave-front below
the surface of the mirror, describe around
points on the mirror's surface circles whose
radii are equal to their distances from the

wave-front below the mirror measured in a

normal direction, — that is, along the rays or

radii of the original wave. The envelope of

these circles is itself a circle of the same ra-

dius as the original wave, with its centre of

curvature at the same distance below the

mirror as the luminous point is above. The
reflected wave is thus a portion of a sphere

Fig. 31. with its centre below the mirror. This can
be proven as follows :

Draw 00' perpendicular to the mirror's surface (Fig. 31), making
OM = O'M, and with 0' as a centre draw the arc ANB representing

the reflected wave-front. Draw rays OPQ and O'PQ . 0'P =
OP (homologous sides of equal Rt. triangles), .". PQ' = PQ, since

O'Q' = OQ (radii of equal circles).

This shows us that a wavelet drawn around P with a radius PQ
touches the spherical arc A NP at Q', and since this is true for all

Fig. 30.
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points on the mirror's surface, it follows that a spherical surface of

the same radius as that of the incident wave is the envelope of all

the secondary wavelets. The rays being normal to the wave-front,

it follows that after reflection they come apparently from the point
0', which we call the image of in the mirror.

Reflection of Sound-Waves. — A striking analogy exists between
sound and hght ; we can show nearly all of the phenomena of

reflection, refraction, and diffraction by means of sound-waves. An
electric spark is the centre of a spherical sound-wave, which expands
at the rate of about three hundred and thirty-one (331) metres per
second, and at the same tune is the centre of spherical hght waves,
which expand at the rate of three hundred thousand (300,000) kilo-

metres per second. We have no means of directly showing the form
of the wave-front of the luminous disturbance. We can calculate

its form before and after reflection and show the agreement between
these forms and the rays as actually observed, but we cannot
actually show the wave-front. In the case of the sonorous disturb-

ance, however, the wave-front can not only be seen, but photo-
graphed. We are dealing with a spherical shell of condensed air

and, by a suitable optical contrivance which will be described in the

next chapter, we can study at our leisure the changes which the
w^ave-front undergoes.

The author has prepared an extensive series of photographs of

sound-waves for the purpose of illustrating optical phenomena.
The case that we have just considered, namel}^, the reflection of a

Fig. 32.

spherical wave from a plane surface, is shown in Fig. 32. The sound
wave is started by an electric spark which has just passed between
two brass balls, seen in Hne, one behind the other at the centre of

each picture. The wave of condensed air is illuminated and photo-
graphed by the light of a second spark occurring a moment later.

By properly regulating the time interval between the two sparks a
progressive series of views is obtained showing the wave-front at

different stages of its development.
The form of the reflected wave or echo is seen to be identical with

the form of th(^ light-w^ave as calculated by Huygens's princijile.

Reflection by Ellipsoidal Mirror. — If a spherical wave start at

one focus of an ellij-jsoid of revolution, the reflected wave will be
spherical in form, and will collapse to a point at the other focus, or

rays of light is.suing from one focus come accurately together at the

other focus. A surface capable of bringing rays of light accurately

to a focus, eith(T by reflection or refraction, is said to be aplaiiatic,

consequently an ellipsoidal mirror is aplanatic for rays issuing from a
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point situated at either focus. This can be shown by the following

construction.

Around one focus of an ellipse describe a circle which falls just

outside of the furthest extremity of the ellipse. Draw a number
of radii to the circle, and around the points where the radii cut the

eUipse describe circles with radii equal to the distances from the

respective points to the outer circle (measured along the radii). The
circles will be enveloped by another circle (the reflected wave-front),

the centre of which is at the other focus of the eUipse.

Fig. .33.

In Fig. 33 we have a series of photographs showing a sound-wave
starting at the focus of an elliptical mirror. The expanding sphere is

seen to have been changed by reflection into a contracting sphere,

which shrinks to a point at the other focus. The same thing can be
shown by making a shallow, flat-bottomed, elliptical dish of wood,
filling it with mercury, and touching the surface of the fluid at one
focus of the ellipse.^

Reflection from a Parabolic Mirror. — If we construct the re-

flected wave-front in the case of a wave starting at the focus of a
parabolic mirror, we shall find that the

reflection transforms the spherical wave
into a plane-wave. The reflected rays,

being normal to the wave-front, are par-

allel, and are consequently projected in

a narrow beam out of the mirror. This

is the principle on which the naval

search lights are constructed.

Let be the focus of the parabolic

section of the mirror (Fig. 34). Con-
struct the imaginary spherical wave-
front (unreflected) EF, and around
points A, C, etc., on the parabola construct circles, or secondary

wavelets, with radii equal to the distances of the points from the

imaginary wave-front measured along the radii of the circle EF.

1 By placing the dish in the sunlight, and receiving the reflected light on a screen,

the experiment can be shown to a class.

Fig. 34.
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The wavelets will be enveloped by a straight line, the section of a
plane. It is easy to see that this line is straight, or that the reflected

wave-front is accuiately plane. Every point on the parabola is

equidistant from the focus and the directrix; .•. OA =AB and
OC = CD. Around A and C we have circles \\ith radii equal to AE
and CF respectively. Now, OE= OF, being radii of same circle, and
DG= OF and BH ^OE; .

•
. D(?= 5H or the enveloping hne is every-

where equidistant from the directrix, and consequently parallel to it.

The reflected wave is, therefore, a true plane. The projection of a
truly plane-wave from a paraboloid mirror is practically never real-

ized, since the source of light is always of finite size— that is, the

waves do not all start from the focus.

In Fig. 35 we have the reflection of a sound-wave from a parabolic

mirror. The converse of this case is also true. Plane-waves enter-

ing a parabolic mirror are transformed by reflection into converging

spherical waves which shrink to a point at the focus of the parab-

FiG. 35.^

oloid. This means that paraUel rays, or rays coming from an ob-

ject situated at a great distance, are brought accurately to a focus

by a mirror of this form, or the parabolic mirror is aplanatic for

parallel rays.

The surface of a liquid in uniform rotation assumes the form of

a paraboloid under the influence of centrifugal force, and the author

has recently constructed a reflecting telescope of mercury twenty
inches in diameter which operates on this principle. The focal

length can be varied from three to twenty or more feet by altering

the speed of rotation. The instrument resolves stars three seconds

apart, shows the smallest craterlets on the moon, and yields wonder-
fully bright images of nebulae when running with a short focus.

See Axtrophyfiicnl Journal, 1909 and 1910.

Reflection by Hyperboloid. — A spherical wave originating in one
focus of an hyperboloid is, by reflection, changed into a sphere whose
centre is at the other focus. The reflected rays ai)pear, therefore,

to come from this point, each focus of the hyj^erboloid being the

virtual image of the other. This follows at once from the fact that

lines joining the two foci of the h.N'ioerbola \\'ith any jioint on the

curve make equal angles ^^nth the normal at the point. Let F and
F' be the two foci (Fig. 36), and consider any ray drawm from F' to

the branch of the hyperbola nearest it, say to the point .4. Then
FA and F'A make equal angles with the normal, and the reflected

ray AB produced backwards coincides with AF. A spherical

wave started at F' will, after reflection, be a sphere with its centre
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at F. If a wave is started at F and reflected in the convex surface

of the same branch of the hyberbola (the branch nearer F being
removed), it will be transformed into a sphere expanding from F
as a centre.

Fig. 36.

If now we consider a spherical wave front contracting towards
the focus F' {i.e. reversing the last case) it will, after reflection,

converge towards F. In other words, the convergence of the rays
will be decreased without interfering with their abihty to come to

a focus at a point. This is important in connection with the use of

hyperboloidal mirrors in modern reflecting telescopes.

Reflecting Telescopes. — A concave paraboloid of glass sil-

vered on its curved surface forms the objective of the reflecting

telescope. The image is sharpest when it falls upon the axis of

the paraboloid. Newton, who constructed the first reflecting

telescope, placed a small mirror -on the axis between the objective

and the image (near the latter), which reflected the rays out
through the side of the tube, where the image was viewed with an
eye-piece. Telescopes of this form are called Newtonian reflectors.

The mirror, however, obstructs some of the incident light, and
Herschel accordingly inclined his mirror so that the image fell at

the side of the tube. This produces a httle distortion, however,
though it is small if the incUnation is not more than two or three

degrees. If we could make a paraboloid in which a portion of

the true surface a little to one side of the axis was used, the mirror
when properly oriented would give an image free from distortion in

an oblique direction. See section on Focal lines. This could be
accomplished by local corrections of the surface. In practice it

is found that the definition of the Herschel reflector is best with
the mirror in a certain position, which can be found by rotating it

in its own plane. In this position we have the nearest approxi-

mation to the ideal condition mentioned above. The circumstance
results from slight irregularities in the curvature. The largest

modern reflector in the world is the monster instrument of the

Mount Wilson Solar Observatory in California. The para])olic
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mirror is 60 inches in diameter and has a focal length of 25 feet. It

can be used first as a Newtonian, as shown in Fig. 37 ; second as a

Cassegrainian with a focus equivalent to 100 feet, Fig. 38; and

Fig. 37. Fig. 38.

third as a Cassegrainian with a focal length of 150 feet. To trans-

form it into the Cassegrain type a convex hj^Derboloid is put in

place of the plane mirror used
in the Newtonian type. This
decreases the convergence of the

. rays, which are either reflected

to one side at the base of the

tube, as in Fig. 38, or thrown
down through the hollow polar

axis as in Fig. 39 (150-foot focus).

In using the hyperboloidal mir-

ror, the actual distance traversed

by the rays in coming to a focus

is not 150 feet, but the size of the

image is the same as that pro-

duced 1)}' a mirror having an ac-

tual focal length of 150 feet.

The theory of this method of

amplification will be taken up
when we come to lenses.

Reflection from Spherical Sur-
FiG. .39. faces. — If tlu' reflecting .sm-faco

be a portion of a sphere, the effects are more complicated. exce|)t in the

special case of waves starting at the centre of curvature. The rays

do not all meet at a point, as iu the cases which we have con-
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sidered, but envelope a surface known as the Caustic. An example
of a caustic is the cusped line of illumination seen on the table-

cloth when the light of a lamp strikes the inner surface of a silver

napkin ring. We have seen that a concave paraboloid brings paral-

lel rays accurately to a focus. A concave spherical mirror does not

do this. Rays near the axis come to a focus approximately at a

point, but as we recede from the axis we soon find the reflected rays

falling wide of the focus. This effect is known as Spherical Aberra-
tion. In constructing telescope mirrors, opticians strive to give the

surface as nearly as possible the figure of a paraboloid. The nature
of the wave-front in cases where caustics are formed is not at once
apparent. The subject is usually treated by ray methods, and we
shall accordingly begin by considering one or two examples geo-

metrically, although the evolution of the wave-front, and the rela-

tion between the wave-front and the caustic, form a more inter-

esting study.

Reflection from Convex Spherical Surfaces. — In studying re-

flection by ray methods we can regard a curved surface as made up
of an infinite number of plane surfaces, for each one of which the

law of equal angles holds. Let us take as the first case the reflec-

tion of light radiating from a luminous point at a convex spherical

mirror.

When the light is incident on a small portion of a sphere in a

nearly normal direction, we may regard the reflected rays as ema-
nating from a point behind the mirror; the virtual focus, as will

appear presently, is not at once apparent. If, however, we employ
a large arc of the mirror this does not hold even approximately, and
we require an expression for the position of this focus in terms of

the angle of incidence.

Let the radius of curvature of the mirror be r, the distance of

the radiating point from the centre of curvature be b, and the angle

of incidence be i; find g, the distance of the focus D from the centre.

Fig. 40

(1) gf : r = sin ^ : sin (Sides of A in ratio of sines of opp. ^).

b:r= sinX : sin F.

Dividing 2 = ?yi|?^ and ,sin<A = sinX (since X is the sup-
b sin sinX

plement of *)

.
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g_smF_ sin(t-/3) ^.^^^ Y +fi+X^X+i^nd
'b sinO sm{i + fi) sin^ = sin(/3 + ^)=sm(/8+i).

g _ sin t cos /?— cos i sin /3

b sin I cos )3 + cos i sin /3

Adding 1 to both sides,

g + b _ sin i cos ;3— cos t sin ^+ sin t cos j3+ cos i sin /?

6 sin i cos y3+ cos z sin y8
'

i±b , 2 sin
,;
cos

^ ^ ^^^
_^^n^ , smj , g

^

6 sm('i + p) sm(t+p) sine' r

.^
gjh6 ^ 2 g cos ^ g^^^ ^+6 ^ 2 b cos ^ or - + 1 = ^ ^ ^^^ ^ •'6

r y r ^ r '

.'. gr = , the equation for a convex mirror.
2 cos /3— r

Considering D as the luminous point, and solving for b, we get

b = ^
, the equation for a concave mirror.

2gcos6 —

r

These equations show us that the rays reflected from different

annular elements of the sphere (determined by /3) if produced
backwards cut the axis of the mirror nearer and nearer to its sur-

face as B is increased.

For rays near the axis ()8 = and cosy8= 1) we have

br
9= 2b-r

If the source is at a great distance, i.e. b very large in comparison
to r, we have

r .

that is, the focus is midway between the surface and the centre of

curvature. If we construct a number of reflected rays we shall

find that they envelop a caustic surface, which is virtual in the

case of a convex spherical mirror and real in the case of a concave.

We cannot therefore form a clear image \nth a spherical mirror of

large aperture, since the rays do not focus all at the same point;

in other words, the reflected wave is not spherical as in the case of
the ellipsoid and paraboloid.

Reflection of Plane-Waves from Concave Spherical Mirrors. —
Let us now determine what happens to the wav(^-front in tlie case
just considered. We might employ the mc^tliod already used for

constructing reflected fronts, but this mctliod has certain disad-

vantages in the present instance : it does not readily give us the

complete wave-front, and it gives but a single front. In this par-

ticular case the reflected front is rather intricate, and a construction
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that will enable us to follow it in its evolution is desirable. This
can be accomplished by employing a second method.
ABC is the mirror, AOC the plane-wave (Fig. 41). Around

points on ABC as centres describe circles tangent to the wave.
These circles will be enveloped by another surface, ADE, below the

mirror (the orthogonal surface). If we erect normals on this sur-

.^

.//

-^-'

-9

Fig. 41.

face, we have the reflected rays, and if we measure off equal dis-

tances on the normals, we have the reflected wave-front. By draw-
ing the orthogonal surface we avoid the complication of having to

measure off the distances around a corner. The orthogonal sur-

face is an epicycloid formed by the rolling of a circle of a diameter
equal to the radius of curvature of the mirror on the mirror's sur-

face, and the normals can be erected by drawing the arc FG (the

path of the centre of the generating circle), and describing circles

of diameter BE around various points on it. A line joining the

point of intersection of one of these circles with the epicycloid, and

the point of tangency with the mirror, will, when produced, give a re-

flected ray; for example, JK produced, for circle described around

H. This construction once prepared, the series of wave-front pic-

tures can be very quickly made. Three or four sheets of paper are

Hid under the construction and holes punched through the pile by
means of a pin, at equal distances along each ray (measured from

orthogonal surface).
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The centre of the mirror and the point where its axis meets the
surface are also indicated in the same manner. The sheets are now
separated, and corresponding pin-holes are united on each sheet bv

v^^v^^v^^yVi^

vTvOOO
Fig. 42.

a broad black line, which represents the wave-front. After a time
it becomes necessary to consider double reflections, and to do this

J
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These are diagrams taken at intervals on a kinetoscope film pre-

pared by the author for illustrating the wave evolutions.

About one hundred constructions were made, in the mamier just

described, and photographed in succession on the film, which, when
run through the machine, gives us the moving wave on the screen

in a most graphic manner.^
A series of photographs of a sound-wave entering a hemicylin-

drical mirror ^ is shown in Fig. 43, and it will be seen that the forms
are identical with the geometrical constructions. The reflected

front is cusped, and in certain stages (No. 4) has a form not unlike

a volcanic cone with a bowl-shaped crater.

In Fig. 44 we have a number of wave-fronts in different stages of

reflection, and it is at once ap-

parent that the cusp traces the

caustic surface, indicated by a
dotted line.

This gives us at once a
physical, as distinguished from
a geometrical, definition of a pj^
caustic, which is a surface

traced by a moving cusp of the wave-front.

Let us examine a little more carefully the manner in which this

cusped wave is propagated. A superficial examination of the forms

might lead one to imagine that the bowl of the crater collapsed to

a point at the principal focus of the mirror. This can of course only

be true in the case of a concave spherical wave, which is only given

by a parabolic mirror. We shall find as a matter of fact, if we ex-

amine the geometrical construction, that the cusp of the wave, or

the rim of the crater, which traces the caustic as we have seen, is

continuously passing through a focus. In other words, the curva-

ture of the crater increases as we go from the bottom to the rim, at

which point the radius becomes zero. The inner edge is then con-

tinually passing through a focus and appearing on the outside,

building up, as it were, the sides of the cone. These wave-fronts

were drawn by constructing the orthogonal surface, which was
shown to be, in section, an epicycloid formed by rolling a circle,

whose diameter was equal to the radius of curvature of the mirror,

around the outside of the mirror. The evolute of this curve is the

caustic, itself an epicycloid, and the reflected wave-fronts form a

family of parallel curves, which are the involutes of the caustic.

Though the caustic and orthogonal surface (evolute and involute)

are similar epicycloids, the reflected wave-fronts, or parallels to the

orthogonal surface, are not epicycloids. It may be well to point out

here an error that sometimes appears in text-books on Optics,

namely, the assumption that the wave-front (say in the case of a

spherical wave refracted at a plane surface) is an hyperboloid in the

second medium, because the caustic is the evolute of an hyperboloid.

1 " Photography of Sound-Waves, and Kinematographic Demonstration of Re-
flected Wave-Fronts." Wood, Proceedings Royal Society, Vol. 66.

2 Cylindrical surfaces have been used instead of spherical for obvious reasons.

The sectional view is of course the same in each case.



58 PHYSICAL OPTICS

Fig. 45.

All l^vperboloid wave will not propagate itself as an hjTDerboloid,

nor an ellipsoidal wave as an ellipsoid (except in an anisotropic

medium), the parallels to a conic being in general curves of the

eighth degree. In the case above cited, we should speak of the

wave-fronts after refraction as the parallels to an h>T3erboloid.

Let us suppose the wave to be just entering the mirror. The form

of the portion which has already suffered reflection is a cusp extend-

ing around the upper edge of the hemisphere (Fig. 45). The upper
branch of the cusp is con-

cave upward, and is the

portion of the wave which
left the reflecting surface

and has passed through a
focus. The lower branch
is concave dowTiward, or

in the direction of propa-

gation, and represents the

portion of the wave which

has just left the surface

and is on the way to its

focus. The radius of curvature increases from zero as we go away
from the cusp-point along either branch, as has been said before.

This cusped wave moves down the mirror, the lower branch being

continually replenished by consecutive portions of the incident wave
as it encounters the mirror, the upper branch being continually

added to by elements of the lower branch as they pass through their

foci at the cusp.

As has been said, the cusp traces the caustic surface, and since the

wave is always coming to a focus on the cusp, the increased illumi-

nation along the caustic is accounted for.

The difference between a parabolic reflector and a spherical one is

now clear. The former gives us a spherical wave which will col-

lapse to a point, the latter an approximately spherical wave near

the axis only, the rest of the wave being incapable of shrinking to a

point.

We will next consider the opposite case, starting a spherical wave
at the principal focus of the concave, spherical mirror, and determine

the form of the reflected wave,
which we found to be plane in the

case of the paraboloid. AVe will

use the first method, constructing

a single reflected front only. Let

ABC be the mirror, with its focus

at D, where the wave originates.

Draw dotted lines representing

the wave in a subsequent position

(Fig. 46), and around the points

B, F, G, H on the mirror describe

arcs with radii rriual to BE, FH,
and GI respectively. These arcs

will l)e enveloped i)y the reflected wave-front, which is ajiproxi-

Fio. 46.
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mately plane near the axis of the mirror, curhng up at the edges,

however, the whole resembling a shallow, flat-bottomed saucer.

Roughly sketch in a few normals to this wave, and determine its

form in subsequent positions, and it will be found that the curved

Fig. 47.

v^y voy vQy o O

sides of the saucer run in to a focus around the edge of the flat

bottom (a ring focus), disappearing for a moment and then reap-
pearing on the under side, but turned over the other way. As the
wave advances, the flat bottom contracts, and the cusps formed by
the union of the turned-over

sides with the bottom trace a

caustic which has the form of

a long, tapering funnel. Photo-
graphs of a sound-wave taken
under these conditions, and dia-

grams from the kinematograph
films, are shown in Figs. 47 and
48. The reflected wave-fronts,

and the caustic traced by the

cusps in this case, are shown in

Fig. 49.

A useful piece of apparatus
can be made by silvering the

outside of a hemispherical glass evaporating-dish or half of a large,

round-bottomed flask. The concave mirror thus formed should be

mounted on a stand, and a two-candle" pea " electric lamp arranged

so that it can be moved along the axis of the mirror.

If we place the lamp in the focus of the mirror, and hold a sheet

of ground-glass in front of it at the proper distance, we can show the

luminous ring formed by the passage of the sides of the saucer-shaped

wave through a focus.

Fig. 48.
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Fig. -19.

The illumination within the ring is due in part to unreflected light,

and in part to the flat portion of the reflected wave.
Formation of Images. — In the formation of a real image by a

mirror, the rays radiating from a point are brought together again

approximately at a point, or the reflected wave-fronts are converg-
ing spheres. A luminous object being
made up of a collection of adjacent,

radiating points, we have vast numbers
of spherical waves entering the mirror
from these points, and converging to

points similarly situated with reference

to one another. The formation of these

images, and the study of their position

and distance from the mirrors, belongs
to geometrical optics. The influence of

the form of the wave-front on the dis-

tinctness of the image may, however, be
considered in connection with what has
goTie before. We have seen that the
paraboloid and ellipsoid are the only
surfaces that reflect spherical fronts

;

other curved surfaces give, in general,

caustics. If we use only a very small portion of the sphere, and
receive the light normally, we have only the cusp of the caustic, which
is very nearly a point. There is a

certain amount of what is called

longitudinal aberration, owing to

the fact that the rays reflected

from the periphery come to a point

situated nearer the mirror than
those reflected from the points near

the axis. If the image be thro\\ii

on a screen, the bright spot formed
by the central rays will be sur-

rounded by a circular ring of light

formed by the peripheral rays

which have already come to a focus

and are diverging once more. The position of sharpest definition

lies l)etween the focal points of the marginal and central rays. The
circle of light is smallest at this point, and is known as the circle of

least confusion. The line AB in Fig. 50 shows the position of this

point.

Focal Lines. — Supjiose now that the incident light falls on the

mirror in an oblique direction. This is the condition if we consider

a small portion of the hemispherical, concave mirror far removed
from the axis. The reflected wave will come to a focus in a line

instead of a point ; as we increase the distance of the screen from
the mirror, the line will decrease in length, increasing in width until

it is transformed into a line at right angles to the first.

These lines are known as the primary and scu-ondary focal lines

respectively, and can be sho\vn by holding a concave mirror in an

Fig. 50.
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oblique position and reflecting the light coming from a small, brill-

iant source on a screen placed at various distances from the mirror.

We can best form an idea of how these lines are formed by consider-

ing the question first by a ray method and then by a wave-front
method.

Let ABhe the axis of the mirror, near the edge of which a bundle
of rays parallel to the axis falls. Construct the reflected rays from
a linear strip BC as shown in the sectional view (Fig. 51) : we shall

have a flat, converging fan coming to a focus at F', then diverging
and cutting the axis at F". Now rotate the whole figure through
several degrees around AB SiS an
axis ; the parallel sheet of incident

rays will trace the rectangular in-

cident bundle, the line BC will

trace an approximately rectan-

gular area of the mirror, F' will

move through a short circular arc,

approximately a straight line (the

primary focal line), while the di-

verging fan will trace out wedge-
shaped portions of space on each

side of the axis, which have a

common linear boundary at F"
(the secondary focal line). The
reflected rays between the two
focal lines fill a space similar in Fio, 51 _

shape to the sphenoid of crystal-

lography. If any difficulty is found in forming a picture of this

rotation figure in the mind, it can be removed by cutting out of

cardboard a diagram representing a section of the mirror, incident

and reflected rays as figured above, and mounting it on a knitting

needle placed in coincidence with the axis AB. By rotating the

needle through a small angle, the formation of the focal lines and
the sphenoidal bundles of rays can be readily seen.

If we require a mirror which will form a focal point in an oblique

direction, the portion BC must be cut from a paraboloid surface

the axis of which is AB. This is for parallel rays, and the subject

has already been discussed under reflecting telescopes.

If we require a mirror which will form a focal point in an oblique

direction for rays coming from a source at a small distance, the

mirror must be a portion of an ellipsoid, say the portion at D in

Fig. 54, where A and B are the conjugate foci. Such mirrors would
be very difficult to make, as the curvatures are different along dif-

ferent meridians.

Let us next endeavor to explain the formation of focal lines by
considering the form of the wave-front.

The curvature of the wave-front as it leaves the mirror under
these conditions is different along different meridians. If we cut a

piece out of the side of a hen's egg we shall have something of

analogous form.

Let AB he the direction of greatest curvature and CD that of
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least curvature (Fig. 52). To start with, suppose the curvature be
equal along all lines parallel to AB, and suppose all lines parallel to

CD to be straight. This will give us a cylindrical wave which will

come to a linear focus at Fi, the length of the line being equal to the

length of the cylindrical wave.

Axis

Fig. .52.

If we start with a square wave-front we shall find it contracting

to a line as we approach Fi, and expanding beyond F^, first as a hori-

zontal rectangle, then a square, and finally a vertical rectangle.

Xow let us impress a slight curvature parallel to CD. The result

of this will be that our square will now contract in both directions,

only in one less rapidly than in the other, and the line at F^ into

which it slu'inks will be shorter than before, and instead of being

straight will be slightly concave towards i^2- From here it can be

regarded as an expanding wave in a vertical plane, and a contracting

wave in a horizontal plane. It is easily seen that the line at F^ will

now open out, first into a horizontal rectangle, as before, then a

square (as the two sides closing in become equal to the top and bot-

tom moving out), then a vertical rectangle, and finally a vertical line

at F2, as the sides come together.

It is interesting to inquire as to the nature of the rectangular

wave surface between Fi and F^. From its nature we see that it

» must be concave towards F2 in the

horizontal plane, and convex in the
vertical, the surface resembling a
small portion cut out from the inside

of a thick cylindrical ring. We can,

indeed, find surfaces of this form on
our geometrically constructed wave-
fronts.

Consider the diagram shoAAii in Fig.

53 (which will be recognized as the
" volcanic cone " form), remember-
ing that the complete wave-front is

formed l)y the rotation of this figure

around tlie axis of the mirror.

Th(> liowl of the crater is concave
along every meridian, but it is at once appanMit that any jiortion of

the outer slojie has the required saddle-shape, l)eing concave in

horizontal planes and convex in vertical jilanes. From this it is

evident that the outer wall of the volcanic cone, before it crosses

the axis of the mirror, always represents the portions of the wave-
front between the primary and secondary focal lines.

That this is true is evitlent, when we recollect that the first focal

line is formed by the intersection of rays on the caustic surface, or,
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regarded from the wave point of view, by the passage through their

foci on the cusp of the wave, of adjacent elements of the wave-front.

The second focal line lies on the axis of the mirror
; consequently the

wave-front between the lines is that portion of the surface which has
passed through a focus on the cusp, but which has not crossed the axis.

It will be found that a small glass model of the wave-front, shown
in cross section in Fig. 53, is extremely useful in making the whole
matter clear. It can be made by drawing down a large thin tube,

melting the end dou7i flat, and then sucking it in a little.

Fermat's Principle. — We sometimes find it stated that a ray of

light in passing from one point to another by way of either a reflect-

ing or refracting surface, chooses a path such that the time of transit

is a minimum. This principle was stated by Fermat more than two
centuries ago. It is true, however, only for plane surfaces. In the
case of reflection from a plane surface the incident and reflected rays

make equal angles with the normal, and we know from elementary
geometry that this path is the shortest that can l^e traced from one
point to the other by way of the surface. The same is true for

convex surfaces, but for concave surfaces we find that in certain

cases the path is a maximum instead of a minimum.
That the path is sometimes a maximum can be seen by the con-

struction shown in Fig. 54. We will consider the passage of a ray
from the point A to the point

B by way of the reflecting

spherical surfaces CDE and
FGH. Around the points A
and B as foci we construct an
ellipse which we will suppose
to be tangent to the two re-

flecting surfaces at D and G.

This ellipse is an aplanatic

surface for rays issuing from
either focus, consequently
the time of transit of a ray
from one focus to the other
by way of the elliptical sur-

face is the same for every point on the surface. Now the ellipse and
the two spherical surfaces have common tangent planes at D and G,

consequently D and G will be the points on the spherical mirrors so

oriented that they can reflect rays from A to B. It is easy to see

that the path AGB is shorter than any other path between A and B
by way of the sphere which is exterior to the ellipse, while in the case

of the other sphere the path actually pursued (ADB) is longer than
any other path which we can draw from A to the surface and from
thence to B. In this case we see that the path chosen by the ray is

such as to make the time of transit a maximum. The conditions for

a maximum or minimum may be expressed by saying that the varia-

tion of the time of transit with the change of path, ceases at the

points for which the path is either a maximum or minimum, or

B(AD+ DB)=0. This matter will be further discussed under re-

fraction.

Fig. 54.



CHAPTER IV

REFRACTION OF LIGHT

In the preceding chapter we have discussed the forms and behavior
of the wave-fronts reflected back into the first medium, when light

falls upon the boundary between two media of different optical

density. A portion of the energy, however, always passes into the
second medium, except, perhaps, in the special case of total reflec-

tion, and even in this case mathematical analysis shows us that

there is a disturbance beyond the boundary, though only penetrating

to a distance of a few w^ave-lengths. The energy crossing the bound-
ary may either be absorbed by the second medium, or propagated
according to the laws governing luminous disturbances in it.

In the present chapter we shall consider only the case of wave
propagation in an isotropic medium, or one in which the velocity of

propagation is independent of direction. Later on we shall inves-

tigate the refraction of light in bodies in which the velocity is differ-

ent in different directions.

We will begin by considering the refraction of a plane-wave at a
plane surface.

Refraction of Plane-wave at Plane Surface. — Suppose a plane-

wave incident at an angle of 45° on a flat surface of glass, and as-

sume the velocity in the glass to be less than the velocity in air, as

we shall subsequently show it to be.

The various points on the glass surface become in succession cen-

tres of secondary disturbances as they are struck by the incident

wave. These secondary wave-
lets spread out in both media,

and it has been sho^^^l bj^ Huy-
gens's construction that the re-

flected wave is the envelope of

those spreading out in the first

medium. If we apply the same
construction to the second me-
dium, supposing for the sake of

simplicity that the velocity of

the wave propagation in it is

only one half as great as in the first, the wavelets in the glass will

have radii half as large as the corresponding wavelets in air, and the

enveloping surface or refracted wave-front is turned through an
angle (Fig. 55). The rays, or normals of the wave, are therefore

bent an equal amount.
It was determined in 1021 by Snell that in every case of refrac-

tion the incident and refracted rays make such angles witli tiie

normal to the surface, that the ratio of their sines*is constant for

64

Fig. 65.
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any two given media. Snell's law of refraction we now know holds
only for isotropic media. It can be easily deduced from Huygens's
construction in the following way.

Constniction. — The angle of incidence i is the angle between the
incident ray and the normal to the surface. It is also the angle
between the wave-front and the surface. The same is true for the
angle of refraction. Let the velocity in air be v, and the velocity in

glass be v' i equal to say -
j,
and let t equal the time required for the

wave in air to traverse the distance BB' (Fig. 51). Then BB'^vt,
and the radius of the secondary disturbance around A in the glass

^B' ^r 1 .. BB' . . •. AA' .We have then -—-: = sm % and = sm r,

AB' AB' '
will be A A' or

or
sin i BB' v x x • ^u- o-:— = ——, = — = constant, m this case 2.
smr AA v

This constant is the relative refractive index between the media, and
the above relation holds for every value of i, if the second medium is

the one in which the disturbance travels at a lesser velocity. The
refractive index is usually designated by /jl, and in the above case is

of course 2, which is higher than is usually the case.

Total Reflection. — We have seen that in passing from a rare to a
denser medium a refracted ray always exists, no matter how great
the angle of incidence. This is not true if we reverse the condi-
tions, for now the relative

refractive index will be
less than one, and we shall

find that, if i exceeds a cer-

tain value, sin r is greater

than one. But no angle
has a sine greater than
one, therefore there can be
no refracted ray. Let us
apply Huygens's construc-
tion to the case. The
secondary waves in the
second medium will have
radii greater than the
corresponding ones in the
first medium, since their

velocity of propagation is

greater. By dividing the
radii of the reflected wave-
lets by fi, we obtain the dimensions of the refracted wavelets. We
shall find that, up to a certain value of i, these secondary disturb-

ances will intersect the surface within the projection of the incident

wave upon it ; in other words, a tangent plane can be drawn from
the point B' (Fig. 52). At a certain value of i, however, the second-
ary wavelet around A will intersect the surface at B', and the same
will be true for all of the other wavelets : (since, if the short leg of

cer/y-'

,tV'

xV/

Fig. 66.
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one of the right triangles divided by /x gives us the hypotenuse, the

same will be true of all the other similar right triangles). The
tangent plane drawn from B' to these wavelets will be normal to

the surface, and will touch the wavelets in a single point onlj^ (in

the sectional diagram). The refracted ray therefore will travel

along the surface.

The value of i for which this condition exists can be found by
4C AC

combining sin?'= ^-—- with —- = AB, which gives us sin i = /a, h- of
AB iJ.

course being the refractive index of the rarer medium with respect to

the denser. If, as is customary, we consider /i as the refractive index

of the denser with respect to the rarer the last equation becomes

. . 1sm ; = •

The angle determined by the above expression is known as the

Critical Angle. If it be exceeded, the secondary wavelets cut the

surface' beyond the point B' and no tangent plane can be drawn,
therefore no refracted ray exists. The energy in this case is totally

reflected.

If in the formula ~—'

=fj. we assign various values to i, and solve
sm r

for ?', we shall find that every possible value of i between 0° and 90°

gives a corresponding value of r if /x is greater than one, which is al-

ways the case when the ray passes from a rare into a denser medium.
Take the case of rays of light entering tlie

/ level surface of a pond, at all possible inci-

\ \
j /

/' dences from 0° to 90°. The zenith light

--.. \\ '; //,.'-'* passes straight do^vm, the horizon light Is re-

fracted in a direction given by = 1.33,
sinr

Fig. 57. or sin?'= , wliich gives for ;• a value

slightly greater than 48°. In other words, no ray in the water
makes an angle with the normal greater than about 48°. The light

therefore which enters an eye under water consists of rays embraced
by a cone of 96° angular aperture (Fig. 57) instead of 180°, as is

the case when the eye in air is directed

towarfls the zenith. If therefore, wlicn

sut)merged in water, the eye be directed :;;;.";.".";.V.'/.V/.

towards the surface, the sky appears com- '/"""

pressed into a circle of light subtending X^/ k,/,

an angle of 96°, the appearance being fr |

l)recisely as if the water were covered ""'"" "\^_^ "'

with an opacjue roof with a round hole - --

directly overhead. If, however, we are '"" "
ill diving armor, and look upward through the plate gla.ss window
of the helmet, the illu-^ion of the hole vanislies, for now the ho-
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rizon rays are refracted back into their original direction on pass-

ing into air once more, as is shown in Fig. 58, the 96° cone

widening out to 180°.

In this connection it is of interest to ascertain how the external

world appears to a fish below the surface of smooth water. The
objects surrounding or overhanging the pond must all appear

within the circle of light previously alluded to. There must be a

great deal of distortion of objects which are not very nearly over-

head, but we can gain absolutely no idea of their appearance by
opening the eyes under water, since the lens of the human eye is

only adapted to vision in air, and when submerged is quite unable

to distinguish the shape of objects. There is, however, no diffi-

culty in photographing the circular window of light and the ex-

ternal world as seen through it. It was found after a little ex-

perimenting that better results were obtained with a pin-hole than
with a lens, and a small camera was constructed which could be

filled \vith water and pointed in any direction. If pointed vertically

it recorded the view seen by a fish in a pond ; if horizontally, the view
as seen by a fish looking out through the side of an aquarium. It

is obvious that the plate must be immersed in water, as otherwise

refraction occurs as in the helmet of diving armor.

The fish-eye camera can be made of a wooden or metal box meas-
uring about 12X12X5 cms. (inside measure). A hole 3 cms. in di-

ameter is bored through the centre of one of the sides, over which is

cemented a piece of mirror glass with the silvered and varnished
side facing the interior. The glass must be quite opaque, i.e. free

from pin-holes in the silvered film. A very small hole should be
made through the film by scratching it carefully with a needle,

before the plate is cemented to the box. This small aperture

passes the rays of light which form the image to the photographic
plate which lies against the opposite side of the box. The box
must be light-tight, and filled with clean water. A little considera-

tion will show that the part played by the water in the pond is, in

t'ais case, played by the glass plate. A number of views secured
-with the apparatus are reproduced below, Fig. 59. The camera
obviously has an aperture of 180°.

One of the views is of a railroad bridge passing overhead, the

other represents the appearance of a crowd of men standing around
a pond, to a fish below the surface. The two lower views were
taken with the camera pointing in the horizontal direction, i.e.

the views correspond to what a fish sees when looking out through
the side of an aquarium. One of them shows a view looking both
up and down a street, the other a row of men standing in a straight

line taken from a point only 50 cms. in front of the central figure.

These last two show in a very effective manner that the angle of

view embraces 180°.

Effect of Refraction on the Width of the Beam. — It is at once
apparent, by reference to the diagrams for the construction of

the refracted wave-fronts, that the width of the beam is increased
in a direction parallel to the plane of incidence, when the rays pass
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from a rare to a dense medium, or a given portion of the wave-front

is spread out over a larger surface. In passing from a dense to a

rare medium the reverse is the case, the wave-front being com-
pressed into a smaller area. This change in the width of the beam
diminishes or enlarges (in one direction) the apparent size of objects

seen under these conditions, a matter which will be more com-
pletely investigated later on.

Refraction of a Wave by a Plane Parallel Plate. — Tiie applica-

tion of Huyg(Mis's construction to the passage of a plane-wave
through a glass plate bounded ])y parallel planes, shows at once that

the emergent wave-front is parallel to the incident, no matter how
great the angle of incidence. The direction of the ray is therefore

unchanged, though each individual ray is shifted to one side by its

passage through th(> plate. Inasmuch as the jiosition of an object

at a great distance depends .solely on the direction of the parallel
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rays reaching the eye, it will not be changed by the interposition of

a thick plate, at any angle. We can test this by viewing a very dis-

tant object through a thick piece of plate glass and turning the plate

rapidly around a vertical axis to the right and left. Objects near

the plate, however, will be found to shift their apparent position

considerably as the plate is turned. If the two objects and the eye
be in the same straight line it may seem at first sight as if the inter-

vention of the oblique plate would in no way affect their apparent
positions, for parallel rays from the distant object are unchanged in

direction by passage through the plate, and the same is true of the

rays from the near object. If, however, we remember that the ray
is shifted laterally, the difficulty disappears, for the lateral shift,

while it does not alter the apparent position of an object at infinity,

displaces an object situated at a finite distance. This will be made
clear by reference to Fig. 60.

Let A be a point not far from the plate. It is * ^

seen by an eye at E by means of the rays pur- \ \

suing the path ABCE, and its apparent position \ .

is A\ If the oblique plate be removed, the \
\ y<

point A will be seen by the direct pencil of | ''/^ \
rays AE, and will appear in its true position A. X^ y

If we make the same construction for parallel /^^ x
rays coming from a distant point we shall y^ ^^/
find that the apparent position, or the direction "C /\\
from which the rays by which it is seen come, \/^ \\

is unchanged. ^e
The Opthalmometer.— This principle is made

use of in the opthalmometer, an instrument de- ^^" ^^'

vised by Helmholtz for determining the curvature of the lens of

the eye, by measuring the diameter of the image of a source of light

seen reflected from the curved surface.

The instrument enables us to measure the distance between two
points, or the diameter of an object, without taking into account
its distance, by an optical method.

It consists of a small telescope with two plane parallel thick glass

plates in front of the objective, arranged so as to rotate about a
common axis, the angle of inclination between the plates being
measured by a graduated circle. If the object is at a great dis-

tance rotation of the plates produces no effect of course. If at a
small distance we see it doubled as soon as the plates are inclined,

and by setting the plates in such a position that the two images
touch each other end to end, and reading off the inclination we can
determine the length I of the object by the formula

7 o • ^ vn^— sin^4>— cos$
t= 2asm4>

Vw^- sm^$

in which a is the thickness of the plates, n their refractive index, and
4> the angle through which each plate is turned from the zero posi-

tion (plates parallel).
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Fig. 61.

As will be seen, the distance of the ol^ject does not come in at all.

As we bring the object nearer, it appears larger, l^ut the angular

shift necessary to produce a given clisplacement increases at the

same rate. In other words there is compensation. The instrument

can be used only for measuring objects at a moderate distance.

Refraction of a Spherical Wave at a Plane Surface. — Suppose a

spherical wave originating at (Fig. 61) to be refracted at the plane
surface AB. If we construct

the refracted wave-front l)y

the method of Huygens, mak-
ing the points on the refract-

ing surface the centres of sec-

ondary wavelets whose radii

are found bj^ dividing their

distances (measured along

rays) from the wave in its un-
refracted position, by the re-

fractive index of the medium,
we shall find that the incident wave is flattened down into what at

first sight aj^pears to be a sphere of less curvature. Let us inves-

tigate the form of the refracted wave, which is sometimes errone-

ously stated to be an hyperboloid.

Suppose light diverging from to

be refracted at the surface AP
(Fig. 62). Draw an incident ray OP,
which is refracted in the direction

PQ. Draw OD A- to the surface, and
produce it to 0', making OD = DO'.
Draw a circle passing through the

points 0, P, and 0', and produce
PQ backwards until it intersects the

circle at M, and the prolongation of

00' at J. Z DOP = incidence Z,
also O'MP, both being measured by
arc O'P. Moreover ZOJ/J = inci-

dence Z, being equal to O'MP, be-

cause OMO' = OPO' (measured by
.V arc 0^0') and OPO' = 7r-2i. We
can now WTite

sin i

sin r

since sin O'MJ = sin / (supplementary angles) and the sides of A
in ratio of sines of opposite angles.

O'J OJ .

Fig. 62.

O'M OM '

M =
O'J-OJ 00' 00'

, , ,
and O'M - OM = — = Constant.

O'M-OM O'M-OM M

This same relation holds no matter wher(> P he taken, conse
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quently the locus of M is an hyperbola having and 0' for foci, and
the refracted ray PQ is normal to the hyperbola at M. The hy-
perbola is therefore the orthogonal surface of the refracted wav(%
since it is everyAvhere normal to the refracted rays, and the re-

fracted wave-fronts are parallel curves, located by measuring off

equal distances on the rays from the hyperbola. They will 7i(it

be themselves hyperbolae, for the parallels to a conic are in general
curves of the eighth degree. The evolute of the hyperbola is the
caustic of the refracted wave, in this case virtual of course. After
refraction, then, the different elements of the wave-front appear to
,come from points distributed along the caustic. If then we transfer

ou!- eyes from one position of the wave-front to another, the posi-

tion of the radiant point in space will apparently alter. The same
thing is true when the waves are refracted from a dense to a rare
medium, the caustic in

this case being the evolute

of an ellipse, and the re-

fracted waves parallels of

an ellipse. The formation
of a caustic under these

conditions is sho\vn in

Fig. 63.

A small portion of the

wave around the ray leav-

ing the surface normally
comes from the cusp of '^Radiant Poinf

the caustic, which we may
p^^ ^3

regard as a point, conse-

quently this portion of the wave is approximately spherical.

The cusp of the caustic from which this portion comes is elevated

above the true radiant point, consequently the refraction appears

to bring the point nearer the eye. The bottom of a vessel of water
consequently appears to be nearer than it really is.

The apparent elevation of the bottom of a body of still water is

a matter of common observation. It is most marked when the

eye is only a little above the plane of the surface and the bottom at

a considerable distance is under observation. The rays which leave

the surface at nearly grazing emergence come from that portion

of the caustic which is very near the surface, as is apparent from
Fig. 63. The bottom at a distance may thus appear elevated

almost to the surface.

In the case just considered the caustic is virtual and not real, and
since it is in reality non-existent, there are no moving cusps on the

wave-front as in the cases considered under reflection. If we could

reverse the emergent wave, and at the same time remove the water,

the caustic would become reaJ, and cusps would develop upon the

wave-front. This cannot of "irse be done experimentally, but
attention is drawn to it ir. to clearly define the difference

between a real and virtual caustic.

Refractive Index of a Plate measured by the Microscope. —
This apparent elevation of a point due to the decrease in the radius
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of curvature of the wave-front when it emerges into the air can be

used for measuring the refractive index of a glass plate, of which

we know the thickness d. An object seen through the plate ap-

pears nearer by the amount a =~ -.

n
If we focus a microscope upon an object, and then place the glass

plate over it, we shall have to raise the microscope through a dis-

tance a to bring the object into focus. The refractive index is then

given by n = . We should use an objective of as short focus
d— a

as possible, consistent with its use with the plate. It is best to

provide the eye-piece with cross hairs and focus by absence of

parallax, i.e. so that there is no relative motion between the object

and the cross hair as the eye is moved from side to side.

Two modifications of the method may be cited. Make a mark
on the upper and lower surface. To change from one to the other

the microscope must be raised a distance a : then n = -
. Make

a

a small dot with white paint on the upper surface and illuminate

it from above, on a dark background. Focus first on the object

and then on its image seen reflected from the lower surface, moving

the microscope a distance a : then w=— . The values are correct
a

to the third place of the decimal if the observations are made with
great care.

Fermat's Law. — In the case of reflection we have seen that the

path of a ray from one point to another by way of a reflecting sur-

face is either a maximum or a minimum. The same is true in the

case of refraction, as we shall now show. If the refracting surface
is plane, the time of transit is a minimum, and we have what is

known as the principal of least time. If the refracting surface is

curved, the time may be either a maximum or a minimum, according

to whether the refracting surface lies within or without the aplanatic

surface, the same as in the case of reflection.

Fermat's law may be deduced from Snell's

law by the maximum and minimum
method of the calculus.

Let A be a luminous point at height a

above the refracting surface A'B', and B a

point illuminated by a disturbance reach-

ing it l)y way of any point on the refracting

surface, for example, over the path APB
(Fig. 64). The time of transit obviously

changes with the position of P. Wc will

start by assuming it to be a maximum or

minimum, and see if the ordinary law of

refraction follows.

From A and B drop perpendiculars on the refracting surface, of

length a and 6 respectively : let the distance A'B' = p, then A'P= x
and PB' = p— x. Call the velocities in the two media v and v',

Fio. G4.
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AP PR
then the time along AP is and the time along PB is ^-^- The

V v'

whole time, which we require to be either a maximum or a minimum,

V v'
'

V v^
'

dt ^ X p— x

dx v^a^-\-y? v'Vb'- + (:p-xy
= 0.

Now ^ = sin ^, and — ^ ^ = sin 'I'
;Va- + X- V6^ + {p-xy

. sin$ sin* sin <E> v r^ ^ u- i, • o ii> i

. . =—;— , or --—r = — = Const., which is Snell s law.
V V sm* V

A second differentiation, or in this case a mere inspection of the
figure, shows us that the time is a minimum.
We will now examine the case of refraction by a curved surface,

following a demonstration by Czapski.
In Fig. 65 let AB he a. portion of an aplanatic refracting surface.

Though we have not yet discussed this surface, we can make use of

it in the present case. It is the

surface which will bring all rays

emanating from accurately

together at 0' , or change the ^ " ^B't^-n'

expanding spherical waves into

contracting spheres with centres

at 0'. The times of transit over
all paths from to 0' by way of

the aplanatic surface (a surface

capable of bringing rays to-

gether at a point) are equal, or ^ig 65
if n and n' be the refractive in-

dexes of the media the reduced path is w(OP) +n'(PO') = Con-
stant. (By reduced path we mean the length of path in vacuo,
which will contain the same number of waves as the number con-
tained in the actual path.)

Now suppose that we have a refracting surface A'B' of greater

curvature than the aplanatic, which it touches at P. The ray inci-

dent at P is obviously the one which passes through 0', and we are

to ascertain whether the reduced path is greater or less than any hypo-
thetical path through some other point on AB. Let this point be
at Q, for which the reduced path will be n(OQ) -\-n'{QO'). The ray
which reaches 0' by way of t}ie point R on the aplanatic surface has
a reduced path n(OR) +n'\RQ) +n'{QO') and the difference be-

tween them is

[n{OQ) +n'iQO')] - [n{OR) +n'{RQ) +n'(QO')],

or n{OQ-OR)-n'{RQ).

Now (OQ-OR)<RQ (sides of a triangle).

Therefore, since n < n', n{OQ—OR) < n'RQ, and the path by way
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of Q is less than the path by way of R ; liut the latter is the same
as the actual path by way of P, therefore that path is a maximum.
In the same way we may show that if the refracting surface has a
curvature less than the aplanatic, i.e. lies without it, the path will

be a minimum.
Refraction by a Prism .

— In the case of refraction by a prism we
liave to determine the deviation of a ray or wave-front, by passage
through a medium bounded by two planes which make an angle with
each other ; this angle is called the angle of the prism. If the

refractive index of the prism be greater than that
of the medium in which it is immersed, as is

usually the case, the deviation of the ray is al-

ways away from the vertex, that is, towards the

base of the prism. This is obvious at first sight,

except perhaps in the case in which the incident

ra}^ falls on the prism in the direction shown in

Fig. 66, for here the deviation at the first sur-

face is towards the vertex, while that at the sec-

ond is towards the base, the final direction de-

pending on the relative magnitude of these two
deviations. The angle of refraction at the
second surface is greater than that at the first,

and since the deviation increases as this angle

increases, the deviation towards the base at the

greater than the deviation towards the apex

Fig. 66.

IS

Let the angle

second surface

at the first.

We will now derive an expression for the deviation

of the prism be a (Fig.

67) and let i and r be
the angles of incidence

and refraction at the first

surface, r' and i' at the

second. The deviation is

obviously D, the angle be-

tween the emergent ray
and the incident ray. The
deviation at the first sur-

face is i— r, at the second
i' — r', while

D=(i-r) + {i'-r')

^i + i'-{r + r').

But r + r' = a, since a+the two base angles of the prism = 2 rt. ^
and (r + r') + the base angles= 2 right angles.

.-. D = i + i>-u.

This formula holds for the condition shown in tiie previous figure,

except that in this case the negative sign must be prefixed to the

angles i and r. Suppose the angle « becomes zero, the prism then

l)ccoming a plane parallel plate. The d(>viation then Ix'comos

?Y — '/')— 0, which is equal to zero (since in tb.is case i = i').
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Refractive Index of a Prism. — Let us now suppose the angle of

incidence to be such that the ray passes through the prism parallel

to the base. In this case i = i' and r = r', and if we can measure D
and know the angle a we can easily determine the refractive index
of the prism.

We have D = 2i — a,ovi= —-— , also ^ = "

•

Substituting these values in /*= ^7^ we have /x= ^"^ ^\.<*-^iJ)
^

sm r sin \ a

We must now find some method of arranging the angle of incidence

so that the path of the ray through the prism will be parallel to the
base, since it is only for this condition that the above formula holds.

This adjustment is ver^^ easily made, for the deviation of the ray
can be shown to be a minimum when the passage through the prism
is symmetrical. There are several methods of proving this, the most
direct and rational being the method of maxima and minima of the
calculus. We must obtain an expression showing the change of

deviation with the change of the ansiie r, and by equating this to

zero derive the condition for a maximum or minimum. In other

words

clD d^D— =0 and —— > (condition for minimum),
dr dr^

dP ^ d{i+i'-a) ^Q
dr dr

We have sin i = /u,sinr, and sin r' = /Msinr' = /x.sin («— r).

Then i = sin~^ (/x sin r) and i' = sin"^ [^ sin (« — r)]

;

.'. D= sin"^ (/Asinr) +sin~^ [^sin (« — r)] — a,

dP _ fj.
cos r fjLCOs(fi — r) __^

^^ [l-fi-'^sm^r]^ ^-jiHrn^a-r]^

Expressing the cos by the sin we have

ju.(l — sin^r)^ /^[ I— sin^ (a~r)Y _ ^
1 _

1

[I — /x^sin^r]^ [1 — /A^sin^ («— r)]^

Equating the above terms, multiplying the numerator by the

denominator and cancelling, gives us,

(/i.^— 1) sin^r= (/U.2— 1) sin- (« — r),

or r = « — r and r = -=r'.

By symmetrical passage r = r' \
.*. Z) is either a maximum or

minimum, A second differentiation gives

d^P /^'-l

dr^
\j? sin^ -

)(
\ — iJ? sin^
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If /LA>1 all the factors are positive and the whole expression is

positive, therefore Z) is a minimum.
There is another condition for which we can get a simple expres-

sion for /i., namely : when either the incident or emergent ray is

normal to the surface of the prism.

If i = 0, r = 0, and r' = a, D= i'-a.

Therefore
sm «

Fig. 68.

Magnifying Power of Prisms. — When the prism is set at mini-

mum deviation the widths of the incident and emergent beams are

the same, otherwise not. For example : in Fig.

68 when the incident beam falls normally on the

first surface, and leaves the second surface at a

large angle A\'ith the normal, the width of the beam
has been contracted. If we view an object under
these conditions, the eye being placed in the con-

tracted beam, we shall find that it is magnified in

the direction in which the beam has suffered con-

traction. A circular opening in a card backed by
a sodium flame is a suitable object, and ^\\\\ be
found to appear as an ellipse. If an achromatic

prism is available a circular white object can be
used, when the effect is very striking. If on the
other hand the incident light makes a large angle

with the normal, the emergent wave-front is expanded in width,
and, if the eye be placed in it, the object will appear decreased in

size in this dimension, a circular card appearing as if turned edge-
wise. Brewster suggested that by using two achromatic prisms
at right angles to each other, magnification might be shown in

both directions, and the action of a telescope imitated.
Lord Rayleigh has given a very neat demonstration of magnifying

power, based on Fermat's law, which is applicable to telescopes as
well as to the case just cited. It proves by a wave-front method
that the contraction of a beam of light, or
the compression of a wave-front, causes
magnification. Consider a wave-front of
width AB (Fig. 69) refracted at the surface
CP, and compressed therebv to width
A'B'. By Fermat's law the time of
transit over the path ACA' \s equal to the
time of transit over the path BPB', being a
minimum in each case. This we may ex-

press by saying that i fids (the reduced

path) is the same along each ray. If from
any cause B is retarded relatively to A,
say an amount BE, B' will be retariled an equal amount relatively
to A', namely B'E' = BE} If this retardation be considered as

' This is of course only true if AB and A'B' arc in the same medium : the first
surface of the prism, parallel to AB, is not represented.

Fig. 69.
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represented by a rotation of the wave-front AB through angle 6 it

will be measured by (AB)0. The wave-fronts AB in the two po-
sitions can be thought of as two separate fronts coming from two
distant stars subtending an angle at the point of observation.

The retardation of B' must be of the same amount, consequently
the rotation of the wave-front A'B' will be much greater than 6,

being measured by <p {A'B'). Since the retardations are equal
vv^e can write

6{AB) = HA'B') or ^^^-
Now 4> is the angle formed by the rotation of A'B' the compressed
wave-front, consequently we may regard it in its two positions as

two fronts coming from stars which subtend an angle ^, as much
greater than ^ as AB is greater than A'B'.
The same reasoning can be applied to telescopes, the compression

here being symmetrical, a plane-wave of large area emerging from
the eye-piece as a plane-wave of small area, the magnifying power
bemg equal to the ratio of the widths of the stream of light before and
after entering the telescope.

Refraction by a Lens. — In the chapter on reflection it has been
sho^\Ti that a parabolic mirror transforms a plane-wave into a con-
tracting spherical wave, while an ellipsoidal mirror exerts the same
action on spherical waves originating at one of the foci. It is pos-
sible to construct refracting surfaces having the same property.

We will begin by computing the refracting surface, which shall be
aplanatic for spherical waves.

Let (Fig. 70) be the luminous point, and 0' the conjugate focus
where the converging waves
are to shrink to a point. By , > •.

Fermat's principle the re-

duced paths along the differ-

ent rays ^\all be equal, and
the disturbances will all reach
0' in the same phase, result-

ing in intense illumination.

Suppose to lie in a medium
of ref. index 1, practically in

air, while 0' is in a medium
of ref. index 2 between •' ''

which we require an apla- Pj^ -tq

natic surface of separation.

Let r and r' be the distances of any point on the surface from O
and 0', then r + /Ar' = Constant, the equation of a Cartesian oval.

Choose a point on the line joining and 0' such that r= 5 and
r' = 7. The constant for this particular case will be 19. Now de-

scribe around a circle of radius 6 and around 0' a circle of radius
1 Q A

of The intersection of these circles will give two more

points on the aplanatic surface, which can be gradually built up by
giving to r constantly increasing values.

M=l \ .\/> /i = 2



78 PHYSICAL OPTICS

The general form of the equation of a Cartesian oval is

/>tr + yiAV = Constant, from which we get /x— +/«.'-- =0.
as as

In the case just considered the conjugate foci lie in different media.
If they are to be in the same medium we require an mtervening
medium capable of effecting the required change in the form of the

wave-front. We thus come to the Aplanatic Lens.

Spherical light waves, originating at a point in air, are to be trans-

formed by a lens into converging spheres which come to a focus at

another point also situated in air. Suppose the lens to be midway
between the two points and the curvature of its two surfaces the

same. The spherical wave will be changed into a plane-wave by the
first surface, consequently the simplest way to construct the form
of the lens will be to trace the surface aplanatic for a plane-wave by
the method given above, modifjdng it, however, in such a way as to

make the sum of any path measured along a ray from the plane-

wave to the aplanatic surface, and the reduced path from this

point to the focus, a constant. These aplanatic surfaces are, how-
ever, of very little practical importance, for they can onlj' be re-

produced approximately, and then only when the departure from a
spherical surface is very slight. In the process of lens making the
surfaces which are being ground together assume of their o-^ti

accord a spherical form, since two surfaces, to fit together in all po-
sitions, must be of constant curvature. Lenses with spherical sur-

faces do not bring rays accurately to a point, or in other words do
not give converging waves which are truly spherical. This results

in what is kno^^^l as spherical aberration, which has been treated

sufficiently for the purposes of this book under reflection. A spheri-

cal surface may be made approximately aplanatic by local grinding,

if the amount of material to be removed be not too great. This
process is knowm as correcting the lens for spherical aberration, or

figuring, and is largely a cut and try operation.

Refraction by Sphere. — There is one special case in which the
spherical lens is aplanatic, which is made use of in the construction
of the microscope. Weierstrasse gives this simple method of con-
structing the refracted rays when incident upon a sphere.

Suppose a sphere of refractive index n' and radius r immersed in a
medium of refractive index n. If the sphere is in air, n = l.

Describe a circle of radius r representing the sphere, and around

its centre two other circles of radii — r and —r, respectively, as in
n n

Fig. 71. Draw the ray LE incident upon the sphere at E, at

incidence angle «, and continue it until it cuts the outer circle at A :

then join this point with the centre, the line cutting the inner circle

at A\ The line EA' is then the refracted ray. If now we have a
convergent system of rays falling upon the sphere, which would
unite at A if the sphere W(M-c al)sent, it is clear from the con-
struction that the sphere will bring them all together in a yto'mt

focus at A'. Conversely if rays emanate^ from .1' within the
sphere, they will, after refraction out through tiie lower half of the
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sphere, traverse paths which, if produced backwards, meet at A.

A and A' are called the aphmatic points of the sphere, and the sphere

is an aplanatic surface for tiiese two points, one of which is real, the

other virtual.

Fig. 71.

The proof of the above construction is as follows.

Triangles EMA and EMA' are similar having Z^ in common,
and its enclosing sides in equal ratio

EM ^ AM ^ n'

EM n

and since

In triangle EMA'

MA'
ZEA'M=ZAEM,
AEM= a, 8= a.

sm 6

sin/3

sin u

sinyS

EM
A'M

n

n

Microscope Objective. — The existence of the aplanatic points

just proved was utilized by Amici in the construction of micro-

scope objectives of wide aperture. A section of such an objective is

shown in Fig. 72.

A hemispherical lens / receives the wide cone of rays from a

point at L. After refraction by the plane surface, they pursue

directions as if coming originally from U. If U is -the aplanatic

point refraction by the spherical surface will render them still less

divergent without introducing any spherical aberration. Since

refraction at a plane surface introduces aberration, better conditions

obtain if a drop of some oil having the same refractive index as the

glass is introduced between the plane surface and the object,
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which must now be at U, the aplanatic point. This virtuall^^ im-
beds the object within the medium of the sphere, and the wave
leaving it has its centre at U. The next lens // is a meniscus, its

Fig. 72.

first or concave surface having the same radius of curvature as
the spherical wave leaving lens /, i.e. its centre of curvature is at U.
The wave therefore enters lens // without change of form. The
second surface of the meniscus is spherical and of such a curvature
that U is an aplanatic point for it. The wave on leaving the me-
niscus is still spherical, the centre being now pushed back to U.
The rays are rendered still less divergent and finally convergent by
the two achromatic lenses /// and IV.
The Amici principle has a disadvantage which makes it impos-

sible to use it more than twice. It introduces chromatic aberra-

tion, which can be compensated by the overcorrected (for color)

achromatic lenses /// and IV provided the divergence is not too
small. If it is too small, as it would be if the principle was made
use of again, it would be impossible to compensate it, and at the
same time render the rays convergent.

Focal Length of a Lens. — The distance from the middle of the
lens to the focus varies with the distance of the source of light : if it

be at infinity the waves are plane and the distance between the lens

and the focus is called the focal length of the lens. This may be
expressed in terms of the radii of curvature of the two surfaces and
the refractive index of the glass, and the formula which we will

now deduce can be used for determining the refractive index of a
lens.

Let (J. = ref. index of lens, r = radius of surface AMB, s = radius

of surface ANB and y = AD (Fig. 73).

All disturbances from reach 0' at the same time

;

.'. OA +0'A = OM^ti{MN) +N0',

y2 = 2 rMD- MD^ = 2 sND - XD\

(MD"^ and ND"^ can })e rejected since MD and ND
comparison to r and s.)

are small in
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2r 2s 2\r sj

Denote OD by u and O'D by v, and we have
,2 ^,2

OA u+— and O'A = v + -^ (approximately)

;

2w 2v

OA+0'A = 00' + ^(- + -\
2\u vj

. (1)

(2)

(\
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We have ^^^ = -. for first boundary. .". sin r= sin i- -

sin r V v

The incidence angle at the second boundary is obviously r, there-

fore we have

. .v'

smr V V V ,. , . smi v
-.—

-. = —, or —.—r = —,, which gives -.—7 = —,,
sinr V smr' v ' sin r v

showing that the direction of the ray in the third medium is the sam.e

as if the intervening medium were not present. Now suppose the

number of layers to be increased indefinitely, and the thickness ot

each to be reduced indefinitely. This gives us a medium of con-

tinuously varying refractive index, and we see that the direction

of the ray at any point is the same as if the upper layers were

removed, and the ray entered the flat surface of a medium of re-

fractive index equal to that which the non-homogeneous medium
has at the point in question. Suppose a ray to be travelling in a

horizontal direction in a medium of this nature. As the ray is

moving in a direction in which the refractive index does not change,

it may seem at first sight as if there would be no change of direction.

The discussion of the case by ray methods would lead to this con-

clusion, a result which plainly shows the danger of handling optical

problems in this way. No matter how limited the width of the ray,

the wave-front. — the motion of which constitutes the rays, —
must have a finite size, and the upper and lower edges of the front

are moving in regions of different

,-• ,--- optical density. The upper edge

will consequently move faster

than the lower, and the front

will gradually wheel around, which

means that the direction of prop-

agation, or the direction of the

ray, is constantly changing. We
can treat the case by Huj'gens's

construction by describing second-

ary wavelets of constantly decreas-

ing radii around points on the

wave-front, the enveloping plane

Pjq 75 representing the front in its next

position (Fig. 75). By repeating

the process we can show the gradual change of direction. The
resulting curved rays are concave towards the direction of higher

refractive index.

Astronomical Refraction. — The optical density or refractive

index of the curth's atmosphere decreases as we ascend from the

surface, consequently the rays of light, which roach our eyes from
the stars, move in curved paths, except when the star is in the ze-

nith. Since tlie direction in which the star appears to be is the di-

rection from which the ray comes when it enters the eye, the true

position of the star can only be determined by taking the refraction
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of the atmosphere into account. The effect of refraction is to make
the star appear higher up above the horizon, or nearer the zenith

than it really is. For stars at the horizon the elevation amounts
to 36 minutes of arc.

Now we have seen that the final direction of the ray is indepen-

dent of the layers intervening between the medium in which the

observation is made and the region from which the light comes ; it

is therefore apparent that the change in direction can be determined

by determining the refractive index of the air at the point where

the instrument is situated, which can be done by observing its

temperature, pressure, etc.

The curvature of light rays in the atmosphere also influences the

apparent positions of objects on the earth's surface, the usual effect

being an elevation of an object above its true position, a circum-

stance which must be taken into account in all geodetic observations.

As a result of this refraction it is possible to see the sun and the

eclipsed moon above the horizon at the same time.

While the radius of curvature of a ray of light travelling parallel

to the earth's surface is much greater (about 7 times) than the

radius of the earth, it is possible to conceive of an atmosphere with

a density gradient sufficient to lessen the radius of the ray to that

of the planet. If such a condition prevailed a ray would travel

completely around the planet, if the atmosphere were perfectly

transparent. In some cases we may even have an atmosphere with

a density gradient sufficient to give us an even smaller radius of

curvature.

Schmidt's Theory of the Sun. — Schmidt has made the sugges-

tion that the sun may be such a body, and that the disk as we see

it may be an optical illusion. He considers the sun to be a mass
of gas the density of which increases from the surface towards the

centre. At a sufficient depth the radiation of the gas will be
" white " light, i.e. it will give a continuous spectrum. What we
shall see, however, will be a white-hot ball with a sharply defined

rim. The radius of the ball will be the radius of the sphere taken

within the gas mass, upon the surface of which light rays will have

a similar radius of curvature. Schmidt calls this the critical

sphere.

In Fig. 76 consider the circle to be the critical sphere, and

assume light radiated in all directions from a point A deep down
within the gas mass. The ray B, with a small radius, will turn

back into the mass; the ray D, leaving yl at a smaller angle with

the normal will travel around the critical sphere; while the ray E,

leaving A at a slightly less angle, will pass off into space. Other

rays, such as C, wall also pass off into space, but will not reach us.

If the gas without the critical sphere does not emit light the ray E
will come apparently from the edge of the critical sphere, notwith-

standing the fact that it originated much deeper dowii in the mass,

where the gas is radiating light as a result of its high temperature

and density. On this theory what we call the diameter of the sun

is merely the diameter of the critical sphere, plus a slight increase

due to the refraction of the gas outside of it. An atmosphere can
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in the same way cause an increase in the apparent diameter of the
body which it surrounds. We can show this very nicely in the
following way. Make a small rectangular glass tank by cement-
ing five squares of glass together with sealing wax. Fill it with
melted gelatine and support an empty test tube in the fluid with
a clamp stand. The bottom of the test tube should be within
half a centimeter of the bottom. After the jelly has solidified,

pour hot water into the test tube, and immediately withdraw it. It

will leave a cjdindrical hole in the jelly, with a hemispherical bot-

tom. Now pour a mixture of glj'cerine and powdered chalk into

E

Fig. 76.

the cavity until it is half full. Fill the remainder with water to

which a few drops of milk have been added. The glycerine will

gradually diffuse into the gelatine, increasing its refractive index.

The condition at the end of a few minutes will be not unlike that of

a white body surrounded by a dense atmosphere, for the refractive

index will be high at the boundary between the jelly and glycerine,

gradually decreasing as we pass out into the jelly. The magnifi-

cation resulting can be seen by looking through the side of the

trough, the lower portion of the cavity apjiearing swollen out like a

mushroom. If we perform the experiment with jnire glycerine

and clean water the same thing happens. By placing an arc light

behind the tank and throwing an image of the cavity upon a piece

of ground glass with a camera objective, placed at the centre of the

shadow of the tank, we can see the bright ring of light which ap-

pears to surround the bottom of the cavity. This is analogous to

the ring of light which would be seen surrounding the earth by an
observer on the moon during a lunar eclipse, or rather a solar

eclipse. As the glycerine i)enetrates into the jelly this ring of
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light eventually separates from the line of the cavity. Photo-
graphs of the gelatine cavity at two difTerent stages of the diffu-

sion are reproduced in Fig. 77.

Fig. 77.

Mirage. — The normal variation of the refractive index in the
atmosphere is often disturbed by temperature variations, as when
the air near the surface is warmed by the heated ground, or when a
layer of cold air flows over a layer of warm air, as may occasionally

happen. These abnormal conditions in the atmosphere give rise to

the phenomenon of mirage, the commonest type being that seen on
the desert where the air is heated by the hot sand. In this case the
refractive index is abnormally low along the ground, rises to a
maximum as we ascend, and then decreases more slowly according
to the usual law. Rays of light near the surface are therefore con-
cave upwards, while those travelling at greater elevations are con-

cave downwards. The result of this is, that rays which would or-

dinarily strike the ground are turned upwards and reach the eye,

appearing as if reflected in the ground, while other rays starting

originally from the same point may reach the eye by the usual path.

The point thus appears double. The sky at the horizon may thus
appear as if mirrored in the sand, and since the only reflecting body
in nature capable of acting in this manner with which we are

familiar is a smooth sheet of water, the natural inference is that a

Fig. 78.

lake exists between us and the horizon. Where the sky is broken
by mountains, we see their inverted images mirrored. The paths
of the rays in mirage of this type are shown in Fig. 78.

It can be very beautifully reproduced by a method which was
described by the author in the Philosophical Magazine in 1899, and
which has since been somewhat improved. Three slabs of flat

sheet steel each a metre long, 20 cms. wide and 3 or 4 mms. thick,

are mounted on iron tripods and carefully brought into the same



86 PHYSICAL OPTICS

plane, so that the upper surface is continuous and flat, which can
be ascertained by " sighting " it from one end (Fig. 79). The sur-

face is sprinkled with sand, to prevent reflection, which may occur

at grazing incidence. A sheet of ground glass with an arc-light

behind it represents the sky, or a mirror mounted so as to reflect

the sky when viewed from the opposite end of the desert. The
artificial sky must come do^vn to the level of the sanded surface,

and in front of it a chain of mountains cut out of pasteboard is

mounted, with peaks varying from 1 to 2 cms. in height, and val-

leys which come quite down to the sand. The desert is heated by
a long gas burner made by drilling numerous small holes in a long

piece of gas pipe. The gas should be introduced at each end of the

long tube, and the flames should be about 5 cms. in height. If we
look along the sand, holding the eye an inch or two above the plane
of the surface, we shall see, as the desert warms up, what appears

to be a brilliant pool of water on the sand, in which the inverted

images of the mountains and sky appear reflected. Photographs
of this artificial mirage are shown in Fig. 80, Plate 3.

Another type of mirage, sometimes seen at sea, can be referred to

a stratum of hot air at a considerable distance above the earth's

surface, which behaves in a manner precisely similar to the hot air

on the ground, giving rise to inverted images of distant ships high

above the horizon. Objects ordinarily below the horizon are fre-

quently brought into view, by the curvature of the raj^s resulting

from an abnormally rapid change in the refractive index of the air,

a case being on record where ships moored off the French coast

across the English Channel 20 miles distant were seen from Dover.
Mirages are frequently seen on cold autumn mornings over large

bodies of water, the air in the vicinity of the surface of the water
being warmed. A frequent illusion, knowTi as Fata Morgana, is the

apparent elevation of objects on a distant shore into pinnacles and
columns. It results from a distril^ution of density similar to that

causing the desert mirage, the transition being less abrupt, however.

A medium stratified in horizontal layers, with a maximum refractive

index along the central plane, will render divergent rays parallel and
then convergent, the medium acting as a sort of continuous lens.

Fig. 81 is a somewhat exaggerated diagram of this effect. An eye
at receives rays from 0' which have come over a number of differ-

ent paths, and can be considered

as situated at a focus towards
which these rays converge. 0'

will tluTofore apjiear magnified

in the vertical direction into a

Fig. 81. column AB. As the curvature
of the rays is only in vertical

planes there will he no corresponding horizontal magnification.

Rocks ami other objects lying along the shore are tlms seen raised

to the dignity of lofty cliffs, and blocks of ice floating in the water
appear as white pinnacles.

Non-Homogeneous Cylinders as Pseudo-Lenses. — If there was
a similar variation in the refractive index in horizontal directions,
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magnification in all directions would occur. In a medium capable
of acting in this way the equi-indical surfaces, or layers, of equal
refractive index will be coaxial cylinders, the highest refractive

index being along the axis. Exner has shown that the eyes of some
insects are arranged in this way, the convergence of the rays to a
focus resulting from the action of a non-homogeneous medium.

Cylinders of gelatine soaked in water were found by Exner and
Matthiessen to behave in the same way.

It is possible to prepare cylinders which have the maximum
refractive index on the surface or along the axis, and act accord-
ingly as concave or convex lenses.

The original method has been improved by the author by the use
of glycerine. These pseudo-lenses are not at all difficult to pre-

pare and are extremely interesting. A handful of photographic
gelatine is soaked in clean water until thoroughly softened. The
excess of water is poured off and the mass is then heated until quite
fluid, and filtered through a funnel with a small piece of absorbent
cotton placed at the bottom of the cone. If the gelatine refuses to

run through, add a little more boiling water. Pour a small quan-
tity into a test tube, and let it stand until solid. Evaporate the
remainder over a small flame, stirring constantly until it is of the
consistency of syrup. This means boiling it down to one-third or

less of its original volume. Now add an equal volume of glycer-

ine, and pour the mixture into a second test tube. After the jellies

have set, crack the bottom of the tubes by a sharp blow, warm
them by the momentary application of a Bunsen flame and push
out the cylinders.

Cut the cylinders into disks of different thicknesses, with a warm
pen-knife. The best thickness is about two-thirds of the diameter.

Mount the disks between small squares of thin plate-glass (window
glass will do), warming the plates slightly,

to insure getting the jelly into optical con-

tact (Fig. 82). It may be found necessary

to prop the upper plate in position until

the surface in contact with the glass has
" set." The cylinders which are made of

gelatine and water are now to be immersed
in glycerine, the glycerine jelly cylinders

in cold water. The glycerine should be stirred occasionally, as the

layers in contact with the jelly take up the displaced water. The
action will be found to be well under way in a quarter of an hour,

the glycerine gradually diffusing into the jelly, driving out the

water, and the water gradually replacing the glycerine. A jelly

containing glycerine has a higher refractive index than one contain-

ing water, consequently the cylinders soaked in glycerine act as

concave, while those soaked in water act as convex lenses.

The focal length will be found to be only 8 or 10 cms., and very
sharp images of the filament of an incandescent lamp or a gas

flame can be obtained with them.
Schott has prepared similar cylinders of glass, by pouring the

molten glass into iron tubes. The sudden chilling of the outer

/. -^^^=^!:lii:>
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layer produced tension in the glass cylinder, and a corresponding

variation in the refractive index, plane parallel plates cut from the

cylinder acting as concave lenses.

Follo^^ing the mathematical treatment which Exner gave for

cylinders of this nature, we arrive at two interesting conclusions,

namely that the ordinary lens formula - + - = 7 holds for them,
u V f

and that to be aplanatic, the equation which shows the relation be-

tween the refractive index and the distance from the axis of the

cylinder is that of a parabola.

Fig. 83.

Let (Fig. 83) be the source and 0' the conjugate focus, at dis-

tances a and b from the surfaces of a cylinder of thickness e.

Consider the ray incident at angle «, at a point at distance x from
the axis, where the refractive index is n. The angle of refraction

y3= -• From now on the ray moves in a path which is approxi-

mately circular for rays near the axis, turning through an angle -

r

before reaching the second surface (r = radius of curvature of ray).

The ray meets the second surface at an incidence angle y =— /3,

r

for (3 and y can be regarded as angles of a triangle whose exterior

angle - is equal to their sum. The angle of refraction into air is

cj m r, tie.

o= ny= np = — — a.

r r

Since we are considering rays near the axis a;i = a:2= a;, where x is

the distance of any point on the ray from the axis

£ —Si— " ne X
, or

r a

X .x_ m
a b r

(1)

We now require an expression for ;•, the radius of

curvature of the ray.

Let GH be the element of wave-front (Fig. 84) ; the

velocities and refractive indices at G and H are respec-

tively v', n' and v, n, which are so related that v'>v and
n>n'.

If the radius of the secondary wavelet around G is GL
and the radius of tlie one around // is // A', the radius of

curvature ;• will be found by producing LK until it

meets GH produced, say at ./. If Gil equals dx,
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_r_ =^ (Homol. sides of =A) = ^-=^'= ?^±^,
r +dx GL V n n

where dn is the increment of n corresponding to the increment dx.

rn = (r+dx)(n +dn), rdn= —ndx, - = .

r n dx

By equation (1) - + -=—e~- (2)
a dx

Now n^f{x) = ni + C2X + C3X^ + CiX^A— in which Wi equals the
index at the axis, and on account of the symmetrical distribution of

n around the axis, 7i has the same value for —a; as for +x, and
C2 = C4= Ce= ;

.'. for nearly central rays n = ni+C3a;-, . . . (3)

—- = 2 c^x, - + - = — 2 Csc = Constant,
dx a

in which C3 is a constant depending on the law of change of the re-

fractive index.

If we let — 2 C3€ =-, we have (4) - +r = -> the classical formula for
p a b p

lenses. This formula shows us that the focus is inversely propor-

tional to the length of the cylinder.

By combining (3) and (4), we get n = Wi x-,
2 pe

ni — n = and if ni— n = An, x- = 2p An.
2 pe-

lf we plot X and An on a system of rectangular coordinates, we
shall get a parabola.

We have thus far confined our attention to nearly axial rays for

which X is small, and obtained our final expression by neglecting

powers higher than the square in the series. Let us now consider

rays farther removed from the axis, and determine the law govern-
ing the change of refractive index which must hold if the cylinder

bring all rays to the same focus, or be aplanatic.

By (2), we have
_±dn _ 1

X dx p

— epdn = xdx.

(Integrating) —epn=—h Const.

For x = 0, n = n, and since the above equation holds for all

values of x it holds when x= 0. From this relation we determine
the constant to be —^pn,

— €pn = epn, n = ni— -—
, X' = 2 peAn,

2 2p€
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If a very narrow beam of light from an arc-lamp, made parallel ])y

means of a condensing lens, be thrown obliquely into one end of the
trough, it will be seen to traverse the liquid in the form of a most
beautiful blue wave, the curvature of which varies with the angle at
which the ray enters. A ray of light travelling in a sine curve is

showm in Fig. 86, Plate 3, which was photographed directly from
the trough.

The alternate convergence and divergence of rays, and the suc-
cessive foci can be shown by allowing a parallel bundle of rays to
enter one end of the trough in a horizontal direction. A photo-
graph of this phenomenon is also shown in Fig. 87, Plate 3.

Scintillation. — In addition to the more or less regular gradations
in the refractive index of the atmosphere there exist striae, or small
regions of sudden change due to the mixing of hot and cold currents,

somewhat similar to

the conditions existing

in a mixture of glycer-

ine and water. When _,-''

a wave-front of light ^'-''^"^^^,

passes through a region .'''^^'^ ^^^^
where the refractive - ^-^ ^ .'^^^^^,

index is low it gains, ^^' /^/"^^^C'"'
and while travelling in " ^\^^^;.^^^'' ^"^ ^ ^ ,

a region of high re- ^/^^^^^' .^^ ^
'^ '^"^ ""

" '^**

fractive index it loses. '^ <?)^^^^^ -^^^
The result of this is, ^^-""'^ ^^i"^'"'
that the striae deform ' ^^ffa^^ ^--^

the plane-waves of i-'^

k5.^^^' . ^^z^^}-^''^

light coming from the 5^-'' gaj?^^-''^

stars into corrugated
ui,**^'

""

waves, portions of

which are convex in ^'^- ^^•

the direction of propa-
gation, while other portions are concave. The concave portions
naturally converge, while the convex portions diverge ; the result

being that the energy concentrates itself in certain areas at the ex-

pense of the adjacent areas, as shown in Fig. 88.

This uneven distribution of light produces the familiar phenome-
non of scintillation or twinkling of the stars. If the intensity of the
light from a star were sufficient, we should find that instead of

illuminating a white surface uniformly, as does the sun or moon, it

would illuminate it unevenly, dark and light patches alternating
over the surface. This uneven illumination is actually observed
during the few moments immediately preceding the total stage of a
solar eclipse, the patches of light and shadow being arranged in more
or less parallel bands. The bands are sometimes erroneously referred

to as " diffraction fringes " bordering the moon's shadow. They
move along over the ground with a velocity depending on the ve-
locity of the upper currents of the atmosphere, usually from ten
to twenty feet per second. The same phenomenon occurs also in

the case of star light, except that the light is too feeble to produce



92 PHYSICAL OPTICS

shadow-bands which are visible. Their presence, however, can be
inferred from the well-known fact that the brilliancy of the star

observed by the eye appears to suffer rapid periodic changes, the
star appearing bright or feeble according to whether the eye is in

a light or dark area of the moving system of shadows. The width
of the bands is frequently not over 3 or 4 cms. This means that it

may easily happen that one eye is in a dark, while the other is in a
bright area at the same moment. If we look at a star with the eyes
slightly converged, which we can easily do by focussing them on
some object at a distance of five or six feet, and in a line with the
star, the star will appear doubled and the two images will fluctuate

in intensity, but the fluctuations will not be " in step," one eye see-

ing the star dark at the moment when the other eye sees it bright.

If a star is viewed through a telescope of large aperture, the
resultant illumination at the focus is the integral of the bright and
dark bands covering the object-glass at the moment, and this aver-
age illumination is practically constant, therefore scintillation is no
longer observed. If the aperture of the instrument be contracted
by a diaphragm of such size that only the light of a single bright or

dark band can enter the instrument, the twinkling reappears. It is

possible in this way to actually measure the radius of curvature of

the corrugations of the wave-front in the case of star light. Sup-
pose that at a given instant the wave entering the small aperture of

the telescope is concave, it will come to a focus at a point slightly

nearer the object-glass than the focus of the telescope for objects at

infinity. At another instant when the aperture is in a dark band
where the wave is convex, the focal point for this wave will be
behind the principal focus. As the dark and light bands sweep
across the aperture the image of the star will alternately appear
sharp and blurred. If the eye-piece is at the focus for the concave
wave it will be inside the focus for the convex wave. By pushing
the eye-piece in up to a point where it is possible to occasionally

catch a glimpse of a sharp image of the star, and then drawing it

out to a point outside the focus, for which the same conditions pre-
vail, it will be possible to determine the minimum radius of curva-
ture of the convex and concave portions of the wave-front. Meas-
urements made in this way show that the average radius of curvature
is about 6000 metres, although it may sometimes fall as low as

1800 metres, or rise as high as 20,000 metres. Obviously the con-
ditions most favorable for work with astronomical instruments are

to be found when the radius of curvature of the corrugations is very
large. This means that the waves are approximately plane.

One other point is worthy of mention in this connection, namely,
the difference between planets and stars in the matter of twinkling.

In the case of planets the light comes from a luminous disk of an
appreciable size, every point of which produces a system of shadow-
bands of its own. It is true that the inclination to each other of

the rays coming from the different portions of the planet to the eye
is very slight, but wlu>n we consider that they have traversed a dis-

tance of, say GOOO metres, in coming to a focus, that is, in forming
a bright band, it is easy to see that the light from one side of the
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planet may easily produce a system of shadow-bands exactly

out of step with those produced by the light of the other side of the
disk. The superposition of a large number of shadow systems re-

sults in practically uniform illumination and absence of scintilla-

tion. This explanation of scintillation, while it accounts for alterna-

tions in the intensity of the light, does not account for the peculiar

chromatic changes which were first observed by Respighi. If the
spectrum of a scintillating star is observed it is seen to be traversed

by broad dark bands, parallel to the Fraunhofer lines, which travel

from the red to the violet, or from the violet to the red, according
as the star is in the west or the east. If the star is in the zenith,

the motion of the bands is oscillatory. Respighi believed that the
chromatic changes were due to the rotation of the earth. Owing to

the dispersion of the air the violet rays will reach the eye over differ-

ent paths from those traversed by the red rays. In Fig. 89 the

Fig. 89.

dotted arc represents the upper limit of the atmosphere of the earth,

which rotates in the direction of the arrow. Let the observer's eye
be situated at A. Two parallel rays from the star are designated

by 1 and 2. The dispersed rays are designated by r and v. It is

clear that the violet rays from 1, and the red rays from 2, enter the

eye or the spectroscope at ^, if 1 and 2 are taken a little closer

together than in the diagram. The violet rays thus traverse paths
lying above those traversed by the red. Let us now imagine that

one of the irregularities in the air previously mentioned, indicated

by a black spot, lies in the path of the red rays, and suppose further

that this irregularity is of such a nature as to cause the wave-front,

originally plane, to become convex. The intensity in the red region

will consequently become less, for reasons already given. The ro-

tation of the earth now comes into play, carrying this irregularity

up and into the path of the violet rays, causing the minimum of

intensity to shift from the red towards the violet end of the spec-

trum. This is the sequence observed by Respighi for a star in

the west, which is the case represented in the diagram. These
chromatic changes manifest themselves to the eye as an irregular

change in the color of the star.

The effective velocity with which the refracting mass of air is

carried across the rays is obviously the difference between the

velocity of the surface of the earth and a region high up in the air.

Their angular velocity is the same, but the actual velocity of the
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upper atmosphere is a little greater, owing to its greater distance

from the earth's centre, and a little calculation will show that dif-

ference is of the right order of magnitude to account for the chro-

matic changes observed by Respighi.

We should also have dark bands moving across the spectrum if

the upper air currents were in rapid motion, for a wind would
cause the refracting regions to sweep across the ray paths as well as

the rotation of the earth. Perntner in his Meteorological Optics

expressed doubts as to the correctness of Respighi 's theory, and
ascribes the constancy in the direction of motion of the bands in

the spectrum to the fact that the upper air currents travel for the

most part in the same direction. Probably both factors come into

play, and until more data have been obtained it is unpossible to

say which is the predominant one. As Perntner points out, the

prevailing winds in the southern zones are easterly, which should
cause the bands to move in the opposite direction along the spec-

trum. Data obtained by observers in southern latitudes are

much to be desired.

The Method of Striae. — A very ingenious and beautiful method
was originated by Topler {Wied. Ann., cxxxi., p. 33) (which he
named the " Schlieren-methode ") for making visible in a trans-

parent medium those regions in which the refractive index differed

but slightly from that of the surrounding regions. By employing as

a source of light the instantaneous flash of an electric spark he was
able actually to see the spherical sound-waves sent off from another
spark which had occurred a moment before. Mach has used the

method extensively for studying by photography the air waves
given off by sparks, and accompanying rifle bullets in their flight,

and an extensive series of photographs were made by the author
{Phil. Mag., Aug. 1899, July 1900, IVIay 1901) of sound waves
undergoing reflection and refraction, to illustrate some of the fun-

damental principles of optics. The apparatus for showing these

waves can be set up in a few minutes, with very little trouble, and
as the experiment is a very beautiful and instructive one it will be
described in detail.

Fig. 90.

The general arrangement of the " Schlieren " apparatus is shown
in Fig. 90. A good-sized achromatic lens of the finest quality ob-
tainable, and of rather long focus, is the most important part, of

the device. The object-glass of a small telescope three or four inches
in diameter is about right.

This lens is mounted in front of a suitable source of light (in the
pr(>sent ca.se, an electric spark), which should be at such a distance
that its image on the other side of the lens is at a distance of about
fifteen feet.
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The image of the spark, which we will suppose to be straight,

horizontal, and very narrow, is about two-thirds covered with a

horizontal diaphragm (a), and immediately behind this is placed the

viewing-telescope. On looking into the telescope we see the field of

the lens uniformly illuminated by the light that passes under the

diaphragm, since every part of the image of the spark receives light

from the whole lens. If the diaphragm be lowered the field will

darken, if it be raised the illumination will be increased. In general

it is best to have the diaphragm so adjusted that the lens is quite

feebly illuminated, though this is not true for photographic work.

Let us now suppose that there is a globular mass of air (6) in front of

the lens of slightly greater optical density than that of the surround-

ing air. The rays of light going through the upper portion of this

denser mass will be bent down, and will form an image of the spark

below the diaphragm, allowing more light to enter the telescope

from this particular part of the field ; consequently, on looking

into the instrument, we shall see the upper portion of the globular

mass of air brighter than the rest of the field. The rays which trav-

erse the under part of " b," however, will be bent up, forming an
image of the spark higher up, and wholly covered by the diaphragm,
consequently this part of the field will appear black. It will be read-

ily understood, that with the long path between the lens and the

image a very slight change in the optical density of any portion of

the medium in front of the lens will be sufficient to raise or depress

the image above or below the edge of the diaphragm, and will con-

sequently make itself manifest in the telescope.

The importance of using a lens of first-class quality is quite ap-

parent, since variations in the density of the glass of the lens will act

in the same way as variations in the density of the medium before

it, and produce unequal illumination of the field. It is impossible

to find a lens which will give an absolutely even, feeble illumina-

tion, but a good achromatic telescope-objective is perfect enough
for every purpose. A more complete cUscussion of the operation

of the apparatus will be found in Topler's original paper in the

Annalen. The sound-waves, which are regions of condensation,

and consequent greater optical density, make themselves apparent

in the same way as the globular mass of air already referred to.

They must be illuminated by a flash of exceedingly short duration,

which must occur while the wave is in the field of view.

Topler showed that this could he done by starting the sound-

wave with an electric spark, and illuminating it ^vith the flash of a
second spark occurring a moment later, while the wave was still in

the field. A diagram of the apparatus used is shown in Fig. 91. In
front of the lens are two brass balls (a, a), between which the spark

of an induction-coil passes, immediately charging the leyden-jar c,

which discharges across the gap at c an instant later. The capacity

of the jar is so regulated that the interval between the two sparks is

about one ten-thousandth of a second. The field of the lens is thus

illuminated by the flash of the second spark before the sound-wave
started by the first spark has gone beyond the edge of the lens.

To secure the proper time-interval l)etween the two sparks it is
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necessary that the capacity of the jar be quite small. This limits

the length and brilliancy of the illuminating spark, and with the

device employed by Topler it was impossible to get enough hght

to secure photographs of the waves. After some experimenting it

was found that if the spark of the jar was passed between two thin

pieces of magnesium ribbon pressed between two pieces of thick

plate glass, a very marked improvement resulted. With this form

of illuminator five or six times as much light could be obtained as

by the old method of passing the spark between two brass balls.

UMif^A ro/t

Fig. 91.

The spark is flattened out into a band, and is kept always in the

same plane, the light issuing in a thin sheet from between the plates.

B}^ this arrangement we secure a light source of considerable length,

great intensity, and bounded by straight edges, the three essentials

for securing good results. The glass plates, with the ribbon ter-

minals between them, must be clamped in some sort of a holder and
directed so that the thin sheet of light strikes the lens : this can

be accomplished by darkening the room, fastening a sheet of paper

in front of the lens, and then adjusting the plates so that the paper

is illuminated as much as possible. The image formed by the lens

will be found to have very sharp straight edges, on one of which
the edge of the diaphragm can be set in such a manner as to allow

but very little light to pass when the intervening medium is homo-
geneous ; a very slight change, however, in any portion may be
sufficient to cause the entire amount of light passing through that

portion to pass below the diaphragm and enter the telescope.

For photographing the waves the telescope is removed and a

photographic objective put in its place. A vertical ])oard is firmly

clamped behind this in such a position that the image of the balls,

between which the sound-spark passed, would l)e in focus on a plate

held against it. This arrangement is used instead of a camera,

because it is necessary to move the plate rapidly during the expo-

sure, to prevent the image of more than one wave being formed on
the same place. It was found that simply holding the ]ilate in the

hand against the vertical board and advancing it slowly from left

to right, at the same time giving it a rapid up-and-down motion,

answered every purpose.
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The images obtained in this manner show the waves in different

stages of development, for the time-interval between the two sparks

varies between rather wide limits. This is really an advantage,

for on a single plate it is possible to pick out a series showing the

successive changes in the form of the wave-front produced by-

reflection, refraction, etc. Each picture shows the circular field of

the telescope-lens with the two brass rods crossing it and supporting

in the centre the two balls between which the sound-spark passes.

The hot air rising from the spark appears in most of the pictures like

a puff of steam above the ball.

A few words regarding the apparatus may be helpful to those

wishing to repeat the very beautiful experiments of Topler. An
induction-coil capable of giving a three or four-inch spark is about
right, while a good-sized test-tube partly filled with mercury, and
standing in a cylinder of mercury, will be found most convenient

for a leyden-jar. The balls between which the sound-spark passes

should be adjusted so as to obtain almost the maximum spark pos-

sible, which will in general be rather less than half as long as the

coil will give between its terminals. The best results are obtained

when the sparks give off the same crackle found desirable in experi-

ments with Hertz waves. Fresh plates of glass should be put in

the illuminator every little while.

It is not at all difficult to get the apparatus to work properly, and
doubtless it could be made to work on quite a small scale with a

good photographic objective of rather long focus. The objective

of a good-sized spy-glass would also give good results. Topler

was, I believe, of the opinion that he got more uniform results with

an influence-machine than with the coil. He certainly found the

time-interval between the two sparks to be more constant. This,

however, is no object in photographic work, for the wide variation

is the very thing that makes the pictures interesting.

The refraction of sound in a medium denser than air is shown in

Fig. 92, where we have a rectangular tank with sides made of plane-

parallel glass, and covered with
a collodion film of soap-bubble
thickness made by the follow-

ing method. Ordinary collodion

is diluted with about ten parts

of ether, poured on a small piece

of plate-glass and immediately
drained off. As soon as it is quite

dry a rectangle is cut with a
sharp knife on the film. Topler's

method of removing the film was to

place a drop of water on one of the
cuts, and allow it to run in by capil-

larity. The following method will,

however, be found better. One end
of the plate is lowered into a shal-

low dish of water, and the plate inclined until the water comes up
to one of the cuts. By looking at the reflection of a window in the

Fig. 92
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water it is possible to see when the film commences to detach it-

self from the glass. If all goes well it will float off on the surface

of the water along the line of the knife-cut and the plate should be
slowly lowered (one end resting on the bottom of the dish) until the
rectangular piece detaches itself and floats freely on the surface.

The edges of the tank are well greased and then lowered carefully

upon the film, to which they will adhere. The whole must then
be lifted from the water in an oblique direction, when the film mil
be found covering the tank and exliibiting the most beautiful inter-

ference-colors. The tank was filled with carbonic acid and placed

under the origin of the sound-wave. On striking the collodion-film

the wave was partly reflected and partly transmitted, and it will

be seen that the reflected component in the air has moved farther

than the transmitted component in the carbonic acid. The spheri-

cal wave-front is transformed into one which is parallel to an hy-
perboloid on entering the denser medium. This is well shown in

No. 3 of the series, where the wave in air, moving at higher veloc-

ity, has passed out of the field entirely, and there remains only the
slower-moving disturbance in the denser gas. In Xo. 4 the wave is

seen returning up through the tank after having struck the bottom.
Photographs were also obtained of the refraction of the wave,

when the tank was filled with hydrogen, in which the sound travels

faster than in air. The bulging down of the wave-front was very
noticeable, though it is not as great as we should expect. These
explosive waves travel at a much higher velocity' than ordinary
sound-waves (nearly double the speed), and it is highly probable
that the relative speeds in two different media is not the same as

for ordinary sounds, a matter worth investigating.

In examining liquids or solids for striae, or regions of variable

refractive index, we can employ a flat gas flame as our source of

light, covering the lower part of it with an opaque screen having a
straight edge. The lens will form an inverted image of this in front

of the objective of the viewing telescope, and all but a strip half a
millimeter or so in width is to be cut off from above by a second
screen. The object to be examined is placed immediately in front

of the lens. A piece of ordinary window glass makes a good oliject.

The heated air rising from the hand can also he seen, and if a tank
made of optical glass, filled with warm water, is placed IxMbre the

lens, a drop lifted out and allowed to fall back can be seen descend-
ing through the liquid : the change in the refractive index is ob-
viously due to the cooling by evaporation. Opaque objects placed

before the lens appear with brilliantly illuminated margins, the
light in this case being diffracted : with the arrangmncnit of screens

described only the upper and lower edges appear illuminated, since

lateral deflection of the rays is without effect. The method is an
extTcmeiy useful one, and can be applied to many lines of inves-

tigation, and the student should be thoroughly familiar with its

possibilities.

Invisibility of Objects. — Opaque substances are seen by the
light reflected from tluMr surfaces; transparent substances in part
by reflected light and in part by transmitted light. If we analyze
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carefully the appearance of a cut-glass decanter stopper we shall

find it to be extremely complicated. Each facet reflects the image

of some object in the room from its surface, and in addition to this

shows some other object by refracted rays which have entered

some other facet, these latter being in general more or less spreail

out into a spectrum by dispersion. If the stopper is wholly or in

part made of colored glass, the refracted rays passing through the

colored portions are modified by absorption, and affect the ap-

pearance. This remarkable complex, we say, looks like a stopper,

and unless we try to paint a picture of it, or have our attention

drawn to the details, we are apt to regard its appearance as quite

simple.

We thus see that reflection, refraction, and absorption all play a
part in making objects visible. It is interesting to examine into the

conditions under which objects are invisible. If they are immersed
in a medium of the same refractive index and dispersion, reflection

and refraction disappear ; and if they possess in addition the qual-

ity of perfect transparency, they will be absolutely invisible, the

light rays passing through them without any modification either in

intensity or direction. Could a transparent solid be found whose
refractive index was the same as that of air, objects made of it

would be invisible. The effect of immersing a transparent solid in

a medium of similar optical properties is usually illustrated by dip-

ping a glass rod into Canada balsam or oil of cedar, the immersed
portion being practically invisible. A still better medium can be
made by dissolving chloral hydrate in glycerine by the aid of heat.

Only a little glycerine should be taken, as it is necessary to dis-

solve some eight or ten times its volume of the chloral before the

solution acquires the right optical density. A glass rod, if free

from bubbles or striae, becomes absolutely invisible when dipped in

the liquid, and if withdrawn presents a curious appearance, the end
appearing to melt and run freely in drops.

As a matter of fact, transparent objects are only visible by virtue

of non-uniform illumination, as is pointed out by Lord Rayleigh in

his article on optics in the Encydopoedia Britannica. If the illumi-

nation were the same on all sides they would be invisible, even if

immersed in a medium of very different optical index. A condition

approaching uniform illumination might, he says, be attained on
the top of a monument in a dense fog. The author has devised a
very simple method of showing this curious phenomenon, which, in

brief, is to place the object within a hollow globe, the interior sur-

face of which is painted with Balmain's luminous paint, and view
the interior through a small hole.

The apparatus can be made in a few minutes in the following

manner. A quantity of Canada balsam is boiled down, until a

drop placed on cold glass solidifies. The Balmain paint, in the form
of a dry powder, is stirred into the hot balsam until the whole has
the consistency of thick paint. Two glass evaporating dishes of

equal size are carefully cleaned and warmed, and coated on the

outside with the hot mixture, which can be flowed over the glass,

and by the dexterous manipulation of a small Bunsen flame made
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to cover the entire outer surface. Probably two perfectly plain

hemispherical finger-bowls could be used instead of the evaporating

dishes. As soon as the coating has become hard a small hole is cut

through it through which the interior is to be viewed. If the lips of

the dishes are placed together the interior can be seen through the

small opening, but in this case the line of junction, which is always

more or less dark, comes opposite the aperture, which is a disad-

vantageous arrangement.
If the inner surfaces be exposed to bright dayhght, sun or electric

light, and the apparatus taken into a dark room, a crystal ball or

the cut-glass stopper of a decanter placed inside, will be found to be
quite invisible when -viewed through the sftiall aperture. A uniform
blue glow fills the interior of the ball, and only the most careful

scrutiny reveals the presence of a solid object ^^dthin it. One or

two of the side facets of the stopper may appear if they happen to

reflect or show by refraction any portion of the line of junction of

the two hemispheres.

The apparatus would give better results if made on a larger

scale, as the eye would not have to be brought so near the object.

Two large wooden bowls would answer the purpose admirably. It

is of the utmost importance to have a very thick and uniform coat-

ing of the paint, as otherwise the illumination is not uniform.



CHAPTER V

DISPERSION

In our treatment of refraction we have assumed a constant retarda-

tion of the waves for a medium of given refractive index. We have
seen that the velocity of Hght in the free ether of space is independent

of the color or wave-length. Such, however, is not the case in re-

fracting media, for here the waves not only travel slower than in

free space, but waves of different length travel with very different

velocities. In all such media as air, water, and glass, the long waves
travel faster than the short ones ; consequently the deviation of the

ray, or the angle through which the wave-front turns when en-

countering the boundary of the medium, depends on the color of

the hght as well as on the optical density of the medium.
When white light enters a transparent medium, the long red

waves forge ahead of the green ones, which in their turn get ahead
of the blue. If we imagine an instantaneous flash of white light

traversing a refracting medium, we must conceive it as drawn out

into a sort of linear spectrum in the medium, that is, the red waves
lead the train, the orange, yellow, green, blue, and violet follo\ving

in succession. The length of this train will increase with the length

of the medium traversed. On emerging again into free ether the

train ^vill move on without any further alteration in its length.

We can form some idea of the actual magnitudes involved in the

following way. Suppose we have a block of perfectly transparent

glass (of ref. index 1.52) twelve miles in thickness. Red hght will

traverse it in tftott of ^ second, and on emerging will be about
1.8 miles in advance of the blue hght which entered at the same
time. If white light were to traverse this mass of glass, the time

elapsing between the arrival of the first red and the first blue light

at the eye would be less than g^Vo- of ^ second. Michelson's

determination of the velocity of hght in carbon bisulphide showed
that the red waves gained on the blue waves during their transit

through the tube of hquid. The absence of any change of color

in the variable star Algol furnishes direct evidence that the blue

and red rays traverse space with the same velocity. In this case

the distance is so vast, and the time of transit so long, that the

white light coming from the star during one of its periodic increases

in brilhancy, would arrive at the earth with its red component so

far in advance of the blue that the fact could be easily estabhshed
by the spectro-photometer or even by the eye.

Inasmuch as the deviation of a ray of hght depends on the change
of velocity of a wave on going, say, from a rare into a denser medium,
we infer that those rays which are deviated the most, namely the

violet, suffer the greatest change of velocity or move the slowest.

101



102 PHYSICAL OPTICS

Later on, when we come to the stud}' of interference, we shall find

other e\ddence that such is the fact.

Newton was the first to systematically stud}' the phenomenon of

dispersion. He discovered that ordinary white Ught was made up
of dilTerent colors which could be separated from each other by
passing the hght through a prism. His most complete and con-

A-incing experiment may be brieflj' smimied up as follows. The
hght of the sun was admitted to a darkened room through a small

hole in the shutter, and the narrow beam passed through a prism.

Instead of a round white image of the smi, there now appeared on
the screen a colored band of Ught or spectrum, made up in reality

of an infinite number of differently colored images of the sun super-

posed, but shghtly cUsplaced ^'ith reference to one another.

6"

•62
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to be used for wave-length determinations, it must be calibrated

in this manner, for different samples of glass have very different

dispersive powers. Were the deviations proportional to the wave-
lengths, the curve would be a straight line, and we should have what
is knoA\Ti as a normal spectrum. Such a spectrum can be formed
by a diffraction grating, but never by a prism. The dispersion

curve can be shown experimentally in the following way. Let a
vertical normal spectrum, formed by a diffraction grating, be viewed
or projected through a prism standing with its refraction edge
vertical. The entire spectrum will be deviated by the prism, but
the deviation Avill increase very rapidly as we near the blue, the
spectrum being bent into a curve. Figure 94 shows dispersion

Fig. 94.

curves made in this way. A quartz prism in which the rays trav-

elled perpendicular to the optic axis was mounted in front of the

lens of a camera, and a small glass diffraction grating placed behind
it. The source of light was an " end-on " helium tube placed at a
distance of three meters. Instead of spectrum lines we have small

circles of light, corresponding to the different wave-lengths emitted

by the glowing helium gas.

The quartz prism is doubly refracting and consequently gives

two spectra, and the photograph shows the dispersion curve for

each. The complete curves have been drawn in for the second order

spectra to the left. The lower is the dispersion curve for the or-

dinary ray, the upper for the extraordinary. They are incorrectly

marked in the figure, which would be the condition for a prism of

Iceland spar as we shall see when we come to the subject of double
refraction. The two red helimn hues are marked 1 and 2. The
bright yellow line Ds is marked 3, and the green, blue, and violet

lines 4, 5, and 6. The grating alone would give the spectrum Hues

(or rather dots) in the positions of these numbers. The straight

spectrum is made up of the superposed spectra which the quartz

prism gives of the central image formed by the diffraction grating.

This will be better understood after we come to the subject of dif-

fraction. This method of " crossed prisms," due to Newton, is of

use in studying the remarkable phenomenon of anomalous disper-

sion, which we shall come to presently.

Newton came to the erroneous conclusion that the dispersion was
proportional to the refraction, that is to say that substances of high

refractive index had great dispersive powers, or gave wide spectra,

while the reverse was true for substances of low refractive index.
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\Miile this is apt to be the case, it is not ahvays true, for we find that

there are substances the mean refractive indices of which are small,

while their dispersive powers are large, and vice versa.

Achromatism. — The fact that dispersion is more or less inde-

pendent of refractive index makes it possible to arrange two prisms

of cUfferent kinds of glass, with their refracting angles turned in

opposite cUrections, which shall have the power of de\'iating a ray
A\'ithout spreacUng it out into a spectrum. One of the prisms almost
entirely annuls the dispersion of the other, -without entirely annulling

the de\T,ation, a thing which Xe\\i:on considered impossible. Such
a combination is known as an achromatic prism. Let us see just

how such a system operates.

Flint glass has a much higher dispersive power in proportion to its

mean refractive index than crown glass. The refractive indices of

the two glasses for red, yellow, and bluish-green light of wave-
lengths corresponding to the C, D, and F hues in the solar spectrum
are as follows

:

CDF
Flint glass 1.630 1.635 1.648

CrowTi glass 1.527 1.530 1.536

If prisms of small angle are employed we can write the deviations

for these colors as proportional to the refractive indices less 1, that

is for flint glass the chstance from a point on a screen where the
direct ray falls, to the points where the red-green and blue rays

fall when the prism is put in the path of the light, will be 630,

635, and 648.

The length of the spectrum, or rather the distance between the

C and F lines, is obviously 648-630 or 18.

For crown glass the distances will be 527, 530, and 536, and the
distance between the C and F lines ^^^ll be 536— 527 or 9. The
dispersion of the flint glass is therefore double that of the crown
glass. If now we make a cro^\Ti-glass prism of t\\ice the angle of

the flint-glass prism, the distance between the C and F lines will be
the same as with the flint prism, while the distances of the lines

from the spot where the direct ray falls \\\\\ be i\\\ce as great as

before, or 1054, 1060, and 1072.

Suppose now we place the two prisms together with their refract-

ing angles turned in opposite directions. The croMii prism alone

would shift the F line to a distance of 1072, but the flint prism
shifts it back a (Ustance of 648, and its resulting position is 1072— 648
or 424 from the spot where the direct ray Avould fall. The C line

would be deviated by the cro\\Ti prism to a distance 1054, but the

flint one moves it back 630, and its position is 1054 — 630 or 424.

The C and F lines are thus deviated the same amount, and the dis-

persion is annulled so far as these two colors are concerned. The
combination is achromatic for red and greenish-blue light, deviat-

ing i)oth to a distance of 424, a trifle less tiian the deviation pro-

duced by the flint prism acting alone. Lot us now see if the yellow
light falls in the same place. The position of the D line will be

given by 1060— 635 or 425, that is, it will l)e deviated a very little
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more than the C and F Hnes, consequently the combination is not

perfectly achromatic. By means of two prisms it is possible to

bring any two parts of the spectrum together, the other colors

lying a little to the right or left of the superposed portions, forming
what is known as the secondary spectrum.

The general rule to follow in the construction of an achromatic
prism is as follows. To bring any two lines of the spectrum to-

gether, the angles of the two prisms must be so proportioned that

the distance between the lines in question is the same for each prism.

Were the distances between the other lines the same for both prisms,

the combination would be truly achromatic, but such is not the

case, owing to the irrationality of dispersion.

Achromatic prisms are of very little practical use, but the principle

is of great importance in connection with achromatic lenses.

Partial Achromatization by a Grating. — A diffraction grating

gives a normal spectrum, that is, one in which the distances be-

tween the Unes are proportional to their difference of wave-length.

Some very beautiful effects can be seen by viewing a distant gas

flame through a flint-glass prism of 60°, and a glass diffraction

grating of about 2000 hnes to the inch. The grating alone gives

two sets of spectra lurned in opposite directions. Those on one
side of the central image are still further expanded by the prism,

while those on the other are more or less closed up. By varying

the angle at which the prism is placed, and tilting the grating so as

to vary its dispersion, we can achromatize for the middle of the spec-

trum and obtain a green image of the flame, with a red and blue

spectral band extending out from it as a purple flare of light. If

we turn the grating so that its cU-

rection of dispersion makes a small

angle with that of the prism we
shall see how this colored image
and the purple flare has been pro-

duced : the spectrum has been
bent back upon itself, and resem-
bles a portion of an ellipse. As we
rotate the grating still further,

this curve gradually opens out,

acquiring the form of the disper-

sion curve of the prism when the
rotation has reached 90°, that is

when the prism and grating are

crossed. Photographs of the spec-

trum obtained in this way, with
the grating in four different posi-

tions, are reproduced in Fig. 95.

It is clear that when the curved
spectrum is flattened together (which occurs when the lines of the

grating are vertical) the red and blue will be superposed, while the

middle or green portion vnW be pretty well concentrated at a single

spot, giving the green image of the flame.

Direct Vision Prisms. — By referring to the table of refractive

Fig. 95.
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indices for crown and flint glass it is easy to see how a combination
of two prisms can give dispersion without deviation, that is, yield

an unde\iated spectrum. If, instead of gi\'ing the crown prism
an angle double that of the flint, we make it 1.2 times as great, and
make the same calculation as before, we shall find that we have a
spectrmn the length of which is 7, and the centre of which falls on
the spot where the undeviated ray would fall. Such a combina-
tion is known as a direct Nnsion prism, and is employed in cases

where any considerable de\iation would be detrimental, as when
compactness of the instrument is desirable.

Achromatic Lenses. — We are now in a position to consider the
principle on which the achromatic lens is made. Any lens can be
considered as a prism of varying angle, or rather as a solid formed by
the rotation of a thin section of a curved prism around its base.

Since the distance of the focus of a lens from its centre depends on
the de\iation of the rays, it follows that the focus will be cUfferent

for the different colors, the blue rays wliich are bent the most
meeting nearest the lens, and the red, which are bent to a less de-

gree, coming together farther away, an effect knowTi as chromatic
aberration. "\^Tiat we require is a comlnnation which will produce
an equal de\4ation, and consequently a common meeting point for

rays of all colors. If we can arrange two prisms of crowTi and flint

glass which will give deviation without dispersion, we can in the
same way, by employing a double convex lens of crown and a plane
concave of flint glass, give exactly the same de^^ation to two colors

widely separated in the spectrum, and very nearly the same devi-

ation to the other colors, with the result that rays of different re-

frangibility come together at very nearly the same point.

Reference to Fig. 96 will make the analogy between the
achromatic lens and prism clear. The blackened parts

indicate how^ each portion of the lens combination can be
considered as two opposed prisms. We found that in the

case of the prism the ratio between the angles was 1 : 2,

and applying this to the lens it is easy to see that if the
surfaces A, B. and C have the same curvature, the sur-

FiG. 96. face D of the flint lens must be plane, since the angle of

the elementary prismatic j^ortion of the flint lens must
be everywhere | that of the opposed elementary crown prism.
Just as Ijy employing tw^o prisms we could unite tw^o lines of the
spectrum, so l)y the use of two lenses we can bring rays of any two
different colors to the same focus.

Calculation of Achromatic and Direct Vision Prisms. — For
prisms of small angle the deviation 8 = p(/( — 1), in which p is the
[)rism angle and n the refractive intlex. The deviation for two
definite colors (say lines F and C of the solar spectrum) are given by

Subtracting, ^F-^c= p(nF-nc) (0

The difference Bp- 8,. we can designate as tiic dispersion angle for

the colors in question, and for brevity write it ^p,- For a second
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prism of a different angle and composed of a different glass we have
similar equations.

We will take into account three colors corresponding to the lines
/'', D, and C, for which we have equations

:

Prism 1. 8^ =^(^^-1), ^^^, =p{np-nc).

Prism 2. 8'^= p'(n'z,-l), t,'j.c= p\n'p-n'c).

Suppose now that these two prisms are opposed. We shall then
have the total deviation g of the color D represented by ^d—^'d, and
the dispersion angle w between the rays F and C by Xpc—Vfc-

gD= ^v-^'n= p{n^-\)-p'{n'n-l), .... (2)

^Fc=^Fc—CFc= p{nF—nc) — p{n'F—n'c)- ... (3)

For a direct vision prism in which the ray of color D is undeviated,

we set gD= 0, and obtain at once from equation (3) the relation

p' iiD — 1

'

or the angles must stand in inverse ratio to the refractive indices

less 1.

For an achromatic prism which is to deviate the rays of colors F
and C the same amount, we write W(7j?=0 and get from our equation
t!io relation

p _ n'F — n'c

p' iiF—nc'

We will now investigate the spectrum produced by a direct vision

prism which transmits the ray D ^\^thout deviation. For this we
have

g^= Q = p^n,~\)-p'{n\-\),
, (np— 1)

or P=p^—r—7-
n D — l

Substituting this value of p' in equation (3) and transposing gives

us for the angular separation of the rays F and C

(^Fc=p(n,D — 1)
nF — nc __ n p — n g

Hd - 1 n'fi — 1

The quantity ^ = v is called the relative dispersion of a
iiF—nc

substance, and it is usually given in the tables which represent the

optical properties of different kinds of glass.

Our equation now becomes

<^Fc= p{nD -1) - — -.

_V V

In a similar manner we can derive an expression for the deviation

of the ray D by an achromatic prism which deviates rays F and C
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"We have now to consider the behavior of hght belonging to a
neighboring part of the spectrum. The —
path of a ray from the wave-surface AoBq
to A is changed ; but in virtue of the

minimum property the change may be
neglected in calculating the optical dis-

tance, as it influences the result by quan- —
titles of the second order only in the

change of refrangibility. Accordingly the ^^*^' ^''

optical cUstance from ^o^oto A is represented by I (fj. + 8[x)ds , the

integration being along the path Aq... A ; and, similarly, the optical

distance between ^o^o and B is represented by I (/a + 8/i,)6?s,

where the integration is along the path Bq... B. In virtue of (2)

the difference of the optical distance is

CSfxds (along Bo...B)- fSfjids (along Ao...A). . . (3)

" The new wave-surface is formed in such a position that the op-

tical distance is constant ; and therefore the dispersion, or the

angle through which the wave-surface is turned by the change in

refrangibility, is found simply by cUviding (3) by the distance AB.
If, as in common flint-glass spectroscopes, there is only one dis-

persing substance, | 8fxds = Bfji.s, where s is simply the thickness

traversed by the ray. If we call the width of the emergent beam a,

the dispersion is represented by S/i(s2— Si)/a, Si and S2 being the

thicknesses traversed by the extreme rays. In a properly con-

structed instrument Si is negligible, and s^ is the aggregate thickness

of the prisms at their thick ends, which we will call t ; so that the

dispersion (6) is given by

6=^-^ (4)
a

" The condition of resolution of a double line whose components

subtend an angle is that must exceed -• Hence from (4), in
a

order that a double line may be resolved whose components have
indices /Aand/A + 8/A, it is necessary that t should exceed the value

given by the following equation :

t = ^, (5)

which expresses that the relative retardation of the extreme rays

due to the change of refrangibility is the same, namely one wave-
length, as that incurred without a change of refrangibility when we
pass from the principal direction to that corresponding to the first

minimum of illumination.
" That the resolving power of a prismatic spectroscope of given

dispersive material is proportional to the total thickness used, with-
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out regard to the number of angles, or setting of the prisms, is a most
important, perhaps the most important, proposition in connection

with tliis subject. Hitherto in descriptions of spectroscopes far

too much stress has been laid upon the amount of dispersion pro-

duced b}' the prisms ; but this element b}' itself tells nothing as to

the power of an instrument. It is well known that by a sufficiently

close approach to a grazing emergence, the di.spersion of a prism
of given thickness may be increased without Hmit ; but there is no
corresponding gain in resohdng-power. So far as resolving-povver

is concerned, it is a matter of indifference whether dispersion be
effected b}^ the prisms or b}^ the telescope."

The expression for the resohdng-power of a prism is usually

written in the form ^ = t^, which follows at once from (5).
oA oA

This equation states that two lines of wave-lengths A. and \ + B\

^^^ll be just barely separated when the thickness of the prism's base

/, multiplied by ^, is equal to — •

oA oA

As an example we may calculate the thickness of a prism which
vaW just separate the sodium lines. We must first get a value

for^.
dA

This we can do by chfferentiating the dispersion formula

M=
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the transmitted light was highly colored, the transmitted color
corresponding to the particular wave-length for which the two
substances happened to have the same refractive index. Finely
powdered glass immersed in a mixture of benzol and bisulphide of
carbon was found to exhibit the colors well. The powder must
be quite free from dirt, the elimination of which is sometimes very
difficult. The author has obtained the best results with the pow-
dered quartz, which can be procured from the large chemical houses.
The powder is boiled in nitro-muriatic acid to free it from impuri-
ties and thoroughly washed in clean water. It is then dried and
placed in a small flask with enough bisulphide of carbon to wet it

thoroughly. Benzol is then added a little at a time until the mix-
ture begins to get transparent. It will be found that red light

is transmitted first, then yellow, green, and blue in succession as
more benzol is added. It is best to stop when the transmitted hght
is yellow. In the general illumination of a brightly lighted room
the colors are not very pronounced, and it is best to employ a dis-

tant lamp in a fairly dark room as the source of light. If a per-
manent preparation is desired, the following method gives good
results. A quantity of the quartz powder is introduced into a 100
c.c. flask (not more than j\ of the volume of the flask), the neck of

which is then drawn down in a blast until it has a diameter of only
a few mms. The Uquid previously adjusted in the manner de-
scribed is then introduced in sufficient quantity to form a rather
thick pasty mass, which will stick in a thick layer to the walls of

the flask if it is shaken. The flask is then packed in powdered ice

and salt and the neck closed by fusion in the flame. The freezing

mixture is necessary on account of the inflammability of the vapov
and its tension, and it is a good plan to wrap a towel around the
beaker containing the flask and coohng mixture in case of explo-

sion. On removing the flask from the ice it will be found to be quite

opaque, owing to the change in the refractive index of the liquid.

As the temperature rises red Hght is transmitted first, and by
slightly warming the flask in spots by momentary contact with a
flame or even with the fingers all colors of the rainbow may be
made to appear simultaneously, the whole appearing like a great
opal. The reason of these beautiful temperature changes will be
readily understood by reference to Fig. 98.

Suppose A to be a hnear source of light which is deviated to the
right and spread out into two spectra by prisms of the same angle,

the one composed of quartz, the other of the liquid mixture. The re-

fractive indices having the same
value for yellow light, the yel-

low of one spectrum will fall im-
mediately above the yellow of

the other. Since, however, the
liquid has a much higher disper-

sion it will yield a longer spec-

trum and the other colors will Fig. 98.

not be in coincidence, or in

other words the refractive indices are different for all the other

R Y G
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colors. The color transmitted ^^^ll obviously be the one for which
we have coincidence in the above schematic diagram. The other

colors will be more or less scattered by irregular refractions and re-

flections. Suppose now we heat the mixture, the increase of tem-
perature \\ill cause the liquid to expand and its refractive index to

decrease, while the effect upon the quartz is comparatively sUght.

This will mean a shift of the lower spectrum in the diagram towards
the left, the green regions of the two spectra coming into coincidence,

while a further increase of temperature ^^'ili bring the blue regions

together. The effect of the warming is thus to shift the region of

transmission do\\'n the spectrum towards the blue.

In general, unless the thickness of the heterogeneous medium is

considerable, the light which is not directly transmitted emerges to

some extent as diffused hght. The color of this chffused light is

complementary to the transmitted, and the green image of a lamp
flame seen through a thin Isiyer of the paste is surrounded by a purple

halo. The colors seen when equal volumes of glj'cerine and tur-

pentine are shaken together into an emulsion are of similar nature,

though erroneously attributed to interference in some text-books.

The opalescent precipitate obtained by the addition of hydrofluor-

silicic acid to a solution of potassium chloride has been found b^' the
author to be another case, the color of the transmitted Ught chang-
ing in a most beautiful mamier upon the adcUtion of water, which
cUminishes the refractive index of the liquid, precisely as the rise

of temperature did in the case of the benzol mixture. Fuller par-

ticulars regarding these curious mixtures will be found in the origi-

nal papers of Christiansen, and in an interesting paper by Lord
Rayleigh (Phil. Mag., xx. 358, 1885).

Determination of the Dispersion of a Substance in the Form of

a Powder. — If a transparent substance in the form of a powder be
mixed ^^^th a liquid of the same refractive index, the whole becomes
optically homogeneous, and the opacity resulting from the irregu-

lar reflection and refraction of the particles disappears. Owing to

the irrationality of dispersion it is not possible to obtain a hquid of

exactly the same refractive index and dispersion, the mixture being
optically homogeneous for a single color only : this color is trans-

mitted as we have seen, while the other colors are scattered, and to
a greater or less extent refused transmission. Suppose we wish to

determine the dispersion of precipitated potassium fluosilicate,

which in the solution of KCl, in which it is formed, shows brilliant

opalescent colors by transmitted light. Introduce the mixture
into a hollow prism and allow it to stand until the precipitate has
settled. Place the prism on the table of a spectrometer, cover the

upi)(>r part of the prism \\ith a card to cut ofT the light which passes
through the clear liquid and examine the transmitted light ^\^th a
telescope. It ^vill be found to consist of some tlefinite portion of

the spectrum, which can be considerably narrowed l)y shielding all

of the prism except the base. Set the cross hair of the eye-piece
on the centre of this l)and, uncover the upper portion of the j^risin

and note the Avave-length of the Frauuhofer line which conies

nearest to the cross hair. Determine the refractive index of the



DISPERSION 113

liquid for this line in tlie usual manner, which will be also the re-

fractive index of the powder for the same color. By adding KCl
or water we can vary the refractive index of the hquid, making it

coincide with that of the powder for the other colors of the spec-

trum, and in this way the dispersion of the powder can be deter-

mined. Compare this with the dispersion of the liquid at such a
density, say, that it is optically the equivalent of the powder for

green light.

Unless the prism has a thickness of about 10 cms. the trans-

mitted color is very impure in the case of the fluosilicate. In cases

such as this more accurate results can be secured by putting the

mixture into a long tube closed by glass plates, and making an in-

dependent observation of the wave-length of the transmitted light.

The potassium fluosihcate has been found by the author to have
the lowest mean refractive index of any known transparent solid,

and a dispersion much less than that of water.

Anomalous Dispersion. — In the case of transparent substances

the dispersion is said to be normal, that is, the refractive index in-

creases as the wave-length decreases, though the rate of change
varies according to the nature of the substance.

In the case of substances which show selective absorption this is

not generally the case, the refractive index for the short waves
on the blue side of the absorption band being less than the index

for the red light on the other side of the band.
This phenomenon has been named anomalous dispersion, but, as

we shall see presently, there is nothing anomalous about it, the so-

called normal dispersion being nothing more than a special case of

the anomalous. Fox Talbot appears to have been the first to notice

the peculiar effect, but his discovery was not followed up. In 1860

Le Roux (Ann. de Chimie et de Physique, 3d series, vol. xli., page 285,

1861) discovered that a prism containing iodine vapor deviated the

red rays more than the blue, the indices at a temperature of 700° C.

for the red and violet being 1.0205 and 1.019. Christiansen in

1870 (Pogg. Ann., 1870) detected anomalous dispersion in the case

of an alcoholic solution of fuchsine, which is one of the aniline dyes
having a strong absorption band in the green. Of the remaining

colors, the red, orange, and yellow occur in the same order as in the

case of a glass prism. The violet, however, is less refracted than
the red, and separated from it by a dark interval. Christiansen's

prism was made of two glass plates inclined at an angle of 1 degree,

the solution being held between them by capillarity. The sub-

ject was next investigated by Kundt, whose papers will be found
in Pogg. Ann., 1871, 1872. His observations showed that the phe-

nomenon is to be observed in the case of all bodies which possess

what is known as surface color, that is, bodies which selectively

reflect certain wave lengths. Ordinary pigments do not belong to

this class, the color being produced by absorption, as we shall see

in a succeeding chapter. Kundt applied the method of crossed

prisms, due originally to Newton, to the investigation of anomalous
dispersion. If a spectrum is formed by a glass prism with its re-

fracting edge vertical, and this spectrum is further deviated by a
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..AbsorpA/o/f

Band

Fig. 99.

prism formed of an alcoholic solution of some aniline dye with its

refracting edge horizontal, the appearance seen will be similar to

that showTi in Fig. 99. Kundt established the law that on ap-
proaching an absorp-

tion band from the red

side the refractive in-

dex is abnormally in-

creased by the presence

of the band, while if the
approach is from the

blue side the index is

abnormally decreased.

So great is the difficulty

of seeing the effect with
the small dispersion ob-

tainable by alcohoUc

solutions, that the ear-

lier results of Kundt
were not at first ac-

cepted by some physicists of repute, the effect being attributed to a

want of achromatism of the eye. The demonstration by means of

crossed prisms, however, removed all doubts regarding the reality

of the phenomenon.
Considerable trouble is usually found in repeating Kundt's ex-

periment with fluid prisms.

The phenomenon can be studied to much better advantage by
means of prisms formed by squeezing fused cyanine betw'een plates

of glass.^ A certain amount of dexterity is required to make good
prisms, which can only be acquired by practice. Small rectangular

pieces of thin German plate glass are prepared (measuring about

2X3 cm.), and a thin strip cut

from a visiting-card glued along

the short side of one. A piece of

cyanine ^ about the size of a l__^
coarse shot is placed near the op- ^ \r\

posite side, and the edge of the^ '

fe

plate heated over a small flame ^
^^^^^^^^^Pheated over a small flame

until the dye fuses, holding another
coverstrip in the flame at the same Fig. lOO.

time, in order to have both at

al)out the same temperature. The hot edge of the cover is now to

be brought down into the cyanine, and the plate gently lowered
until the edge rests on the strip of card. The plates must be at

once placed under pressure in a small clamp, where they are to

remain until cold. The pressure is to be a|)plietl close to the re-

fracting edge of the prism only, as shown in figure. This is very
important. Experience is the only guide to the degree of pressure

rcciuired.

'Wood, Phil. Mug.. Juno, 1901.
' Somo preparations of cyanine do not fuse. That used for the preparation of

prisms was in the form of needle-like crystals, and was prepared by Griiber.
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It wll be found that there is a very narrow strip of clear glass at

the refracting edge, where the glass plates have come into oi^tical

contact. This produces a diffraction-band superposed on the anom-
alous spectrum, but it is so faint that it is not troublesome. One has

only to view a gas flame turned edgewise through the prism, the

anomalous spectrum showing colors in the order orange red, blue,

green, the latter being the least deviated.

It is usually necessary to turn the prism slightly to get the green

part of the spectrum ; that is, the incidence should not be normal.

If a prism of this nature is covered Avith a small diffraction grat-

ing, the lines of which are perpendicular to the edge of the prism, the

oppositely curved branches of the chffraction spectra appear most
beautifully when an arc light is viewed through the combination.

If a grating is not available, the cyanine prism can be mounted over

a small aperture in a card and combined with a glass prism of low
dispersion, or better a water prism, both being mounted on the

table of a spectrometer illuminated with sun or arc light.

Other remarkable cases will be described in the Chapter on the

Theory of Dispersion.

Anomalous Dispersion in its bearing on Solar Phenomena. — In

a communication published in the Proceedings of the Royal Academy
of Sciences, Amsterdam,^ W. H. Julius makes the very brilliant sug-

gestion that the " flash spectrum " seen immecUately at totality

may be due to photosphere light abnormally refracted in the atmo-
sphere of metallic vapors surrounding the sun : in other words, the

light of the flash spectrum does not come from the reversing layer

at all, but from the photosphere. He shows that the hght which
A\ill be thus abnormally refracted will be of wave-lengths almost

identical with the wave-lengths which the metalHc vapors are

themselves capable of radiating, that is, it will be light of wave-
lengths nearly identical \\dth those of the absorption bands of the

vapors. This beautiful theory not only explains the apparent

shallowness of the reversing layer, a thing that has always puzzled

astrophysicists, but it accoimts for the extraordinary briUiancy

of the hues.

The theory of Julius supposes the sun to be surrounded by an at-

mosphere of metallic vapors, the density and refractive index of which

decrease with increasing distance from the surface. In this atmo-
sphere the raj's of light coming from the photosphere will move in

curved paths similar to those of rays in our own atmosphere. The
reader should refer back to Schmidt's theory of the solar disk.

The refractive index is, however, very small except for wave-
lengths very near those which are absorbed by the vapor, conse-

quently the light most strongly refracted, if it could be sorted out

and examined \vith the spectroscope, would resemble very closely

the light emitted by the vapors. Julius shows that this sorting out

of the more refrangible rays may account for the bright line spec-

trum usually attributed to the reversing layer, these rays moving
in curved paths in the solar atmosphere, thus reaching us after the

photosphere has been hidden by the moon.
1 See also Astrophysical Journal, xii. 195.
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This phenomenon, namely the production of a bright hne spec-

trum by the anomalous refraction of light from a white-hot source,

was reproduced in the laboratory by the author, and independently

by Ebert at about the same time. The concUtions supposed by Julius

to exist at the surface of the sun were imitated as closely as possible,

and a spectrum of bright hues was obtained with hght from a source

sho^nng a continuous spectrum, b}" means of anomalous disper-

sion in an incandescent metallic vapor.

For the reproduction of the phenomenon in the laboratory it is

necessary to form an atmosphere of metaUic vapor in wliich the

refractive index changes rapidly from layer to layer. Tliis was
accomplished by allowing the flame of a Bunsen burner fed with

metallic sodium to play against the under side of a white plaster

plate. On looking along the surface of the plate it was seen that a
dark space existed between the flame and the cold surface, resem-

bhng somewhat the dark space surrounding the cathode of a Crookes's

tube. It seemed highly prol^able that, inasmuch as the temperature

of the flame was lowered by contact with the plate, the density of

the sodium vapor would increase very rapidly from the surface of

the plate do\\Tiward. The under surface of the plaster plate ha\dng
been thus covered with a non-homogeneous layer of sodium vapor, a

spot at the edge of the flame was illuminated \Nith sunlight con-

centrated by a large mirror. This spot radiated white light in

every direction and corresponded to the incandescent photosphere

of the sun (Fig. 101). A telescope provided with, an objective

Fig. 101.

direct vision prism was directed toward the white spot and moved
into such a position that, o\\ing to the reduction in the ^\^dth of tlie

source of hght by foreshortening, the Fraunhofer lines appeared in

the spectrum. This represented the stage of an eclipse when only

the thin crescent of the sun is visible. The sodium flame appeared
superposed on the spectrum, of course. On moving the spectro-

scope until it was well inside of the plane of the illuminated surface

ami feeding the flame wth fresh sodium, the solar spectrum van-

ii^hed and there suddenly blazed out two narrow bright yellow lines,

almost exactly in the place of the sodium lines, as is shown in Fig.

102, in whicii the inverted sodium flame appears on the continuous

spectrum. Cutting off the smilight with a screen caused the in-

stant disappearance of the liriglit hnes. ReiK-ating the experiment

it was found that the bright lines came into view on the sides of

the sodium lines towards the blue, that is to say, it is light for
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Fig. 102.

which the medium has an abnormally low refractive index that is

bent around the edge of the plate and enters the instrument. This

is precisely what we
should expect, for so-

dium vapor has a re-

fractive index of less

than 1 forwaves slightly

shorter than Di and D^,

as was shown by Julius

in his paper. The rays

then will be concave

upward in a medium
in which the refractive

index varies, as it has

been supposed to vary

in the present case. If

the sodium vapor is

very dense we see only

a single bright line

bordering D2, owing to

the complete absorp-

tion of the light be-

tween the hues.

A search was next

instituted for the light of a wave-length slightly

that of the socUum hues. For these waves the

refractive index greater than 1, consequently the

concave downward in the layer of vapor. If we move our pris-

matic telescope doAvn in a search for these rays, the solar spectrum

will appear and drown out everytliing, but if we set up a screen

(shown in Fig. 103) in such a position as to just cut off the light

from the illuminated spot, and feed the flame with sodium, we shall

presently see bright lines appear on the side of the sodium lines

towards the red. In this case when the vapor is dense we get only

a single line bordering Dj. The path of these rays is indicated (on

an exaggerated scale) in Fig. 101. The arrangement described is

inconvenient in many ways to work with, and was accordingly

modified in the following way.
The light of an arc lamp is focussed on a horizontal sUt, and a flat

metal plate supported so that the plane in which its under surface

lies coincides with the plane of the slit. The plate should be an

inch or so thick, with a fairly level surface. At a distance of about

two metres a telescope provided with a prism (direct vision if pos-

sible), arranged so as to give a vertical spectrum, is placed at such

a height that the prism barely catches the rays coming from the

slit and grazing the surface of the plate (Fig. 103). On looking into

the telescope we see a bright continuous spectrum, and the telescope

is to be raised until this becomes quite faint. The Bunsen burner

beneath the plate is now to be Ughted and a bit of sodium, in a

small iron capsule, introduced into the centre of the flarne. The
results obtained are practically identical with those which have

-Flash Spectrum of Sodium produced
BY Anomalous Dispersion.

greater than
vapor has a

rays will be
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been described. The flash spectrum of potassium has been ob-
tained in a similar manner, consisting of lines in the extreme red,

from one to three in number accorchng to the density of the vapor
and position of the telescope. Fair results have also been obtained
with thallium.

fbsiTion ra/f ^ = S8e9

/tstr/a* n/f /* 'fsor

Ho(?rz Slit \

Fig. 103.

JuHus apphes the anomalous dispersion theory to the prominences
as well as to the reversing layer. This phenomenon can also be
reproduced in the laboratory. Referring to Fig. 103, we see that

its principle is identical with that of the " schlieren " apparatus
of Topler, described in the previous chapter. By arranging a sim-

ilar apparatus illmninated with arc hght, and setting the screens

so that the field is dark, most interesting results can be obtained
by heating a small capsule containing a bit of metalhc sodium in

front of the large lens, and placing a large cUrect vision prism in

front of the telescope.

Julius has made quite recently (Astrophysical J., Vol. XXV., No.
2), a very comprehensive study of the ways in which the appear-
ance of an absorption band may be modified by dispersion. The
source of light was placed behind a metal tube electrically heated
in which sodium vapor was formed. By means of screens with
apertures of various shapes the appearance of the D lines could
be modified in various ways. Wings could be caused to appear
on either side of the lines, as in (3 and /?' (Plate 4) or the con-
tinuous spectrum could be caused to disappear entirely, a pair of

bright lines only remaining, as in y and y'. By using a pair of

crossed slits as a screen the curious effects shown in the second
column of photographs were obtained, which have suggested to
Julius that many of the phenomena seen in the spectra of sun-
spots, faculac, prominences, etc., may be the result of anomalous
dispersion.

Julius has recently described (Phys. Zeit., 1910) some experi-

ments intended to illustrate how dark spots on the solar disk can be
produced by refraction. Drops of glycerine suspended in strong
brine in a glass trough appeared dark when the trougii was placed
before an illuminated screen, supposed to represent the sun's disk.

He appears to have overlooked the fact that the glycerine drop
has a " fish-eye view " of the disk which subtends a solid angle of
96° only, instead of 180°. It seems doubtful if anomalous disper-

sion can explain as many phenomena as Julius su])poses.
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CHAPTER VI

INTERFERENCE OF LIGHT

Thus far we have treated single disturbances only, and have not

considered the effect at a point when two or more trains of waves
act on it simultaneously. We know from observation that two rays

of light will cross each other without in any way interfering with one

another. The feeble rays from a faintly illuminated object will

cross a region traversed by rays of great intensity without being

influenced in any way so far as we can see. In this respect then

light does not interfere with light. When two Ught-waves strike

the same particle of ether at the same time, its displacement is the

algebraic sum of the displacements that would be produced by the

waves acting separately. This is known as the principle of super-

position. It was stated by Huygens in 1678 as follows. " The
displacement, due to a source of small vibrations, is the same
whether it acts alone or in conjunction with other sources, provided

the displacements are small." This is the fundamental principle

which underlies the whole subject of interference. When we con-

sider the effect at a point which is simultaneously acted upon by
two separate waves, we have then merely to sum the separate

effects.

Thus, if either of the two waves acting alone would cause the

ether particle to execute a vibration of unit amplitude, both together

will cause it to vibrate over double the path, if the waves are in the

same phase, that is, if they both reach the point at the same mo-
ment. If they reach the point in opposite phase, that is, half a
wave-length apart, the displacements are equal but in opposite

directions, the resultant cUsplacement being zero, or in other words
the particle does not move.
We must note carefully, however, that the interference is only

at this point. The waves have not destroyed each other, for each
runs along beyond the point in question precisely the same as if it

had not encountered the other. Indeed this must be so, for waves
represent energy, and energy cannot be destroyed.

Interference then does not destroy any of the energy, and we
shall see later on that whenever we produce a decrease in the illu-

mination at any point by means of interference, we shall produce a

corresponding increase at some other point, or the total illumina-

tion remains the same. That this is strictly true we shall prove
presently.

The intensity of the illumination obviously depends on the am-
pHtude of the \'ibration, but the relation between them is not at

once obvious. We say in general that two candles produce doul)le

the illumination that one candle does, that three candles produce

119
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triple the illumination, etc. What is it that we have doubled at

the point by hghting the second candle? At first sight it might
appear as if we had doubled the ampHtude, but we shall show
presently that this is not the case. One thing, however, we can
be pretty sure of, namely, that we have doubled the amount of

energy at the point. Now the energy in wave-motion exists partly

as kinetic and partly as potential, that is, we have chsplaced par-

ticles at rest but possessing potential energy in \drtue of their dis-

placement from their position of equilibrium, and particles moving
across the hne of equihbrium which possess kinetic energy only.

Other particles on the wave possess both potential and kinetic

energy, and it can be shown that the total energy of the wave is

equalh^ di\aded between potential and kinetic. Let us now deter-

mine the relation existing between the energy and the ampUtude.
Average Kinetic Energy of a Vibrating Particle. — The displace-

ment of a particle at any time t is given by the equation

y= asin (wt — a).

Its velocity at any moment then vAW he v = -~ = a<a cos {<iit— a) and
at

its kinetic energy \ niv-, where m represents the mass of the

particle.

The velocity varies from to aw, as is clear from the above formula,

and the mean energy during a complete \dbration of periodic time
T'ls

I rk^v'dt='^^ r2cos'(iot-a)dt ='^' ril+cos2(wt-a)dt\
T^ o2 4: T ^ 4j*^ol J

t +-— sm2{wt— a) = -ma^oi',m which oi=
4 TT 'o I 2 w ^ M 4 T

maror mirar
The average energy is therefore

rp2

which can be taken as the measure of the intensity, if we define

intensity as the energy in unit volume of the vibrating medium. It

can be proved that the total energy is evenly divided between
kinetic and potential, and since we have only considered the Idnetic

energy in the above treatment the total energy will be double the
amount calculated. We can also define intensity as the quantity
of energy transmitted in unit time across unit cross section of a plane
perpendicular to the direction in which the energy is travelling. In
this case the velocity of propagation enters as a factor, and we must

multiply the quantity calculated above by v=—, which gives us

The important thing to notice is that the intensity varies directly

as the square of the amplitude, and inversely as the square of the
periodic time. The first is of importance in the study of interfer-
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ence, the second in considering the laws of radiation which will

form the subject of a subsequent chapter.

If we are dealing with tw^o sources of light which emit mono-
chromatic radiations of the same periodic time or wave-lengih,
their intensities are in the ratio of the squares of their amplitudes or

In comparing the intensities when the periodic times are different,

we cannot use the eye, for it is impossible to judge accurately of the
equality between two different colors. Moreover the eye cannot
directly determine the true intensity, for, as we know, the true
intensity or energy of the extreme red end of the spectrum is far

greater than that of the yellow, while the eye is more strongly im-
pressed by the latter. In comparing the intensities of two sources
which do not emit similar radiations, we must resort to some meas-
uring instrument which reduces them to energy of the same type,
for example the thermopile or bolometer, which measures their heat-
ing power. Since the intensity of radiation varies as the inverse
square of the distance from the source, as can be proved by the
-most elementary methods, it follows that the amplitude varies
inversely as the distance.

Composition of Vibrations. — If we have a point moving in a
circular orbit with a uniform velocity, the projection of this point
on any diameter of the circle moves with harmonic motion, just as
does a particle vibrating under the influence of a force cUrectly

proportional to its distance from its position of equilibrium. The
point moving in a circle has an acceleration V'lr (directed towards
the centre), where F= the orbital velocity, and r= the radius of
the circle. This acceleration can be resolved into two components
parallel and at right angles to the given diameter AA' . The one
parallel to the diameter is V^/rXx/r, where x is the distance of P,
the projection of the point on the diameter, from the centre of the
circle (Fig. 104).

F^The acceleration of P is then — .x, directed
r-

always towards the centre, and proportional to

its distance from the centre. This acceleration

is similar to that which the particles of an elastic

body receive when moved out of their position

of equilibrium, and we assume the ether particles

acted on by a force of a kindred nature. The
velocity \vith which the point P moves on the
diameter is «; = F sin ^, where <^ represents the
phase.

Suppose now we require the effect on a point of two harmonic
motions of equal periods and different amplitudes and phases. We
can represent their motions by constructing two concentric circles

with radii proportional to the amplitudes (Fig. 105).

The two harmonic motions will be represented by the projections

Fig. 104.
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on a diameter of two points G and G', which move around these

circles with equal angular velocity. P will then represent the po-
sition of the particle at a given time as due to the motion repre-

sented by G alone, while P' will represent its position at the same
time as due to the motion represented by G' alone. If both these

motions are impressed simultaneously, the position of the particle

will be represented by R, so situated that RC = PC + P'C (by
the principle of superposition). The

j

phase difference between the two vibra-

tions is the angle GCG', which of course
s^:——-;;=i?_^^ remains constant. If we complete the
^y-^^--- p' ^^^\^ parallelogram GCG'S, R will represent the

X \^—— \ projection of S on the diameter, and as

/ \/\ \^ \ the parallelogram turns with G and G', the

I

^(^
1 1

motion of R, the projection of S, will

1 I. "^

j j
represent the resultant motion. The di-

\ V y / agonal of the parallelogram is evidently

\ / the amplitude of the resultant vibration,

\^^ ^^ and its square measures the intensity.

Now the square of the diameter of a paral-
^^°- ^^^- lelogram is by Cieometry equal to the

sum of the squares on two adjacent sides,

plus twice the product of the sides into the cosine of the included
angle. Consequently if a and a' are the amplitudes of the com-
ponent vibrations, and e the phase difference between them, the
resultant intensity will be

I = a^+a'^ + 2aa' cos e.

Suppose now that we have two waves of equal length and ampli-

tude, arriving at a point in the same phase. In the above formula
a will equal a', and cos e will equal one, therefore the resultant in-

tensity ^vill be 4 a^, or quadruple the illumination produced by one
wave alone. If the two waves reach the point a quarter of a wave-
length apart the phase difference will be 90°, and the illumination

2a^, or twice that due to a single w'ave. If the phase difference is

180°, then cose=— 1 and the illumination becomes zero.

Distribution of Illumination. — If w'e have two similar sources

of light, wliich are vibrating in unison, the value of e in the expres-

sion which we have just deduced will vary from point to point. Lot
us consider the distribution of illumination along a line, perpen-

dicular to the tlirection in wiiieh the tw^o sources lie. In this case

we will consider that a = a' since the sources are similar, and we will

consider the sources as lying on each side of the axis of ordinates.

Taking distances along the other line as abscissae, and Tepresenting

the illuminations as ordinates, we have the illumination due to one
source represented by a straight lino jiaraliol to the axis of abscissae,

the ordinate of which is n~. With liotli sources acting together the

amplitude will vary from point to point ; on the axis of ordinates,

wiioro the disturbances arrive in the same phavSe, we have the

amplitude 2 a and the intensity 4 a^. We can express our abscissae
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Fig. 106.

in terms of the phase difference. If this is 90°, or the waves arrive
a quarter of a wave-length apart, cose= and the illumination is

2 a-, or double that due
to one source acting '

alone. For e=180, cos

e— —I and the illumi- ^
nation is zero. Inter-

mediate points can be
determined by assign-

ing cUfferent values to

e, a curve similar to that

shown in Fig. 106 being

the result.

If now there be no
loss of energy the total

illumination must re-

main the same ; we can
represent this by the area comprised between the curved line and
the axis of abscissae. The total intensity due to the two sources

acting without interference, which would be the case if they did

not vibrate in unison, would be 2a^. This is true of course only

when we consider the average illumination for a time which is long

in comparison to the time between certain assumed abrupt changes
in the phases of the vibrating sources.

If no energy is lost the area between a line parallel to the axis of

abscissae of ordinate 2 a-, and the two ordinates erected at e= and
e= 360 should be equal to the area of the curve within the same
limits.

The total illumination along a distance ^x on the axis of abscissae

is

if we assume no interference.

With interference taking place the total illumination is

(2 a~ + 2 a- COS e)dx, in which x is the value for which e= 0.

Since e is a linear function of x we can write e = /v Ax, in which
-K" is a constant, and if Ax represents the distance from e= to
e= 360

K^X = 2Tr.

Integrating we have

2 a- cos Kxdx,

12= 2 a-Ax + -^ [sin K{x + Ax) — sin Kx],

/2=2a-Ax= /,.

It must be clearly understood at the outset that to have perma-
nent interference, the phase relation between the two sources must
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remain constant, or they must be similar; their periodic times of
vibration must be the same, and any changes of phase which occur
in one must occur also in the other. The only way in which this

condition can be attained experimentally is by making one source
the image of the other, or by dividing the bundle of rays which
issue from a single source into two portions, either by reflection or
refraction, and then reuniting them.

Resultant of a Large Number of Disturbances of Arbitrary
Phase. — We have seen that when two waves in the same phase act
on a point, double the amplitude, and consequently four times the
illumination, results. The question now perhaps occurs, why do
not two candles produce t\^'ice the amplitude of one candle, and
consequently four times the illumination? The answer to this

will be readily seen if we consider carefully the manner in which any
given point is illuminated by a candle. In the flame of a candle
there are countless radiating particles, in all possible phases of vi-

bration. The illumination is due to the joint action of them all,

and to determine it we must find the resultant of a large number of

vibrations of arl^itrary phase. In other words, if we have a great

number of particles, each one of which alone would give an ampli-
tude 1 and unit illumination at a given point, what will be the am-
plitude produced b}^ all of them acting together? If there are 7i

particles, and it so happened that all of them were vibrating in such
a manner as to send vibrations in similar phase to the point, the
resultant amplitude would be n and the illumination n^. Another
candle with n particles vibrating in the same manner and in

unison with the first, acting with the first, would give us an ampli-
tude 2n and an illumination {2n)~ or 4:7i^, that is four times the
illumination of a single candle. It is obviously impossible, however,
for all the particles to send their waves to the point in the same
phase, for they are all vibrating independentlj- of each other, and
they are, moreover, at difterent distances from the illuminated

point. The amplitude produced cannot then be equal to /?. Lord
Rayleigh has shown that the average illumination (not amplitude)
due to a large number of disturbances of arbitrary phase is simply
n times the illumination due to a single one of the disturbances.

This was done by the theory of probabilities, and the reader is re-

ferred to the original paper for the method, or the earlier edition of

this book.

Interference of Light. — Grimaldi, who was the first to observe
accurately and describe diffraction, or the ])ending of light around the

edges of obstacles, described as early as 1G65 an exii(>riment which
he believed proved that darkness could lie produced by the addition

of light to light. He admitted sunlight into a darkened room
through two neighboring pin-holes, and received the light on a whitt>

screen. Each pin-hole casts on the screen a circular image of the sun
surrounded l\v a feebly illuminated ring. By placing the screen

at such a distance from the jiin-holes that tiie outer rings overlapped,

the outer edge of the ring formed l)y one of the holes being tangent

to the outer edge of the sun's image formed by the other, he ob-

served that the edge of the ring was less brilliant in the overlapping
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Fig. 107.

portion than at other places. We shall see presently that inter-

ference could not have occurred under these conditions, for two
sources of light, in order to produce permanent destructive inter-

ference at a given point, must be similar— that is, must be vibrat-

ing in unison with similar amplitude and period— and two pin-holes

illuminated by sunlight would not
fulfil these conditions unless they
were less than 0.05 mm. apart, as

Avill be proved later on. ""^--^

A century later this experiment .^^,-^

was modified by Young, and true - - - -^.

destructive interference of light _'/,--

observed. Young passed the sun- ,--

light through a pin-hole, and then ''

received the diverging cone upon
two other pin-holes (Fig. 107).

From each one of these a divergent

cone of hght spread out, and where these two cones of light over-
lapped on a screen, he observed dark and Ught bands. In this ex-

periment, the two pin-holes he on the wave-front of the disturbances
coming from the first hole, consequently they are always in the
same phase. The dark bands are the loci of points situated at dis-

tances from the two pin-holes, differing by an odd number of half-

waves. The fringes in this experiment, being produced by diffracted

light, did not prove that two streams of ordinary light could destroy
one another at a point. Diffracted light was not well understood
at the time ; some mocUfication was supposed to have taken place,

and the fringes might be due in some way to this modification.

Fresnel reaUzed the importance of producing two streams of

light, capable of interfering and containing no diffracted light.

The streams must come from two similar sources, and not pass the
edges of any obstacles. This was accompHshed by Fresnel by re-

flecting the rays from a point
source of light from two mir-
rors inclined very shghtly
towards one another. Two
virtual images of the point
were thus formed behind the
mirrors, separated by a very
small distance, depending on
the angle between the mir-
rors. Two mirrors of sil-

vered or black glass, receive

light from a point source at S>

(Fig. 108).

The light reflected from
the two mirrors comes then
from two virtual images &'

and &" , which lie very close
together if the angle between the mirrors is small. We thus have
rays coming from the two similar sources, &' and S>" , and within the

',,rs

Fio. 108.
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region where they overlap interference takes place. The hght,
instead of being uniformly distributed, is collected, as it were, into

bright hnes vrith dark spaces between them. The dark bands are
the places where the waves from the two sources arrive half a wave-
length apart and destroy each other : at the bright bands the waves
arrive together, and we have reenforcement. It is evident that as

the angle between the mirrors increases, the two \drtual sources
S' and *S" approach, coalescing when the angle equals 180.

Let us now examine the form and position of the fringes.

Inasmuch as we can consider the virtual sources S' and S" as if

they were real points of hght, we will sup-
pose the mirrors removed, and consider the
illumination on a screen placed at a dis-

tance "a " from the sources. Let AB he
a section of the screen (Fig. 109). At P,
which is on a hne perpendicular to the hne
joining the sources at its middle point, we
shaU have a maximum illumination, since

P is equichstant from the sources, and the

Fig. 109. waves starting together reach it in similar

phase and reenforce. Going awa}" from P
we shall find a point M half a wave-lengih nearer So than Si, and
here the waves will arrive half a wave-length apart, and destroy
one another. If we advance a little further along the hne AB we
shall reach a point where the path cUfference is a whole wave-length,
and we shall have another maximum. Let us determine the dis-

tance of any bright or dark band from P in terms of the distance a,

the distance S between the sources and the wave-length of hght.
Around M as a centre with a radius MSo, describe an arc cutting
MSi at C. Since SiS2 is small in comparison to a, this arc is ap-
proximateh' a straight line perpendicular to the hne MO (0 being
the point midwa}' between the two sources).

S1S2 is perpendicular to OP, and therefore the angle 81820=
angle MOP.

If the angles are equal, so also are their circular measures, or
MP S C
7r^ = -^rV' o^ caUing x the distance of the dark band from tho

centre of the fringe system, and s the distance between the sources,
we have

a s

The general expression then for the position of any bright or dark

band will hex=-n-, odd values of n corresponding to dark bands,
s 2

even values to light.

It is clear from the diagram that the point P will be a maxdmuni
for light of any color or wave-length. If the source of light is white
this central band will also be white. The positions of other maxima
being a function of the wave-length, it follows that the spacing
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between the bands A\ill be different for the different colors, conse-

quently there will be an overlapping, and instead of white fringes

with dark spaces between we shall have colored fringes, the dark
minima being absent except in the immediate vicinity of the central

white band.

We will now take up a more complete investigation of the dis-

tribution of the maxima and minima in space. The locus of all

points equidistant from two points is a plane perpendicular to the

middle point of a line joining the points. The first maximum is

then a plane l}dng between the two sources. The second maximum
is the locus of all points in space so situated that the differences

between their distances from the sources is one wave-length. Points

fulfilling this condition lie on a hyperboloid of revolution, the

sources being the foci, for by definition an hyperboloid is a surface

generated by the movement of a j^oint in such a way, that the

difference between its distances from two fixed points is a constant.

The locus of the second maximum -will be another hyperboloid with

a constant difference of 2. The loci of the maxima and minima iu

space form a system of confocal hyperboloids, and the fringes

formed on a screen intercepting them will be hyjDerbolae.

In the case of our interference experiments the luminous points

are so near together, and the screen so far removed, that its inter-

sections with the hyperboloids are approximately straight lines.

Very satisfactory Fresnel mirrors can be made of modern mirror

glass, or even of thin plate glass, unsilvered. Silvered glass is prefer-

able owing to its greater reflecting power. The varnish can be dis-

solved from the silvered surface with alcohol, and the metal film

polished. If glass of this description cannot be procured, a piece of

thin plate glass can be chemically silvered. Two pieces measuring
about 2 cms. along each edge are laid side by side on a second piece

of plate glass, the outer edge of one being raised slightly by means
of a narrow strip of thin paper. The edges of the plates should be

in contact and both should be pressed against the supporting plate.

They are then fastened in this position with a little sealing wax.

The angle between the plates should be such as to make the reflected

images of an illuminated slit (situated at a distance of 40 or 50
cms.) appear about 3 mms. apart. A suitable slit can be made by
ruling a line on a piece of the mirror glass with the point of a knife.

It should be backed with a bright sodium flame and the mirrors

mounted about 30 cms. from it. The dividing line between the

mirrors should be adjusted accurately parallel to the reflected images,

which lie on either side of it, and the field examined at a distance of

20 or 30 cms. from the mirrors with an ej^e-piece or pocket magnify-

ing-glass. The eye-piece should be held at the point at which both

of the reflected images are seen. If the fringes do not appear at

once they can usually be brought into view by readjusting the mir-

ror for parallelism with the slit, the field being watched with the

eye-piece. The distance of the 7ith. fringe from the centre of the

system is given by
a + 6 A

2 aw ji
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a and h being the distances of the sUt and the plane in which the

fringes are seen from the mirrors, and w the very acute exterior

angle between the mirrors. If we measure this angle, which we
can do with a spectrometer, and the distance between the fringes,

we can determine roughly the wave-length of the sodium light.

The Flow of Energy in a System of Interference Fringes.— The
interference minima formed by two similar sources of Hght

form a system of confocal hyperboloids, and the question of the

flow of energy in this case, or any similar case, does not appear to

have been discussed. Energj^ is obviously flo-^ing out from both

sources at its normal rate, but the direction of flow is perhaps not

quite ob\ious. Suppose the minima equal to zero, which is nearly

correct at the centre of the system. Energj^ e\4dently cannot cross

a plane along which there is no disturbance.

In stationary waves, if the nodes are absolutely at rest, which is

the case if the two wave-trains are of equal amplitude, we cannot

speak of a flow of energy across them. A node may be considered

as having the properties of a perfect reflector, that is to say the

point acquires the power of reflecting as a result of the arrival of a

wave travelling in the opposite direction. We are thus forced to

the conclusion that the flow of energy in the case of the interference

fringes must be along the hyperboloids, that is along curved paths.

We can show this experimentally by means of ripples in mercury
excited by two needles mounted on the prong of a tuning-fork. If

we \dew the mercury surface through a narrow sht opened and
closed by the vibrations of another fork slightly out of tune with

the first, we see the waves (stroboscopically) creeping slowly along

the surface, and foUo^ving the hues of the hj^Derboloids. Two ques-

tions now naturally occur to us. How does the energy get into the

bright fringes, if the dark fringes are supposed to act as barriers?

and what is the nature of the wave that is travelhng along a bright

fringe ? In regard to the first question : the dark fringes are never

absolutely black, as no one of them is equidistant from both sources.

The amplitudes are therefore slightly difl"erent, and there will be a

flow of energy in the direction of the disturbance ha\ang the larger

amplitude. Though it may be very slight at any given point, it is

ample to account for the flow along the hyperboloid. We can take

as an analogous case two parallel sheets of cloth tightly stretched,

and very close together. Consider water forcing its way into the

space between the two sheets from l)oth sides. A very small flow

across unit cross section will give us a large flow across unit section

taken perpendicular to the sheets.

We may, however, have a fringe which is absolutely black, for

there is nothing to prevent us from considering the sources as vi-

brating \\\i\\ a (liff"erence of phase of 180°. This makes the centre

of the system dark, and equal to zero, and it must act as a barrier

to the flow of energy from both sources. In other words, the cen-

tral fringe can be considered as acting as a perfect mirror, and we
can regard the fringes as formed by the interference of these re-

flected waves with the direct. If the flow of energy is along the

hyperboloids, it is evident that in the region between the sources



INTERFERENCE OF LIGHT 129

the flow is in a direction nearly perpendicular to the rays. We can
watch this flow with the mercury ripples and tuning-forks. (I find

that a ring of castor-oil or glycerine poured around the edge of the

mercury surface prevents troublesome reflections from the walls, and
to a large extent waves due to jars from the table. It is analogous

to painting the walls of a room black in optical experiments.) The
bars of light perpendicular to the fine joining the vibrating sources

slide out sideways, each one of them forming one of the waves
which travel along the hyperboloid. We can perhaps get a better

idea of what happens if we consider what is going on in a bright

fringe outside of the region between the sources. What is the type
of wave, and is it capable of showing us both of the sources if it

alone is allowed to enter the eye ? If we regard the dark fringes as

absolutely dark, that is as perfect reflectors, we must regard the

waves as travelhng between them as between two silver walls. The
incidence is very oblique, i.e. the wave is nearly perpendicular to

the reflecting plane ; and if we consider the wave as a portion of

a sphere with its centre at one of the sources, the wave after re-

flection from the interference plane will be a portion of a sphere

with its centre of curvature at the other source. This process will

repeat itself over and over again, a given portion of the wave-front
appearing to come first from one source and then from the other.

The bright fringe will then contain two groups of wave-fronts in-

clined to each other at a small angle. These can be seen with the

tuning-fork waves, and on looldng over some of Mr. Vincent's

photographs, published in the Philosophical Magazine some time
ago, I found one which showed the phenomenon very clearly. An
enlargement of a portion of this photograph is reproduced in Fig.

110, the inclined wave-fronts showing especially well above the

point marked X.

Fig. no

Though each bright fringe contains two wave-fronts, we cannot
" resolve " the sources with them, for calculation shows that their

width will be insufficient. In other words, if we screen off the other
bright fringes, passing the waves in the one through a sHt, the sht

width necessary turns out to be just what is needed to prevent
resolution.

V
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In the region between the sources we must regard the same thing

as going on, the only difference being that here the incidence is

more nearly normal. The waves are stationary on the line joining

the sources, but as soon as we get off tliis line we must regard the

stationary waves as oozing out in all directions, the velocity of the

oozing increasing ^^^th the distance from the Hne.

The language which I have used here is not very exact, but it is

not easy to \nsuahze what is going on, and still harder to put it

into words.

Lloyd's Single Mirror. — Even simpler than the Fresnel mirrors

is the de\ace employed by Dr. Lloyd. Here the light streams from

the source and its reflected image are made to interfere. The ex-

periment is easily repeated with a strip of plate glass thirtj^ or forty

centimetres long and three or four ^^^de, mounted in a clamp-stand

ynth its surface vertical. The illuminated slit is placed a little be-

yond the further end, and one or two milUmetres in front of the

plane of the surface. If the eye is now brought up to the opposite

end, the slit and its reflected image are both seen, and the fringes

are easily found at this point ^\ith an eye-piece. Dr. Lloyd found

that the centre of the system did not He on the plane of the surface,

as might be expected, but was displaced by the width of half a fringe.

This is due to the phase change which the Hght experiences on reflec-

tion. As the mirror is turned slowly about a vertical axis, the dis-

tance between the fringes changes. With the images close together

they are broad and very easily seen ; with the images farther apart

they are very fine, and only seen with difficulty. This piece of

apparatus is the easiest of all to work ^\'ith, it being almost impos-

sible to miss finding the fringes at the first attempt.

Fresnel's Bi-Prism. —• In this experiment the beam of light is

di\aded by refraction by
means of a prism of very
obtuse angle, as shown in

Fig. 111.

The raja's, originally em-
anating from a source at s,

after refraction have di-

rections as if they came
from the two sources .s'

and .s". The illuminated

slit should be parallel to

the edge joining the two opposed prisms.

The wave-length of the light can be apjiroximately determined
with the bi-prism.

If a is the distance of the source from the prism, b is the distance

of the plane in which the fringes are observed, and c the distance

between f^i and .%, we have, if we call 8 the angle of deviation pro-

duced by each half of the prism,

c = 2a sin S = 2a(/A— 1)«,

Fig. 111.

in wjiich
fj.

is the refractive index of the glass and c the j^rism angle.
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The distance of the nth fringe from the centre of the system is given

, a+h X a+h \
by ,= _„__^__„^,

which shows us that the bi-prism is equivalent to a pair of Fresncl

mirrors inchned at an angle (/a — l)e. A bi-prism can be easily

made in the following manner. Heat a little Canada balsam in a
watch glass over a small flame until a drop becomes nearly solid on
cooling. Cut two pieces of thin plate glass measuring 1X2 cms.,

and cement them , with the long edges in contact, to a second piece

of plate glass with a little of the balsam, pressing the outer edges
into contact with the supporting plate, and allowing the inner edges
to be slightly raised (0.5 mm. is about right) by the balsam layer, as
shown in Fig. 112. A prism made in this way works almost as well

as those supplied by opticians, which are made of a single piece of

glass.

In using the prism, it should be __--=s^=;;55;;;=~—

_

mounted at a distance oi about 40 cms.
|

from the illuminated slit, and the divid-

ing line between the plates made par- Fig. 112.

allel to it. The fringes can be found
with the eye-piece in the same way as in the case of the mirrors,

a little readjusting of the prism being perhaps necessary. The
fringes obtained by all of the devices thus mentioned are modified
by diffraction effects, due to the fact that the waves which diverge
from the two virtual sources are not complete, but are abruptly
cut off at the point of union of the mirrors, or at the obtuse angle
of the prism.

Bi-Prism of Variable Angle. — A modification of the bi-prism

can be made by cutting off a strip of glass from the edge of a sheet

of thin plate glass. In pohshing the plate the edge is always
rounded off a little as a result of the polishing process. If this strip

is mounted at a chstance of half a metre or so from a slit illuminated

by monochromatic light (monochromatic illuminator), and the slit

viewed through the portion where the plate begins to " round off,"

from a distance of 30 cms. or so behind the plate, two images will be
seen. An eye-piece will show a beautiful system of interference

fringes which crowd closer together as we recede from the edge of

the plate. The reason of this is that the rays which are deflected

by the edge of the plate, where the prism angle is greatest, come
as if from a source at some distance from the real source. The
explanation of the dark region between the edge of the plate and
the line where the interference fringes begin is very simple and is

left to the reader. Diffraction fringes are seen beyond the edge
of the shadow; these are much fainter, however.
A photograph of the fringes obtained in this way is reproduced

in Fig. 11.3, together with a diagram of the prism and the rays.

The Corresponding Points of the Sources. — It is clear that con-
tinuous interference can result only between streams of light which
come from corresponding parts of the two sources. Our slit is
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backed by a sodium flame, and even if we make it extremely narrow,

the phase of the vibration ^\ill by no means be constant across its

width. We must remember that the sodium flame contains count-

Y Y Y / f
INTERFERENCE FRINGES

DIFFRACTION

FRINGES

Fig. 113.

Fig. 114.

less vibrating sources of light, and continuous interference can result

only in the case of rays emitted by one of these and its image, or

between the two images of the same vibrator. A large number of

these sources will' be comprised by the \\'idth of the slit, conse-

quently interference takes place

between streams of light which
come from corresponding parts of

the images. In the case of the
Fresnel mirrors and the bi-prisra

the corresponding parts lie on the
same side of the images, while in

the case of Lloyd's single mirror

they are on opposite sides. In
the latter case the axis of sym-
metry, or the position of the

central fringe, for which the path difference is zero, is the same for

all the corresponding points ; in the former case it is different for

each pair of points. The fringes obtained with Lloyd's mirror are
therefore more sharply defined, and a ^^^der slit can be used. This
will be clear by reference to Fig. 114, in which A, B, C are corre-
sponding points, and .s the axis of sjinmctry, which in the case of
the bi-prism sources is .•^een to have a different position for each pair
of corresponding points.

Limit to the Number of Fringes. — Very interesting conclusions
regarding the vibrations of the uiok'cules in the flame can be drawn
from the numl^er of fringes wliich can be counted. At the first dark
fringe it is clear that we have destructive interference between vi-

brations which left the corresponding points at the same instant.
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At the 100th dark fringe we have interference between a vibration

from one source with a vibration from the other which left the

source 100 T earher, if T is the time of the vibration. At the 1000th

dark fringe we have interference between vibrations which left the

sources 1000 T apart. If now we consider that our molecules exe-

cute only about 1000 vibrations without any abrupt phase change,

it is clear that we cannot have more than 1000 dark fringes ; for,

with a difference of path greater than 1000 wave-lengths, we shall

have a train of waves meeting another train which left the source

under different phase conditions, and which may therefore reenforce,

instead of destroy, one another. The number of fringes which can

be observed gives us therefore information regarding the number
of regular vibrations performed by each molecule before an abrupt

change occurs. Fizeau counted as many as 50,000 fringes in the

case of sodium light, while improved apparatus and methods of

modern times have raised the number to a million in the case of

certain kinds of monochromatic light, from which we conclude that

under favorable conditions as many as a million vibrations can be

performed before any abrupt change takes place. We can liken the

molecule to a tuning-fork struck at regular intervals with a hammer.
At every blow there is an abrupt change of phase. If our fork

vibrates 3000 times per second, and we strike it every 2 seconds,

we could obtain interference with a path difference of something
less than 6000 wave-lengths, while if we struck it but once in 10 sec-

onds the path difference could be increased to nearly 30,000 wave-
lengths. In this case the waves would be 4 inches long and the

maximum path difference about 2 miles. It is obviously impos-
sible to perform such an experiment, but the analogy is useful.

Shift of the Fringes by Introduction of Thin Transparent Plate. —
If a thin plate of some transparent substance is put in the path of

one of the interfering streams of light, the optical path ^\dll be in-

creased owing to the retardation of the waves in the glass. If the

refractive index is fx and the thickness «, the increment of path is

(/A— l)e, in which there are (/*— 1)- waves. Increasing the path
A

by one whole wave-length will cause a bright or dark fringe to shift

into the position of its neighbor, therefore in the above case the

shift will be n fringe widths; «=(/*— 1)- if we call a fringe width
A,

the distance between two bright fringes.

When the fringes are formed with white Ught the introduction of

the plate produces a somewhat more comphcated effect. This case

will be discussed presently. It is clear that we can determine the

refractive index of a thin plate if we know its thickness, and meas-
ure the shift of the fringes. The above formula holds only for

monochromatic light, and wdth light of this description the

fringes are similar in appearance, and the shift cannot be
determined if it exceeds one fringe width, unless it can be pro-

duced gradually, as by introducing a gas slowly into a tul^e,

the ends of which are closed with glass plates, and watching
the drift of the fringes. More will be said on this subject after we
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have taken up the subject of the interference of white hght. If we
require the actual distance through which the central fringe is

shifted we can easily deduce the expression a:=(/x— !)€-, in which
s

s is the distance between the sources and a the distance of the screen.

Interference Fringes with White Light. — We have thus far con-

sidered our sources as sending out light of a single wave-length only.

If we illuminate the slit with white light and examine the fringe sys-

tem, we find that only a few rainbow colored bands are visible.

The cause of this is at once apparent. The formulae which we
have deduced for the distances between the fringes show us that

this distance is a function of A the wave-length, which occurs in the

numerator of our expression for x, the distance of a given fringe

from the centre. It is thus clear that the shorter the wave, the

closer together ^\dll the fringes lie. If we assume white light to be
made up of waves of various lengths, the fringes will be out-of-step

at every point save on the axis of sjanmetry. The central bright

fringe will coincide for all the colors, but since the red bands are

about twice as broad as the violet, the bands soon get completely

out-of-step. and we have practically uniform illumination.

The condition of things is showii in Fig. 115, in which the red

fringes are represented by the unbroken line, the violet by the dotted
line. The first dark fringe on each side of the central bright one will

therefore be tinged deeply with violet. The other colors will pro-

duce other systems of bands of intermediate spacing, and it is

Fig. 115.

clear that at points a short distance from the centre, wt shall have
maximum illumination for a large number of w^ave-lengths regularly

distributed throughout the spectrum. The resultant illumination

cannot be distinguished from white light by the unaided eye, and
the field therefore appears uniformly illuminated. Something re-

sembling interference is taking place, however, in this region just as

before, as we can readily prove by substituting a small spectroscope

for the eye-piece, when the spectrum will be found to be crossed by
dark bands corresponding to the wave-lengths, for which the posi-

tion of the slit of the instrument is a position of zero illumination.

We can get a better idea of the state of aflfairs if we consider what
happens if we place the slit of the spectroscope on the central l>right

band and then move it slowiy out into th(^ fringe system. At the
central bright band we have all colors present, and consequently see

a continuous spectrum. On moving tiie instrument the slit enters

presently into the first dark fringe for violet, and tlie violet of the

spectrum disappears. As we move the slit along tiie other colors

disappear in turn, a dark band moving up the spectrum. By the

time that we reach the first dark liand for red, we are again in a
region of maximum illumination for violet, which, therefore, ap-



INTERFERENCE OF LIGHT 135

pears again as the dark band in the spectrum nears the red end. It

is clear that o^ving to the difference of spacing of the fringes, the
dark bands will enter the spectrum at the violet end more rapidly
than they leave it at the red end; they will consequently accumu-
late in the spectrum, the number increasing as we move the spec-
troscope farther and farther away from the central band. The
experiment can be easily performed by means of Lloyd's single

mirror, illuminating the slit ^vith sun or lamp light, and substitut-

ing a small pocket spectroscope for the eye-piece. The instrument
should be mounted in a clamp-stand and pointed towards the
double source, the slit being close to the edge of the plate. This
way of looking at the case is not strictly correct, as we shall see

later on. It would be allowable however if white light really con-
sisted of a mixture of all possible colors.

We will now deduce an expression for the number of bands in the
spectrum. Take a point in the fringe system corresponding to the
nth maximum for Ai. The path difference will be

2

Now let the wave-length decrease to A.2, such that the same path
difference is represented by

8=(2n + l)|

This new value ^2 represents the wave-length for which the point

is a minimum.

Writing 2n^ = (2n + l)^,

2nAi = 2 /Aa+Aj, or adding Ai to each side,

2^iAi-2nAo-A2 + Ai = Ai,

(Ai-A2)(2n + l)=Ai,

2-n+ l

This expression shows us that the change in wave-length A^— A2

which is necessary to change the point from a maximum to a mini-

mum is equal to the wave-length divided by 2 ?i + l. If n is large,

i.e. if we are far out in the system, the necessary change will be very

small. For example, let Ai = .0005, and suppose that we are at

the 50th fringe, then

.0005 - Ao = -^^ , A.,= .000495.
" 101

The point will therefore be a maximum or minimum for a large

number of wave-lengths, within the range of the visible spectrum.

Suppose now that we are at an unknown point in the fringe system

and wish to determine the path difference.
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Let Ai, A2, A3, etc., correspond to the wave-lengths (going from
red to violet) of the dark bands in the spectrum.

We count the number of bands between two widely separated
Fraunhofer lines (if we are using sunlight). This number is p in

the above equation. Ai and A^ are the wave-lengths of the lines be-
tween which we have p dark bands ; then

8=(2n + l)| = (2n +2p-l)|.

Suppose p = 50, and Ai = 6399 (C hne) and Ay= 3967 {E line).

Substituting these values, we find that n = 80, which shows us
that we are deahng with the 80th minimum for each color. From
this we can calculate the path difference, which we find to be 259
half wave-lengths for the violet and 161 for the red.

Fizeau and Foucault were enabled in this way to detect inter-

ference with a path difference of 7000 waves. This result has been
interpreted by many writers as indicating that the elementary
components of white light must consist of periodic wave-trains,

several thousand regular vibrations being executed \\dthout abrupt
change of phase. Lord Rayleigh has shown, however, that we can
infer nothing whatsoever about the regularity of the \abrations of

the source in this case, the Umit of the numl^er of bands seen in the

spectroscope depending solely on its resolving power. The inter-

ference, in point of fact, does not take place until after the light

has passed through the spectroscope. We shall study the case

more in detail when we come to the subject of white light.

A Simple Interference Refractometer. — A very simple and in-

expensive interference apparatus, which can be used for measuring
the refractive index and dispersion of a gas, and for showing and
measuring anomalous dispersion at the absorption liands of a gas,

can be made of a slit and a long focus lens. This t^'jje of apparatus
was used by Fizeau in determining the velocity of light in a rapidly

moving medium (see Chapter on Relative Motion of Matter and
Ether), and it has since been employed by Lord Rayleigh in deter-

mining the refractive indices of the rare gases of the atmosphere.
As usually employed its chief disadvantage lies in the fact that

the fringes are very narrow, and invisible except when viewed
through a very high power eye-piece.

Tliis trouble I have found can be overcome by the use of long
focus lenses, which lessens the convergence of the interfering rays.

A lens of about 2 metres focus (spectacle lens) is covered l\v a screen

furnished \s\W\ two vertical slits a millimetre or two in width, and
separated l)y a distance of from .5 to 3 cms. depending on the re-

quired separation of the interfering beams. If we are to measure
the refractive index of a gas, we use two parallel tubes, with their

ends closed by pieces of thin plate glass cut from the same piece,
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and the beams must be far enough apart to enable us to pass one

down each tube.

The sUts can be made by pasting strips of black paper across an
aperture cut in a card. Widening the slit decreases the width of

the band in which the fringes appear (since the diffraction is then

less), but increases their illumination. The illuminated slit should

be well made, as it is necessary to make it very narrow. The slit

of a small spectroscope can be used, and it should be mounted at a

distance of 4 metres from the lens. An image of the sun or the

crater of the arc should be focussed on the slit, and the lens with

its two apertures placed in such a position that it receives the light

from the slit. Hold a card behind the lens, and move back until

the two lines of light transmitted by the slits fuse together into a

single image at the conjugate focus. This is the position for the

eye-piece, and we shall find the image traversed by a beautiful set

of vertical interference fringes. Their distance apart will increase,

as the distance between the two slits is made less, and their sharp-

ness will increase as the first slit is narrowed.

If it is desired to receive the fringe system on the slit of a spec-

troscope, the three slits should be mounted in a horizontal position

and the slit of the spectroscope substituted for the eye-piece. The
spectrum ^vill then be found to be traversed by horizontal dark

bands which are closer together in the blue than in the red. This

is the arrangement commonly used for the study of anomalous dis-

persion of gases by the interference method.
The shift of the fringes by the introduction of a transparent

plate can be shown by holding a very thin flake of mica over one

of the sUts. If the flake is too thick the fringes will be shifted out

of the field and disappear. Or we can put two pieces of thin plate

glass, one in front of each slit, and by slowly turning one of them
cause the fringes to move, the result depending on the increase in

the path through the glass with increasing angle of incidence.

Application of Interference Phenomena to Astronomical Obser-

vations.— If the first slit of the interference refractor just de-

scribed exceeds a certain width the fringes are no longer visible.

This is due to the fact that each vertical linear element of the

widened slit forms its owm set of fringes, and these sets are rela-

tively displaced, the superposition of all producing uniform illu-

mination. The greater the distance between the two slits in front

of the lens, the finer must be the front sUt, in order to have the

fringes appear. It is thus clear that w^e have a means of measur-

ing the angular diameter subtended by a distant source of light.

This method was proposed by Fizeau in 1868 for measuring the

diameters of the fixed stars. In 1874 Stephan made the attempt

but was unable to obtain a measurable quantity. Michelson in

1890 succeeded, however, in measuring the diameters of the four

moons of Jupiter, by placing two slits, the distance between which
could be varied, in front of the object glass of the Lick telescope.

The method can also be used for determining the distance between
the components of a double star.

Each star produces its own fringe system, the two being dis-
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placed with respect tp one another through the angle e, which is

the angle subtended hy the stars. This angle is, of course, inde-

pendent of the distance between the slits. If now the slits are close

together, the fringes are broad, and the angular displacement e of

the two sj^stems does not alter their appearance. As we separate

the slits, however, the fringes become finer and presently disappear,

o^^^ng to the fact that the maxima of one system fall upon the
minima of the other. If the distance between the slits, when this

happens, is s, we have e given by the equation

c= -^—

•

s

Interference of Waves of Different Lengths. Light-Beats. —
When two tuning-forks of slightly different pitch are sounded si-

multaneously we hear a fluttering sound, the intensity rising and
falling. The interference in this case is not continuous in time at

a given point in space. If we draw two wave-trains of slightly

different wave-length we shaU see that they are " in step " and
" out-of-step " at periodic intervals. Where they are in step we
shall have maximum amplitude, where they are out-of-step we
shall have minimum or zero amplitude. As the double wave-
trains sweep by a given point it \\'ill be in alternation the seat of

large and small disturbances.

If we seek for the optical analogy it is easy to see that two sources

of monochromatic light, of slighth^ different period, should give us

a moving system of interference fringes, any given point in space

being alternately the seat of maximum and minimum illumination.

The frequency of the beats being equal to the cUfference between
a.'a.

the two interfering trains, the wave-length of the beat is —,—-•

A — A
Light-beats have never been obtained by uniting two streams

of light from sources of different color. Righi has, however, per-

formed an experiment in which the frequency of \ibration of one
of the two streams of light which form a system of fringes can be
increased any desired number of times per second by passing the
light through a revohdng Nicol prism. This ex]>eriment A\ill he
described in detail in the Chapter on Elliptical Polarization.

It is also worthy of remark that the moving fringes observed in

a Michelson interferometer, as the back mirror is advanced, can be
regarded as a manifestation of light-lieats, the wave-lengths of one
of the interfering trains being lessened l>y reflection from the mov-
ing mirror by Doppler's principle. This manner of regarding the

phenomenon appears to be due to Mr. A. B. Porter. The analogy
has perhaps occurred to others, but my attention was first directed

to it by ]\Ir. Porter's note in Science, 1905.

The moving system of interference fringes wliicli constitute beats

can l)e most beautifully shown l)y means of capillary waves on a

mercur^^ surface, the disturbances being originated by two tuning-

forks of sligiitly different pitch.

Two forks of the same pitch are tlirown sligiitly out of tune l\v

I
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frstening small lumps of soft wax to the prongs of one of them. A
light bit of Avire is fastened to a prong of each fork, and after setting

the forks in vibration, the tips of the wires are dipped into the sur-

face of clean mercury. The hyperboloid fringes will be seen to be
in motion, sweeping around in a most beautiful manner. Between
the \\'ire points they A\ill be observed to travel from one vibrating

point towards the other. If the wax lumps are removed, the

fringes immediately become motionless. The phenomenon can
be projected on a screen to advantage, by reflecting the light

do^vn upon the mercury surface, and thence to the screen through
a projecting lens, by means of a pair of mirrors or large reflecting

prisms.

Achromatic Interference Fringes. — As we have seen, the
fringes obtained with Lloyd's mirror and a source illuminated with
white light soon blend into a uniformly illuminated field, owing to

the fact that the distance between the maxima and minima varies

with the color. If by some artifice we can make the A^adths of the
fringes the same, the system will become achromatic, and we can
count a large number of fringes even with white light. This can
be accomplished by using, as our source, a short spectrum with its

blue end towards the reflecting plate. The blue sources will thus
be closer together than the red, and if the adjustments are right

the blue sources will give fringes of the same width as the red, which
are farther apart.

The condition is best realized by employing a diffraction grating
and a lens to form the spectrum. A vertical slit is illuminated with
sun or arc light, and a glass grating with two to three thousand lines

to the inch, combined with a
lens of four or five inches focus,

is so arranged as to form a
series of diffraction spectra on a
card mounted in the focal plane
of the lens. The card should
be perforated with a small hole

through which the light of one
of the first order spectra is

allowed to pass. The Lloyd
plate is placed in such a posi-

tion as to furnish a reflected

image of the spectrum, the blue

end of which is turned towards
the original spectrum, as shown
in Fig. 116. The reflecting

surface should be pointed ex-

actly at the central image
formed by the grating and lens,

if perfect achromatization is de-
sired. The fringes are viewed
as before with an eye-piece, a little adjusting of the plate being all

that is necessary to completely fill the field of view with fine black
and white lines.

Mirror

n

Fig. IIG.
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If the spectrum is formed b}' a prism of about 20°, which
can be made of plate glass, and filled wdth water, less perfect

achromatization is obtained; still a large number of fringes can be
seen.

The spectrum in this case can be ^'irtual, i.e. no lens need be used,

the prism being mounted between the slit and the mirror, as sho'UTi

in the second cUagram (Fig. 116). If the prism is placed between
the mirror and the eye-piece no achromatization results, for in this

case the two spectra are not opposed.
Introduction of Thin Transparent Plate. — As we have just seen,

a plate of tliickness c and refractive index /u, shifts the central fringe

for monochromatic hght through a distance

a:=(/x-l)e--
s

This distance "^ill be different for the different colored systems, since

/t varies with the wave-length, and there will therefore be no point

at which the waves of all lengths vaW arrive in the same phase, or,

in other words, there ^ill be no strictly achromatic fringe.

There will, however, be a sj'stem of colored fringes with a central

band which appears nearly achromatic, the determining condition of

which is not that the path difference be equal to zero, but that the
change in phase "^ith change of A be a minimum.
Draw a system of fringes vaXh. different colored pieces of chalk,

adopting the method shown in Fig. 115. Make the distance be-

tween the red fringes slightly greater than that between the yellow,

the 3^ellow greater than the green, and so on. Suppose now that
the introduction of the plate shifts the whole system to the right.

Owing to the dispersion of the plate the blue fringes will be shifted

through a slightly greater distance than the green, and the green a
trifle more than the yellow. It is clear that this difference may
close up the rainbow colored band to the right of the central fringe,

into an approximateh' achromatic band, and expand what was
originally the white central band into a rainbow band. If we do
not take this into account, we shall make an error of one fringe

width in measuring the shift of what appears to be the central band.
If our plate had a higher dispersion with the same average refractive

index, the second or third rainbow band might be achromatized
and appear to be the centre of the system.

Let the distance of the approximately achromatic fringe from
the original centre of the system be x.

The geometrical path difference at this point, disregarding the

plate, is — , asing the same notation as before. The actual optical
a

xs
difference of path is —(fi—l)e, since the shift is towards the

side on which the plate is introduced, and the original short path
is lengthened by the introduction of the plate. Now (/it— l)c

is a function of X, and we will write it /(A). The difference of

phase at the point in (juestion for any value of A will bi>, writing
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D=(fi-l)e^f{X) and D' = ^,

\

The required condition of minimum phase variation with A is

given by differentiating this expression with respect to X and equat-

ing to zero
;
performing tlie operation we get, putting /'(A) = •') -

d\

-2^f'(\)X-2^D'-2 7rf(\) ^ ^^ Z)'=/(A)-A/'(A).
A^

The central fringe corresponding to wave-length A is shifted by
the plate to the position of the nth fringe given by

^^ (/x-l)e _/(A).

A A

By our original supposition regarding the position of the shifted

achromatic (approximately) fringe it occupies the position of a

fringe of order n' given by

n'= — =— =n-f (A),
aX X

and is therefore shifted relatively to the central fringe for mono-
chromatic light of wave-length A by a number of fringes given by
n'-n=-f{X).
The variation of /a with A is well expressed in the present case by

the equation /a= J. + —

,

A

which we shall discuss more in detail when we come to the subject

of dispersion.

/(A) = (/x-l)<,

df{X)_,.._ 2Bt

dX ~^ ^
^

A3 '

r 2Bt
n —n= ,

A3
'

which shows us that the shift of the approximately achromatic

fringe obtained with white light, with respect to the central fringe

obtained with monochromatic light of wave-length A, varies in-

versely as the cube of the wave-length, and directly as the thick-

ness of the plate. We shall have occasion to make use of this

formula when we come to the subject of the interferometer.

A remarkable instance of the shifting of the region of fringe visi-

bility far out into the system was observed bj'- the author ^ in study-

ing the dispersion of sodium vapor with the interferometer. The path

difference under which it is possible to obtain interference fringes

with the D3 light of a helium tube can be nearly trebled by the

R. W. Wood, " Archromatization of approximately monochromatic interference

fringes by a highly dispersive medium," Pliil. Mag., September, 1904.
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•introduction of a small amount of sodium vapor into the path of one
of the interfering beams. This development of fringes far out in the

system by the dispersive action of the vapor is accompanied by
their complete disappearance at the centre of the system, where
the difference of path is zero.

The introduction of a medium into the path of one of the inter-

fering beams causes a shift of the fringe sj^stem as a whole, and if

the medium is cUspersing, the shifts will be different for the differ-

ent colors. The red, green, and blue fringes, which are out-of-step

at a given point, may thus be brought into coincidence by the in-

equaUty of their respective displacements. In this case, however,

since the systems are shifted as a whole, the fringes -sxill be thrown
out-of-step at the centre of the system, consequently we have ob-

tained an increased visibility far out in the system at the expense of

visibility at the centre. Now the hehum hght is very near the D
lines of sodium, and sodium vapor in tliis region of the spectrum
has a dispersive power so great that a prism of it giving the same
deviation as a 60° glass prism (if it could be formed) would separate

two lines only ^j^ as far apart as the D Unes, by an amount as great

as the distance between the red and the greenish-blue of the spec-

trum yielded by the glass prism. This enormous dispersive power
may well be expected to modif}' profoundly the appearance of the

fringe system produced even with light as monochromatic as that

of the 2)3 line. That a change is produced depends on the fact

that no light is absolutely monochromatic, the finest spectrum lines

having an appreciable width. We can thus consider the Ds liglit

as an extremely short spectrum, and apply the same reasoning as in

the case of a thin transparent plate introduced into the path of

one of the interfering streams of white light.

Fig. 117.

The treatment will be better understood after a study of the in-

terferometer and tiie resolution of spectral lines, l)ut it is given here,

on account of the identity of the phenomenon with the displacement

of the white centre. The helium fringes under ordinary circum-

stances disappear when the path difference is between 1.5 and 2 cms.,

there being no recurrence of visi])ility by further increment of path
difference a,s in the case of sodium light. We must therefore regard

the helium {D^ line as a single line of finite breadth or a close

group of lines. In Fig. 117 let BC represent the intensity curve
of the helium light, C being the edge of shorter wave-lengtli. Im-
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mediately above we have a schematic representation of the fringe

system, with its centre at A. Light from the side B of the D3 Une
will produce the fringes indicated bj^ the dotted line, which are

farther apart than the fringes formed by the light of shorter wave-
length coming from the side C of the line. There will, in addition,

be an infinite number of other systems formed by light of wave-
lengths intermediate between B and C which are indicated by light

shading.

Now suppose sodium vapor to be introduced into one path of

the instrument, and the whole system shifted slightly to the left in

consequence. Owing to the enormous dispersive power of the
vapor, the dotted system (longer A's) will be shifted more than the
other, since the D^ line lies on the blue side of the sodium absorption-
band, and the change in the velocity of the hght is greatest for the
longest waves, namely, those on the B side of the line. The result

of this dispersive action is that the fringes are brought into step at

a point D, to the right of the centre, thrown out-of-step at the
centre and still more out-of-step to the left of the centre.

The achromatizing action of the sodium vapor is most beautifully

shown if we illuminate the interferometer with white light.

LTnder ordinary conditions only two or three black and white
fringes are seen, bordered on each side by perhaps a dozen rainbow
colored bands, which fade rapidly into a uniform illumination. If

sodium vapor is formed in one of the interferometer paths, the
colored fringes rapidly achromatize, and increase in number, break-
ing up, however, into groups as shown in Fig. 118. As the density
of the vapor increases the number of groups increases, each group,
however, containing fewer fringes. The position of the centre of

the grouped system drifts in the same direction as the point of max-
imum visibility in the previous experiments.
The explanation of the altered appearance of the fringes in this

case is not as simple as in those
previously considered. We
are deahng with two wide
ranges of wave-lengths on
opposite sides of the absorp-
tion-band. The fringe shifts

of the two spectral regions will

be in opposite directions, while
the drifts of the points of

maximum visibility will be in

the same direction. Each set

will be more or less perfectly achromatized, and in the region in

which they overlap we have a periodic visibility, owing to the differ-

ence in the widths of the fringes of the two systems.
The following treatment, which is rigorous, has been given by

Lord Rayleigh.
" The remarkable shift of the bands of helium light when a layer

of sodium vapor is interposed in the path of one of the interfering

pencils, is of the same nature as the displacement of the white centre
found by Airy and Stokes to follow the insertion of a thin plate of

Fig. lis.
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glass. If D denote the thickness of the plate and /a its refractive

index, (/x— 1)Z) is the retardation due to the insertion of the plate,

and if R be the relative retardation due to other causes, the whole

relative retardation is

R + {l.-l)D, (1)

in which R and D are supposed to be independent of the wave-length

A, while
fj.
does depend upon it. The order of the band (w) is given

by

^^ i^ + (/x-l)i)
(2)

A

For the achromatic band in the case of white light, or for the place

of greatest distinctness when the bands are formed with hght ap-

proximately homogeneous, n must be stationary as A varies, i.e.

^=0 (3)
dX

For a small range of wave-length we may write

A = A(, + 8A,

so that n =
A<, + 6A

^ ig + U-l)Z)
, ^Yz)-^^

7g + (/xo-l)i)\ _ _ (4)
Ao Ao\ f/Ai Ao /

The achromatic band occurs, not when the whole relative retarda-

tion (1) vanishes, but when

R + {,x,-\)D= DK'^J^ (5)

If D be great enough, there is no limit to the shift that may be

caused by the introduction of the dispersive plate.
" As Schuster has especially emphasized, the question here is really

one of the group-velocity. Approximately homogeneous light con-

sists of a train of waves in which tlie amplitude and wave-length

slowly vary. A local peculiarity of ani])litude or wave-length

travels in a disper.sive mcchum with the group and not with the

u'aye-vclocity ; and the relative retardation with wiiich we are con-

cerned is the relative retardation of the groups. From this point

of view it is obvious that what is to be made to vanish is not (1),

in which /a is the ratio of w-ave-velocities Vo/V, but that derived

from it by replacing /a by Ih/U, or by 1^,/^^ where U is the

group-velocity in the dispersive medium. In vacuum the distinc-

tion between C^o and Vo disappears, Ixit in the dispersive medium

^7="^^^'^'^
(6)'

dk

> Thcorij of Sound, § I'll, 1877.
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k being the reciprocal of the wave-length in the medium.

denote as usual the wave-length in vacuo by A,

If

Accordingly
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We now construct two other circles on the outer sphere, one just

within, the other without the first circle, such that their distances

from A differ by only a small fraction of a wave-length from the

distance of the first circle. This mil give us a narrow circular zone,

over which the phase, due to vibrations coming from A , is constant.

The width of this zone will be represented by

h\

sui a

in which « is the angle subtended from P by AO, and x is the half

mdth of the zone; h is a small fraction which should not be over j.

P, however, receives vibrations from all other points on the lumi-

nous hemisphere, and for each one of these we can construct a zone

passing through P in exactly the same manner. There will be a

small area around P common to all the zones, over which the re-

sultant phase due to all the vibrations will be the same. The larg-

est value which sin a can have is attained when the luminous point

considered is at D, when sin «= -^, in which p is the radius of the
R

source and R the radius of the large sphere. Inserting this value in

the above equation gives us the semi-diameter of the small area

which we are after. The diameter of the area is given by

2x= — if we take /i = i.

2p

Since -^ represents the apparent diameter of the luminous source
R

when viewed from P, we can say in general that the phase can be

considered constant over a circular area not greater in diameter

than the wave-length of light divided by the apparent diameter

of the source. In the case of sunlight ^ = tan 16' = .005, and
R

A = .0005 mm.

2^^:0005 =.05 mm.
.01

In ordinary sunlight, therefore, the phase is the same over an

area measuring only .05 mm. in diameter, or in a square milli-

metre there ar(^ 4()0' different states of vibration. We can easily

apply our formula to Young's experiment. Suppose we form an

image of the sun with a lens of 5 mm. focus. Its diameter will be

.05 mm. and from a distance of 1 metre ^ will be .00005.
R

The diameter of our circle of similar phase will be 5mms., i.e. the

two pin-holes should not bo over 5 mins. apart if we are to regard

thorn as similar s<)uro(>s, which is the condition which we must fulfil

if wo wish to obtain int(Tforoiic(> fring(>s.

Interference Fringes when the Sources are in Line. — If we con-

sider the hyperboloid fringes formed in space when waves radiate
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in all directions from two similar sources, to be cut by a plane per-

pendicular to the line joining the sources, the maxima and minima
form circles which have a common centre on the prolongation of the

line joining the sources.

Fringes of this description were obtained by Meslin (Compt.

Rendus, 1893) by an ingenious modification of the arrangement of

Fig. 120.

the Billet split lens. This instrument consists of a double convex
lens, cut in halves, the two portions being shghtly separated, so as

to form two images Si, Si of the source, the fringes being observed
in the plane A'' (Fig. 120). By displacing one of the halves as shown
in Fig. 121 the sources are brought into the Une of sight. The

-— '"-S,I--

FiG. 121.

fringes will be circles in this case, but they will not be found as be-

fore in the plane X, since the beams from the two sources do not
overlap in this region, but in the plane X' between the sources, where
overlapping occurs. This is in reality interference between waves
radiating from a source, with waves converging to a similar source.

There are other methods by which two similar sources in line can
be obtained.

It would seem at first sight as if the conditions could be easily

fulfilled by putting a very minute source of monochromatic light in

front of and close to a silvered reflecting surface. A minute electric

flame, obtained by passing the discharge of a small induction coil

between two metal points charged with sodium, and mounted very
close together, would apparently fulfil the conditions. If the experi-

ment is tried, no fringes are seen, however. This is possibly due to

the impossibihty of getting the source small enough, but more prob-

ably a rather peculiar factor comes into play. The light which
forms the reflected image leaves the flame in a direction opposite

to the stream with which it is to interfere. It is doubtful if we can
consider the sources similar in this case. If we were dealing with a
single sodium molecule the case would be different, but we must
remember that the sodium flame has the power of absorbing pre-

cisely the radiations which it emits, consequently we should have
more light from the back of the flame in the case of the reflected

image, while the direct beam would consist chiefly of light from the

front of the flame. Interference between these two portions is
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obviously impossible. There are other objections to the arrange-
ment, as a httle consideration wdll show.

If, however, we reflect a point source of light at two parallel sur-

faces we have beams capable of interfering and producing circular

fringes. The reflecting surfaces must be equidistant, i.e. parallel,

and the incidence normal. The axis of the circular fringe system
will then coincide mth the ray normal to the surfaces, and an eye-

piece cannot be brought into such a position as to show the circular

maxima and minima.
If the reflecting surfaces are half-silvered, that is coated with a film

of silver of such thickness as to reflect and transmit equal quantities

of hght, the circular fringes can be seen when an eye-piece is held

behind the plates. The distance between the source and its virtual

image formed bj^ a double reflection between the plates is twice the
distance between the reflecting surfaces. This device is essentially

the form of interferometer designed by Fabrj' and Perot, and will be
discussed more in detail presently.

Interference Fringes along Caustics. — In the Chapter on Reflec-

tion we have seen that the caustic surfaces are traced by the cusped
wave-fronts. Just within the caustic we therefore have two wave-

fronts, which travel obhquely with respect
to each other, and which came originally

from the same source. Let c, c' be the
caustic traced by the cusped waves, the
crests of which are represented by soUd
lines, the troughs by dotted Unes (Fig.

122). Along the line A we have crests

Fig. 122. meeting troughs, and a consequent de-
structive interference, while along the

line B we have similar phases, and maximum illumination. It is

clear from the diagram that the interference is between a portion
of the wave which has passed through a focus ^vith one which is

converging to a focus, the condition being similar in some respects

to experiments with the Billet split lens, described in the pre^ious
section. These fringes are easily seen by concentrating sunlight

upon a pin-hole and reflecting the light from an oblique concave
mirror. The fringes will be found in the region betw^een the pri-

mary and secondary focal lines, i.e. along the caustic.

Interference of Polarized Light. — The study of the interference

of polarized light was taken up by Fresnel and Arago in 1816.

Young's explanation of the colors of thin plates of doubly refract-

ing substances in polarized light was not wholly satisfactory to

Fresnel. The non-appearance of color in the absence of the polarizer

and analyzer had not hvow accounted for, Young's explanation
being simplj^ that the color w^as produced by interference between
the ordinary and extraordinary rays em(>rgiiig from the thin plate.

Fresnel made as a ])r(iiniiiiary cxperimcMit the following. Emi^loy-
inga thin crystal of Iceland spar in the same manner as a bi-j)rism, he
l()oke(l for interference fringes in the ov(Tlapi)ing portion of the two
bundles of rays into which the doubly refracting crystal divided the
incident light. He had, what amounted to two similar sources of
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light, radiating beams polarized at right angles to each other. No
fringes were observed. To compensate for the path difference

resulting from the difference of retardation between the two rays,

Fresnel placed a glass plate of calculated thickness in the path of the

least retarded beam. This seemed necessary to Fresnel, because

at the time he was unaware of the fact that interference was possible

under conditions involving considerable difference of path. The
introduction of the retarding plate gave rise however to diffraction

fringes, which made it difficult to draw conclusions.

Fresnel accordingly modified the experiment, reflecting the light

after its passage through the crystal, from a glass plate of such thick-

ness that the path difference between rays reflected from the front

and back surface was the same as the path difference between the

ordinary and extraordinary rays emerging from the crystal plate.

This arrangement might be expected to show interference between
the ordinary ray reflected from the front surface of the glass plate

and the extraordinary ray reflected from the back surface, but there

was no trace of a fringe system. A still better arrangement was then

tried by Fresnel, consisting of two crystals of equal thickness with

their principal sections at right angles to one another. The ordi-

nary ray from the first crystal is refracted as an extraordinary ray

in the second, and vice versa, the result being two beams polarized

at right angles to each other with no path difference between them :

in this case also no fringes were observed. These experiments es-

tablished the fact that the two beams of light polarized at right

angles to each other, into which a doubly refracting crystal divides

orcUnary light, are incapable of interfering. Arago then devised an
experiment in which the two polarized rays were obtained indepen-

dently of double refraction. Two parallel sUts in close proximity

were illuminated as in Young's experiment, and behind each was
placed a pile of mica plates at the polarizing angle. By rotating

either of the piles the transmitted polarized ray could be set at

any angle. It was found that when the planes of polarization were

parallel, fringes were produced, but when the planes were at right

angles the illumination was uniform.^

Fresnel then devised a very beautiful modification of the experi-

ment. A selenite plate was placed in front of the two slits, and a

set of fringes produced similar to those produced by the slits alone.

Because of the selenite plate we must regard each slit as sending

two beams polarized at right angles to each other. The two ordi-

nary beams being polarized parallel to each other interfere and form

a fringe system, and the two extraordinary rays, being also polarized

parallel, give rise to a second system superposed on the first. If now
two beams polarized at right angles were capable of interfering, we
should have a set of fringes due to the interference of an ordinary

beam from one slit, with an extraordinary beam from the other

slit, and since the retardation of the two in the selenite plate is

different, there would be a considerable path difference, and the

fringe system would be displaced with reference to the first. As a

matter of fact two systems would be found, one to the left, the other

* Two plates of tourmaline furnish an easier means of repeating this experiment.
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to the right of the original system. These extra fringe systems were
not found, however.

Fresnel then cut the selenite plate in two between the slits, and
turned one half through a right angle. By this device the ordinary

ray from one slit was brought into the same plane of polarization

as the extraordinary ray from the other : the two sets interfered and
produced two systems of fringes displaced to the right and left of the

original system, owing to the retardation of the ordinary ray on the

extraordinary. These experiments establish the first of the Fresnel-

Arago laws that " Two rays polarized parallel will interfere, while

two rays polarized at a right angle wall not."

Fresnel and Arago then showed by a modification of the last ex-

periment that two rays polarized at right angles, obtained from ordi-

nary light, can be made parallel without thereby acquiring the

property of interfering. The two piles of mica plates were placed

behind the slits in such positions that the rays were polarized at a
right angle, and a doubly refracting crystal was mounted behind

them, with its principal section at an angle of 45 degrees to the planes

of polarization. This crystal resolved each of the two plane polar-

ized beams into two rectangularly polarized components of equal

intensity. At first sight it might appear as

if we had here exactly the same conditions

that we had in the last experiment ; that is,

each slit furnishes two equally intense rec-

tangularly polarized beams w^hich would in-

terfere in pairs and produce fringes. Fresnel

found, however, that no fringes were formed.

Let us see wherein the difference Hes.

We will begin by assuming ordinary light to

consist of plane polarized light, the plane of

polarization changing constantly with great
rapidity. Suppose at a given moment the plane of polarization of

the light incident on the slits to be represented by the line AB (Fig.

123) : furthermore, let mm' and nn' be the planes of polarization of
the beams transmitted by the mica plates. The \abration OB is

resolved into the vibrations on' and wn'; one pile of plates transmits
the former and the other pile the latter component. We thus have
beams from the slits polarized at a right angle to each other. We
will now bring them into the same plane by means of the doubly
refracting crystal, which we will suppose to be tourmaline, since this

crystal has the property of absorbing one of the rectangularly polar-

ized components into which it divides a ray. Suppose the crystal so

placed that the plane of the transmitted vi))ration is parallel to the
plane of the vibration of the incident light (which wo consider jilane

polarized) for an infinitesimal of time. Call this plane AB as be-
fore (Fig. 124). on' will be resolved into components, one of which,
od, is transmitted, and otn' is also resolved into two comiionents,
one of which, oe, is transmitted. These two beams are of equal in-

tensity and polarized in the same plane, and will accordingly pro-

duce a set of fringes. And now comes the important point.

The plane of polarization of the incident light is changing with



INTERFERENCE OF LIGHT 151

Fig. 124.

inconceivable rapidity all the time. In the next infinitesimal of

time suppose the plane turned through a right angle to the position

A' B'. The piles of mica plates re-

solve this into on' and otn at right

angles to each other. The tourmaline

plate only transmits the components
which are parallel to AB, namely, od

and Of?', which do not coincide, but
have a phase difference of 180. The
two equall}^ intense beams give rise to

a set of fringes as before, but a phase
difference of 180 exists between them,
and the maxima fall in the places oc-

cupied by the minima of the previous

case. The non-interference of two
beams polarized at a right angle, ob-
tained from ordinary hght and brought
to the same plane of polarization, is

then only apparent. What we really

have are maxima and minima, which
change place as rapidly as the plane
of polarization of ordinary light changes, and the result is uniform
illumination. Were it possible to take an absolutely instantaneous
photograph of the illuminated field we should probably find the
fringes.

If two beams of light polarized at right angles were derived origi-

nally from a polarized beam, they will interfere when brought into

the same plane of polarization.

This is simply the permanent condition of what in the previous
case existed only for an infinitesimal of time, and was experimentally
investigated by Fresnel, who found that the position of the maxima
in the fringe system depended on whether the plane, into which the

rays polarized at right angles were brought, was parallel or at right

angles to the original plane, a phase difference of 180 being intro-

duced in the latter case, as we have seen.

The Fresnel-Arago Laws. — These results can be summed up into

what are knoT\ai as the Fresnel-Arago laws.

1. Two rays polarized in the same plane interfere in the same
manner as ordinary light.

2. Two rays polarized at right angles do not interfere.

3. Two rays polarized at right angles (obtained from ordinary
light), and brought into the same plane of polarization, do not
interfere in the ordinary sense.

4. Two rays polarized at right angles (obtained from plane po-
larized light) interfere when brought into the same plane of

polarization.

5. In the latter case, under certain conditions, half a wave-length,
corresponding to the phase difference of 180, must be added to the
path difference.

The Colors of Thin Plates. — The iridescent colors which are

displayed by thin films of transparent substances were first investi-
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gated by Boyle. In 1665 Hooke de\'ised the method of producing
the colors Vjy means of an air film between two lenses of large radius

of curvature. He found that the colors were distributed in concen-

tric rings, showing that they depended on the thickness of the film,

and that equal thickness gave always the same color. Hooke ex-

plained the production of color as follows. A portion of the hght is

reflected from the upper surface, and a portion penetrates the film

and is reflected from the lower surface. This portion has suffered

two refractions and a reflection, and is weakened in consequence.

This weaker impulse will reach the e^^e a moment later than the one
coming from the upper surface, and Hooke supposed the sensation

of yellow to be due to a weak impulse following a stronger one. If

the thickness of the film increases, the weaker impulse will lag

behind the stronger until it will unite with the next following

stronger, finally lagging behind this sufficiently to once more pro-

duce the sensation of j^ellow. Thus he explained the recurrence of

the color with increasing thickness. Hooke's notion was that sensa-

tion of color depended on successive impacts on the retina of strong

and weak impulses. If the .stronger preceded the weaker one color

was produced. If vice versa, then another color resulted. He was
right in explaining the color as produced by the union of the Hght
streams reflected from the two surfaces, and being ignorant of the

nature of white light and of wave-length as we speak of it, gave what
seemed the simplest and most probable explanation of the regular

sequence of the colors.

The subject was more carefully investigated by Newi;on, wiio

made careful measurements of the colored rings (since known by his

name) produced by the air film between a lens and a plate of glass.

It remained for Young, however, to give the true explanation

that the rings were due to the interference between the w^ave-trains

reflected from the upper and lower surface of the film.

If we place the curved surface of a plano-convex lens of very long

focus (the longer the better, say 2 or 3 metres) on a flat plate of glass,

and view the reflected image of a sodium flame, we shall see the

point of contact surrounded by dark and bright circles of Hght, pro-

duced by interference of the streams of Hght reflected from the two
surfaces. This gives us a very simple means of obtaining inter-

ference under a variable path difference. The diameters of the

circles vary according to the same law as that which obtains in

the case of the zone-plate, the scale however varies with the wave-
length, red Hght giving us larger rings than yellow or green.

If the source emits two wave-lengths, the l)right rings will there-

fore be in-step at some points, and out-of-step at others. In the

case of sodium light we have two wave-lengths the tlifference be-

tween wiiich is tiiVtt of their actual values. The fringes are tliero-

fore exactly out-of-step, or in " Dissonance " at the 500th ring from
the centre. At the 1000th ring tiieyare again in-ste)i or in " Con-
sonance." When in dissonance tliey are cjuite invisible. The al-

ternate appearance and disappearance of the sodium flame rings

cannot l)e well seen with the lens and plate unless we use a strong

magnifying glass to view the fringes.
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Their distinctness is much greater if we get rid of the Hght re-

flected from the upper surface of the lens, and the lower surface

of the plate. This can be done by putting a horizontal sUt .5 cm.
in width in front of the soda flame. The images reflected from the

Fig. 125.

different surfaces will appear separated, the rings being seen only

in one of them. An easier way of showing Dissonance is to use a

lithium and thallium flame. This gives red and green rings where
dissonance occurs, and yellow (subjective) at the points where the

red and green are superposed. If white light is employed we get

colored rings.
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The best arrangement of all, however, is to blacken the back
surface of the lens with, a mixture of glycerine and lampblack,
which can be easily washed off, and lay upon the curved surface a
thin prism of small angle (say 8 or 10 degrees), fastening it in posi-

tion ^\ith a few drops of melted wax at the comers.
It can now be mounted in a vertical position, and the light from a

mercury arc throwTi upon it with a condensing lens placed in such
a position that the reflected light is focussed upon a photographic
objective placed in such a position that it gives an enlargement of

several diameters. The rings can be observed with an ejT-piece
or photographed. A tank filled with a solution of bichromate of

potash, used as a ray filter, gives us only the green and the two
yellow lines ; we can see the dissonance of the green and yellow
fringes, and far out in the system the dissonance of the two yellow
lines. A photograph of these fringes made by the author is repro-

duced in Fig. 125. In the upper figure we have the fringes formed
by the green mercury light, just below those obtained vnth. the
green and the two yellow lines. In this case the green and double
yellow lines get out-of-step at intervals. Far out in the system
the two yellow lines get out-of-step, and their dissonance with the

green line vanishes. Still farther out dissonance again occurs. In

the lower figure we have the rings formed by the two yellow, the

green and a number of blue and violet lines, producing a remark-
able complex of color when seen with the eye-piece.

Newton's Rings. — The thickness of a film of air at anj' point

between a spherical and a plane surface in contact is easily expressed

in terms of the distance of the point from the point of tangency, and
the radius of curvature of the surface.

This gave Newton the means of accurately determining the color

produced by an air film of any thickness. A lens, the radius and
curvature of which is known, is placed on a piece of plate glass and
viewed by reflected light. Circular colored rings are seen sur-

rounding the point of contact, the colors being most brilliant

where the air film is very thin. We ^^^sh to determine its thickness

e, for example, where the first yellow ring appears. Let the radius

of curvature of the lens be R, and the radius of the vellow ring r

(Fig. 126). We have

r^ = R^-{R-€y = 2R€-c^ or € =
2R'

since e^ is small in comparison to 2 ^e, an expression which shows

us that the thickness of the air film is proportional to the square
of the radius of the ring. Xewton found that

with monochromatic light he got alternately

bright and dark rings, and that the rings when
produced by red light were larger than when
produced by blue. With white light, then, we
have an infinite number of ring systems super-

posed, and to the blending of these systems is

due the complicated succession of color ol)served l)y Newton.
It may be remarked here that in viewing the interference phe-
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nomena produced by thin plates, the eye must be focussed upon
the fihn.

Let AB be a ray incident nearly normally on the upper surface

of the air film (Fig. 127). A portion is refracted to C, where it

undergoes a second reflection, emerging from the upper surface

after a second refraction at D. It then pursues a direction identical

with the first reflected portion of some other ray A'D, very close to

AB. (If the incidence is absolutely normal, it will coincide, of course,

\\ath the first reflected portion of AB.) Suppose the path BCD to

be one-half wave-length. Then the waves which have twice trav-

ersed the film ^vill be half a wave-length behind those which are

reflected from the upper surface, and if the amplitudes are the

same there will be destructive interference, and no fight will be

reflected by the film. In other words, every ray

which would orchnarily be reflected from the

upper surface will be destroyed by one coming
from the under surface. If the film were in-

finitely thin the path BCD would be zero, and we
should expect the waves to agree in phase and
reenforce one another ; but, as a matter of fact,

we find that when the film is very thin exactly

the reverse is true, no light is reflected: and
when the path BCD, which is practically twice

the film's thickness, is exactly one-half wave-
length, we have the two streams reenforcing each

other instead of destroying each other. The explanation of this is

that the two reflections take place under different conditions. At
the upper surface the reflection is from a dense medium to a rare

;

at the lower surface, from a rare to a dense. The waves reflected

at the rarer mecUum are reflected without change of phase, those

reflected at the denser medium suffer a phase change of 180°. This
is, of course, equivalent to a path difference of half a wave-length.

When the thicloiess of the plate is small in comparison with the

wave-length, the waves reflected at the lower surface destroy those

reflected from the upper surface, by virtue of this sudden change
of phase, and no light is reflected.

This explanation was given by Young, who devised a very beau-
tiful experiment in support of it. By using a lens of crown and a
plate of flint glass with a film of cassia oil between them, he secured

a system in which reflection from the upper and lower surface of the
film took place under the same concUtion, the oil having a refractive

index intermediate between that of the crown and flint glass. The
ring system formed under these conditions had a white centre, ex-

actly in accordance with his theory.

Under normal incidence we have then the following equations for

the thickness e of the film :

e={2 n — 1) ^ for a maximum

e= 2(n — 1) for a minimum
4

by reflection,
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where the reflection takes place under opposite conditions, and

6 = 2^7 for a maximum
4 I

} by reflection,

e = (2 ?i + 1 ) - for a minimum
4 J

where the conditions are the same as in the case of the cassia oil

experiment. In these equations A is the wave-length in the film. If

the film has a refractive index /j-, and A is the wave-length of light

used, we must write - for A in our equations.

To determine the successive thicknesses of the film which will

reflect hght of wave-length \, we give to n values 1, 2, 3, 4, etc., and

find for e values corresponding to T> 3-, 5-, etc. That is, thick-

nesses corresponding to odd values of the quarter wave-length give

maxima, and thicknesses corresponding toO, 2-, 4-, etc., give minima.

With films of such thickness that no light is reflected, the energy
is not lost, but is transmitted ; therefore such films have an increased
transmitting power for monochromatic hght, none being lost ])y re-

flection from the first surface.

The above equations show us that as we increase the thickness of

the film it alternately reflects and refuses to reflect ; therefore in the
case of a film enclosed between a lens and a plate, the thickness of

which increases as we go out from the point of contact, the locus of

points in the film which reflect and which refuse to reflect, are con-
centric circles.

Newton's Rings in White Light.— The formula for the thickness
of the plate required to produce a maximum or minimum, shows us
that if we decrease A we must decrease the thickness of the film

;

that to produce the first red maximum the thickness of the film

must be j of the wave-length of the red wave, while to produce the
first blue ring, it must be only ^ of the blue wave. The first blue
maximum, therefore, lies nearer the centre than the red, and the
maxima for the other colors occupy intermediate positions. An in-

spection of the formula for the maxima e=(2 n — l)- shows us that

with a given thickness, large in comparison to the wave-length, the
formula \\ill hold for a numl)er of different values of A, taking differ-

ent values as we change A. Thus a given thickness may fulfil the

conditions of the equation for maxima for a large number of differ-

ent colors. The analogy between this cavse and that of the fringes

produced by the Fresnel mirrors with large patli-difference is ob-

vious. vSuppose the thickness of the film to be .01 m., wc then hav(^

.01=n7 or .04 = nA for a maximum when the value of ?i is anv odd
4

number. If we give A its value for red, .0007, we find n to lie 57, or

we have n = bl for red, corresponding to the 28th maximum.
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With violet light of wave-length .0003 we find n = 133, corre-

sponding to the 66th maximum. Between these two values we shall

have 66.28 other maxima for intermediate wave-lengths. Con-
sequently a film measuring .01 mm. in thickness will reflect 38
different parts of the spectrum and refuse to reflect 38 intermediate

parts, or if we examine the light reflected from the film with the

spectroscope we shall find the spectrum crossed by 38 dark bands.

Refractive Index and Dispersion of a Thin Plate.— It is plain that

we have here a means of determining the thickness of a thin film.

By examining the light reflected from it with a spectroscope and
counting the number of dark bands between any two known points

(Fraunhofer lines) in the spectrum, we can, by making the substitu-

tions in the formula, calculate the thickness. In the formula which
we have given we have supposed the incidence normal, and A. to be
the value of the wave-length in the material of the film. If we are

dealing with films of glass we must, of course, reduce the wave-
length values to their values in glass.

The complete formula for determining the thickness of a plate of

any substance with light reflected at any incidence is

nX-[Xo
e =

2)u,cos?'(Ai— A^)'

in which n is the number of dark bands between wave-lengths Xj, X^,

fji the refractive index of the film, and r the angle of refraction.

If we know the thickness we can determine /j. at different points

of the spectrum, or measure the dispersion.

Influence of Multiple Reflections. — The theory of thin plates

as it came from the hands of Young had an imperfection. The por-

tions of the light reflected from the two surfaces are not equal, since

the light which suffers reflection at the second surface has already

been weakened by reflection at the first. The two portions should

therefore never wholly destroy each other as they do when we em-
ploy monochromatic light. Poisson showed that we must take into

account the multiple reflections which occur within the film. If

the retardation of the ray A'B'C'B on the

ray AB is S= 2ecosr, the retardation of

consecutive rays incident at B" B'" , etc.,

are 2 8, 3 8, etc. (Fig. 128). We thus

know the phases of the components as

they arrive at B, and to calculate their

joint effects we must know their ampli-

tudes. A certain percentage of the incident

light will be reflected at the glass-air surface, and a certain per-

centage at the air-glass surface, but we have no right to assume that

the fractional part reflected is the same in each case. The following

method of ascertaining the relations between the amplitudes of the

reflected rays was used by Stokes.

Let the amplitude of the incident ray be a, then the amplitude of

the reflected ray will be ah, in which 6 is a fraction, and the am-
plitude of the refracted ray will be ac, c being in general a fraction
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larger than h. By the principle of reversibility, if we send these

two rays back along their paths, they should give rise to the orig-

inal ray, reversed in direction of course, wdth
the original amplitude a. If we reverse BC,
however, it uill give rise to two rays, one along
BA of amplitude ab-, and one along BE of am-
plitude ahc. In reversing DB we cannot obtain

the amplitudes of the reflected and refracted

components by multiplying its amplitude by b

and c respectively, since the reflection takes

Fig. 129.
" place under different conditions. AVe will there-

fore designate the amplitudes of the reversed

components of BD by acf (along BA) and ace (along BE). If the

sum of these components is to represent a ray along BA of am-
phtude a, and we are to have no raj' BE, as must be the case if the

reversed rays give rise to the original ray only, the following rela-

tions between b, c, e, and / must hold :

acf+ab^= a and ace+abc = 0.

These equations give us

c/= 1 — 6' = 1 — e and b= —e.

The latter equation shows us that the amplitude of the ray aris-

ing from reflection in passing from the upper to the lower medium
is equal to the amplitude of a ray of equal intensity which has suf-

fered reflection in passing from the lower to the upper medium.
The fact that the sign of b is opposite to the sign of e indicates

moreover that there is a relative phase change of half a period between
the ray reflected under opposite conditions. This explains the ab-

sence of a ray along BE when wo reverse the reflected and refracted

components, the components along BE ha^^ng a phase difference

of 180 and destroying one another.

The perfect blackness of the interference fringes when mono-
chromatic light is used follows at once from the above equations.

The amplitude of the stream reflected from the first surface is ab.

The transmitted amplitude is ac, of which abc is reflected from the

lower surface, and abcf emerges into the upper medium. The
amplitudes emerging into the upper medium owing to the multiple

reflections form a series abcf + a¥cf + ab^cf H— . Complete inter-

ference will occur if the sum is equal to ab. This is seen to be the

case, for

abcfil+b' + b\ etc.)=abcf=\^ =ab-^=ab,
1 — 0' 1 —

since c/= l—b^, as we have seen above.

Curves of Equal Thickness and Equal Inclination. Haidinger's

Fringes.— In the caseof friiig(>s formed by the reflection of Hght from

a thin fihn of varial)le thickness, tlie thickness of the fihn ak^ig any
fringe is a constant. These fringes are therefore called "curves of

equal thickness."
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The fringes are located at the film, and the eye should be focussed

on the film to see them distinctly.

Another class of fringes was first described by Haidinger, in 1849,

and subsequently studied by Michelson in 1882 and by Lummer
in 1884. They are produced by interference of light reflected from
the surface of a thick plane-parallel plate, when waves of different

incUnations fall upon it. To see them as circles the eye must be
normal to the plate, and the fight reflected clown upon it by a trans-

parent plate-glass mirror mounted at an angle of 45° between the

eye and the plate. They are located at infinity, i.e. formed by the

interference of parallel rays, and are invisible unless the eye is fo-

cussed for infinity.

Testing Glass Plates for Flatness and Plane-Parallelism.

—

If we have an optical glass flat, we can test the flatness of any
other plate by laying it upon the flat and observing the reflection

of a sodium flame from the surfaces. Flatness is indicated by
perfectly straight fringes, parallel and equidistant. If we have no
flat plate we can use a method due to Lord Rayleigh. The glass

plate is mounted in a small cUsh, which is then filled with clean water
until the fluid covers the plate to the depth of about a milli-

metre. There should be a margin of surface of 2 or 3 cms.

between the edges of the plate and the sides of the dish, to

avoid capillary troubles. The whole is mounted upon a stand

provided with levelfing screws, in a locality free from all tremors.

A glass plate should be placed over the dish to prevent air cur-

rents from disturbing the surface. The fringes formed by the

interference between rays reflected from the glass-water surface

and the water-air surface are observed. The two surfaces should

first be made as nearly parallel as possible, by observing the re-

flection of a very small and bright point of light, and bringing the

two images together by means of the levelling screws. A small

mirror should be mounted over the surface of the water which re-

flects sodium light down upon the surface. The surface should

be observed by means of a magnifjang glass. At first the fringes

will usually be found very close together, but they may be made as

broad as desired by levelling. If the water surface is of a certain

thickness, they may not appear owing to the fringes formed by Di
and Z>2 being in dissonance. It is safer to use the fight of the mer-
cury arc filtered through a green glass, for the green line is very ho-

mogeneous. If the fringes are curved the plate is not flat. We
must now determine the nature of the surface, that is whether con-

vex or concave, spherical, cylindrical, or saddle-shaped.

If we move our eye so as to increase the angle of incidence, the

retardation will decrease, since cos i decreases in the formula for a

2 jxe cos i= n\

fringe of order n which remains constant for a given fringe. The
thickness e must therefore increase, and a given fringe move
towards a region of greater thickness.

If the surface is convex the fringes will move out towards the
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edge as the eye is moved down, if concave they \\'ill move away from
the edge.

It is however so much easier to work with a glass flat, that the
water method should only be attempted to standardize the test

plate. Suppose we have a small square plate which we know to be
flat.

If we place a larger piece of thin plate glass upon it, and press do^^^l

upon the four corners with the fingers, the under surface will be-

come concave, and we see Newton's rings, which will close in to-

wards the centre as the eye is moved down.
If the surface is cyUndrical, and we can bring the plate into this

condition by pressing down upon two opposite edges, the fringes will

be straight, but not equidistant, lying closer together along the tw'o

edges than at the surface.

A saddle-shaped surface gives fringes shaped like hj^Derboloids.

The thickness along a given fringe is a constant, and the fringes can
therefore be regarded in the same way as the contour hues on a map.

It is instructive to try the experiment of improving or figuring a

poor surface by means of dilute hydrofluoric acid applied with a soft

brush over the regions from which material must be removed.
The surface should be tested frequently liy laying it upon the test

plate. A subse^^juent polishing with rouge upon a surface of pitch

will remove the slight irregularities introduced by the etching process.

To test for plane-parallelism we observe the Haidinger fringes

obtained with thick plates when the eye is focussed for infinity.

Mount the plate in a horizontal position and reflect the green

light from the mercury arc down upon it from above by means
of a piece of plate glass at an angle of 45°. The plate must
first be made perpendicular to the line of vision (from above) by
observing the reflection of the pupil of the eye in it. The fringes

appear as concentric circles w^hen the eye is focussed for infinity.

The direction of the incident light and the line of \ision should

coincide as nearly as possible. Fix the attention upon the central

ring, and move the plate slowly in its own plane. If the rings ex-

pand, new ones opening out from the center, we are moving towards
a region of greater thickness, for the incidence angle i is greater

for each successive ring and the formula for a ring of order n is

nX = 2 jxe cos i.

As i increases cos i decreases, therefore e must increase, that is the
ring moves out. To determine the error, count the rings which
develop in passing from edge to edge of tiio plate. If k represents

this number, then ^ is the number of wave-lengths by which the

plate departs from parallelism, and —- X is th(^ actual difference in

thickness in millimetres. i\ — .OOO')!!) for the green mercury
light.)

Colors of Iridescent Crystals and Opals. — Some very remarkalilc

phenomena connected with the colors of thin films are frequently

I
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exhibited in crystals of chlorate of potash. The cause of these colors

was investigated by Stokes, and found to be due to the existence of
planes \\nthin the (;rystal at which a periodic "twinning " had oc-

curred. The colors are extremely brilliant and pure, much more so

than any exhibited by soap films. An interesting paper by Lord
Rayleigh will be found in the Phil. Mag., xxvi., pp. 256-265, 1888.

One of the most remarkable facts connected with the phenomenon
is that the spectrum of the reflected light is frequently found to con-
sist almost entirely of a comparatively narrow band. The same
phenomenon is also exhibited by the fiery opal. One in possession
of the author at a certain angle of incidence reflects yellow light

which, when examined in the spectroscope, is found to consist of a
narrow band not much wider than the distance between the yellow
mercury lines. In the case of a single thin film, of such thickness
that but a single region of the spectrum is reflected, this region is

always of considerable breadth. To account for the reflection of

light of such a high degree of purity Lord Rayleigh assumes that
the reflection takes place at a number of thin laminae sensibly

equidistant, the distance between any two being of the order of

magnitude of the light-wave. Quoting from his paper, " In order
to explain the vigor and purity of the color reflected in certain
crystals it is necessary to suppose that there are a considerable
number of thin surfaces disposed at approximate equal intervals.

At each angle of incidence there would be a particular wave-
length for which the phases of the several reflections are in agree-
ment. The selection of light of a particular wave-leng-th would thus
take place upon the same principle as in diffraction spectra, and
might reach a high degree of perfection." Lord Rayleigh de-
scribes an interesting acoustical analogue, the sound of a bird call,

giving a pure tone of high pitch, being most copiously reflected

from a number of flat equidistant screens made of thin muslin,
stretched upon brass rings at a certain distance apart (Nature, xl.,

p. 227, 1889).

This remarkable limitation of the reflected hght to a narrow region
of the spectrum will be better understood after a study of the cUffrac-

tion grating. It -will be interesting to compare this action of mul-
tiple films with the action of the Fabry and Perot Interferometer,
which will be described in a subsequent chapter. The colored crys-

tals of chlorate of potash are easily prepared by making a hot satu-
rated solution of the potash, and allowing it to cool slowly in a large

flat-bottomed tray. On breaking up the crystalhne mass, and
shaking the tray gently in front of a window, numerous highly
colored flakes will appear, which can be hfted out by means of a
small bent spatula, made of thin sheet copper or brass. They
should be dried on filter-paper, and mounted in balsam, preferably
between two glass prisms of about ten degrees angle. The thin
flakes have the remarkable property of reflecting practically all of

the incident light of a certain color or colors, while freely trans-
mitting the remainder of the spectrum. The reflected colors are
of great spectral purity, the width of the band being sometimes not
greater than the distance between the yellow mercury lines. Seen
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by transmitted light the flakes often appear delicately tinted, and
the spectrum of the transmitted hght -^ill be found to be crossed by
one or more narrow and intensely black bands.

Stokes observed that many crystals reflected two or even three

narrow bands in the \dsible spectrmn, and inferred that, in these

cases, there must be several sets of multiple t\\-in planes. It seems

curious that he was led to adopt this hypothesis, as the more ob-

\'ious explanation would be to refer the colors to different orders.

A tliin film, or a number of parallel thin films of equal thickness D,
reflects at normal incidence light of wave-lengths given by the equa-

tion 2 Z) = 0, 2 D = A, 2 Z> = 3A, 2 Z> = 4A, etc., if we consider

no phase-change to occur. If 2 Z) = .0006 mm. the film will reflect

red fight, and ultra-violet fight of wave-lengths .00030 and .00020.

If, however, 2 D is equal to some wave-length in the infra-red region,

say at .0012 mm. (1.2/*), it is clear that we shall have more than one

reflected color in the visible region, the maxima occurring at wave-
lengths .0006, .0004, .0003, .00024, etc. Such a film should appear
purple, since it reflects red and \iolet light. If the first-order color

is at 2 /u. the higher orders will faU at 1 ju., .66 /*, .50 /x, .40 /a, etc., and
the films will reflect narrow regions in the red, green, and violet.

We can moreover, by measuring the wave-lengths of the bands in

the visible and ultra-violet spectrmn, calculate the position of the

first-order band in the infra-red. An examination of the crystals by
tran'imitted light, derived from a cadmimn spark, with a small

quartz spectrograph.
ai !

• \ f^ showed that they were
perfectly transparent do^^'n

to the very end of the spec-

trum. The following in-

vestigations were made by
the author.

A number of the films

were mounted in glycerine

I

betweentwo quartz prisms.

1

I
by which device all light

I

except that reflected from

I

the equidistant laminae is

eliminated. The colors ap-

jiear much more saturated

;
when the films are thus
mounted, for the light re-

flected from their upper
and lower surfaces is not

destroyed by interference,

j
and dilutes the selectively

[ J reflected colors. This cir-

cumstance maybe due to

the fact that the distances

of the surfaces from the neighbouring twin planes is not equal to

the distances between the parallel .strata, or jiossibly to the large

ami)litudes of the disturl)ances reflected from tiie outer surfaces.

tiPJt iiiJBii

4
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The films, after having been prepared in the manner described

above, were mounted in front of the sht of a small quartz spectro-

graph, and oriented so as to throw the light from a cadmium spark

into the instrument.

A series of photographs obtained in this way is reproduced in

Fig. 130. In some cases a number of bands appear in the ultra-

^^olet, and in other cases only one or two. It is obvious that the

thicker the reflecting strata, the larger will be the number of regions

selectively reflected in a given spectral range. The approximate

values of the lengths of the reflected waves are given in the following

table

:
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meantime. This cm-ve is reproduced in Fig. 131. The wddth and
asymmetry of the infra-red, or first-order band, are due to the
fact that the energy curve in this region of the spectrum is very
steep and asymmetrical.
A crystal reflecting red, green, and violet bands at wave-lengths

66, 50, and 40, should show two maxima in the infra-red, one at 2 /a,

the other at 1 /a.

It seems probable that large-sized flakes of chlorate of potash
may at times prove useful in research work when it is desired to

isolate a single spectral line, or cut out a narrow region of a con-

tinuous spectrum. The advantage of the flake over the spectro-

scope would lie in the large amount of light availal^le, which is often

of great advantage. The power of the crystals to reflect a compara-
tively narrow band in the infra-red might sometimes be made use

of as well. In making crystallizations on a small scale, I have sel-

dom obtained satisfactory flakes much over .7 cm.'. Larger ones

could perhaps be made by working on a large scale.

One flake, measuring about 6 mms. on a side, exhibited total

reflection at normal incidence of a region of the spectrum only 10 or

12 Angstrom units in width, that is, only double tlie distance between
the I) lines. The spectrum of the transmitted light (>xhil)ited a very
black band at the same point, and of tlu^ san\e width. This band
was photographed, after having been i)rought into the vicinity of

the D lines by suitalile inclination of the plate, and the D lines

themselves impressed on the plate by iiolding a sodium flame in

front of the slit for a few seconds. The i)hotograi)h is reproiluced in
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plane, AAithout alteration of the angle of incidence, the pecuhar
reflection vanishes t\\'ice in a revolution, viz. when the plane of in-

cidence coincides with the plane of sjTiimetry of the crystal.

(2) As the angle of incidence is increased the reflected light be-

comes brighter and rises in refrangibility.

(3) The colors are not due to absorption, the transmitted hght
being strictly complementary to the reflected.

(4) The colored hght is not polarized. It is produced indiffer-

ently whether the incident light be common hght or polarized in

an}' plane, and is seen whether the reflected hght be \iewed directly

or through a Nicol 's prism turned in any way.

(5) The spectrum of the reflected light is frequently found to

consist almost entirely of a comparati^'ely narrow band. "\Mien

the angle of incidence is increased, the band moves in the direction

of increasing refrangibility, and at the same time increases rapidly

in width. In many cases the reflection appears to be almost total.

Efifect of a Prism upon Newton's Rings. — It was observed by
Newi:on that, when the colored ring system formed by a lens and a
flat plate was viewed through a prism, the number of rings visible

was greatlj^ increased on one side of the system, the increase being
about twelvefold. If the fringes were equidistant, as is the case

with the Fresnel mirrors or the bi-prism, a prismatic shi/t would
bring the fringes of different colors into step at a point far out in the

system, but would throw them out-of-step at the centre, so that

their appearance would not be much altered. The rings, however,

become narrower as we advance out into the system, and if we sim-

plify the problem by supposing that we have only red and blue

fringes which are shifted through different distances by the prism, it

is not difficult to see how the achromatization results, for the blue

ares, from a portion near the centre, can be made to fit approxi-

mately over the red arcs in a more remote region. Now the blue

rings are shifted more than the red, consequently the achromatiza-

tion will occur on the -side of centre towards which the shifts have
taken place. A full treatment of the subject v,i\\ be found in Lord
Rayleigh's paper on achromatic interference bands (Phil. Mag.,
1889). Fringes can often be found by this means on thin glass

bulbs, easil}^ made by blowing out a glass tube ; sodium light will

give fringes without the prism, but nothing can be seen \\ith white
light owing to the thickness of the glass.

Achromatization of the Fringes formed by a Thin Reflecting

Lamina. — An arrangement was devised by Talbot which yielded

achromatic fringes of equal widths. The achromatization which we
have just considered depends upon the different widths in the differ-

ent parts of the system, and cannot be aj)plied to the equidistant

fringes obtained with a wedge-shaped film.

To obtain achromatization in this case it is necessary to arrange
matters so that the scale of the system is the same for the different

colors. Now the scale depends on th(> angle of tiie wedge (which is

obviously fixed) and the angle of refraction. I'nder ordinary cir-

cumstances the angle of refraction is very nearly the same for the

different colors, but if we employ an air film between glass plates,
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with the hght incident in such a direction that the angle of refrac-

tion is nearly 90°, owng to the powerful dispersion the angle will

vary with A, and since the angle is greater for the blue than for the

red, the blue fringes may be formed on the same scale as the red,

and nearly perfect achromatization result.

To obtain a sufficiently large angle of refraction it is necessary to

employ a prism of the form shown in Fig. 133. A right-angle prism
answers nearly as well. It should be placed with its hypotenuse on a
silvered glass plate or a plate of polished speculum metal. A hori-

zontal slit illuminated with, white light is placed in such a position

that the light is incident on the second surface at nearly the critical

angle. This position can be found by lifting one end of the prism a
little and watching the slit image,

varying the height of the slit until a '\

number of images appear side by
side. On lowering the prism these \ .''

images will run together. They are

virtual images formed by multiple

reflections between the prism face
|

and the metal plate. This condition pj^ ^33
has been overlooked by the majority

of previous writers, so far as I have been able to find, and it modifies

the appearance of the fringes, as we shall see presently. The colored

fringes can now be found with an eye-piece, and by tilting up the

edge of the prism which is nearest to the slit it is usually possible to

achromatize them at once, 50 or 60 black and white bands appearing
in the field. When the prism rests on the plate, the fringes are broad
and highly colored. An eye accustomed to the appearance of fringe

systems near the central

fringe will recognize that

there is something peculiar

in this case. The appear-
ance is due to the fact that

we have a number of virtual

sources in line one behind
the other. If the slit is

illuminated with sodium
light, the fringes will pre-

sent a remarkable appear-

ance. The maxima will

appear bright and narrow, with broad minima between them. On
one side of each maximum a number of fainter maxima will be seen,

which gives a corrugated or shaded appearance to the system. A
photograph of the system can be obtained by laying an orthochro-
matic plate on the face of the prism, and exposing it for a couple
of hours, taking care to shield it from all light except that which
comes through the slit. A picture obtained in this way is repro-
duced in Fig. 134.

The influence of the multiple reflection is to increase the steepness
of the intensity curve for the maxima. A similar effect occurs in the
case of the Fabry and Perot interferometer. The explanation of



168 PHYSICAL OPTICS

the phenomenon will be postponed until we come to the study of

diffraction, and discuss the fringes produced by more than two
similar sources.

On the Polarized Fringes produced by the Interference of Two
Streams of Light polarized at Right Angles.^— In the case of ordi-

nary thin-film interferences the planes of \dbration of the disturb-

ances reflected from the two surfaces of the film are parallel.

It is possible, however, to prepare a film which shall fulfil the

requirement that the \dbrations reflected from its upper surface

make any desired angle wdth those coming from the lower surface.

The path-difference between the two streams will vary Tvdth the

thickness of the film ; and if the amplitudes be equal we shall have the
\dbrations compounding into circular, elliptic, or plane ones, accord-

ing to their phase-difference.

A thin glass or gelatine film, backed by a metallic reflecting sur-

face, is all that is necessary. The incident sodium light should be
polarized at an angle of 45° with the plane of incidence by passage
through a Nicol, and the reflected light examined ^\'ith an analyzing

Nicol. The fringes obtained in this way present a most curious

appearance, reminding one forcibly of a spectrum line ^\'ith a fainter

component seen in the Fabry and Perot interferometer. Their
general appearance is shown in Fig. 134 a, which represents the fringes

obtained b}^ flowing a plate of speculum metal with a rather dilute

solution of gelatine, and allo^^ing it to drj' in a shghtly incUned
position.

The easiest way to get them, however, is to blow out the end of a

rather large glass tube into a large thin balloon of tissue glass, picking

out a portion, bj' the light of

a sodium flame, which shows
fairlj^ straight interference

fringes one or two millimetres

apart. A small piece of the

thin glass is laid, "v\ith its

slightly convex side dowai,

upon a clean mercury sur-

face, and sodium light, polar-

ized in azimuth 45°, reflected

from the surface at an angle

of about 60°. On viewing

the reflected light through a

Nicol, the curious double

fringes can be easily found
by slowly turning the Nicol.

The ligiit will bo found to be

\ r\\ lC\ \ rX\ VA plane-polarized along the

\, V) \ \J >!> \J \ ^ lines 1. 3. 5. 7. though in

general the jilanes of polari-

zation along one set of lines

is inclined to the plane of polarization along the alternate lines,

as is indicated below the figure^ the arrows representing the di-

• Wood, Phil. Mag., AprU, 1904.

Fk;. l.'Ma.



INTERFERENCE OF LIGHT 169

rection of the vibration (electric vector). Between the Hnes of

plane-polarized light, which appear as dark fringes when the Nicol
is so oriented as to extinguish the light, we have either elliptically

or circularly-polarized light, as can at once be shown by the intro-

duction of a quarterwave plate, which enables us to extinguish the

light along the lines 2, 4, 6, and 8, by suitable adjustment of the

mica plate and analyzer. The direction of revolution of the vibra-

tion along lines 2 and 6 is opposite to that along lines 4 and 8.

To account for these fringes we must investigate the planes of

polarization of the rays reflected from the two surfaces, and then
compound them with various phase-differences.

The incident light vibrates in a plane indicated by the arrow at the

top of Fig. 134 a. The light reflected from the glass surface is of course
plane-polarized, \dbrating parallel to the surface when the angle of

incidence is equal to the polarizing angle. For larger angles of inci-

dence, the plane of the reflected vibration makes an angle with the

surface, depending on the magnitude of the reflected component
which lies in the plane of incidence. To determine the nature of

the vibration coming from the glass-metal surface, it is necessary to

get rid of the light reflected from the upper surface of the glass.

This can be done by laying a small piece of rather thick plate glass

on a plate of speculum metal with a film of benzole between, and
allowing a narrow beam of light to fall upon the surface of the glass.

The images reflected from the two surfaces appear separated, and
can be independently examined with a Nicol. The benzole film

practically brings the metal surface into optical contact with the

glass. The reflected beams will be found to be plane-polarized, the

\abrations being in the directions shown in Fig. 134 a, for an angle of

incidence near the polarizing angle. As the angle of incidence in-

creases, the planes of the two vibrations both turn towards the ver-

tical, and finally make an angle of 90° with each other, i.e. 60° and
30° with the reflecting surface.

If we compound the two components shown in Fig. 135a with
varying phase-differences, we can account easily for the polarized

fringes. In Fig. 1356 let

BC be the vibration from E

the glass and BA that j^-^-^^n^
from the metal. When .

^^'''
\^ y

^^

the path is zero or a whole '^^^
I v\ \ \ ^n^

number of waves, we have \ I
^n^^^ \ \ ^^s

the plane-polarized result- \ ,' ^x ^\ \ \ "n

ant BE. If the path-dif- \ !

'\ \M \^
ference is an odd number 50/ \| .3 ^^^ S^^^'^^""^^
of half-waves, we have the '_ _ \JJ4rrjZ5° ^^ ^

plane-polarized resultant ^ ]3_

BF. These two states Fig. 135.

occur along the fines 1, 5
and 3, 7 respectively. The angles which the planes of vibration
make ^\dth the reflecting surface should be respectivel}^ greater and
less than the angle made by the component coming from the metal,
as was found to be the case. As we increase the angle of incidence
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the component BC (from glass) increases in magnitude and turns

up towards the vertical, the inclinations of the planes of polarization

of the two sets of fringes becoming greater.

Between the lines along which the light reflected from the film is

plane-polarized, we have hnes of elliptically (or in some cases circu-

larly) polarized light. The directions of revolution were determined
with the quarter-wave plate, and are as shown in Fig. 134 a. Geo-
metrical computations of the elliptic vibrations, resulting from two
components such as are sho^vn in Fig. 135 6, agreed perfectly ^\dth the

experimentally determined orbits, both in respect to the directions of

the major axes and the directions of rotation. The method used was
similar to the one given in Miiller-Pouillet's text-book (vol. ii., 1,

page 1135), the only modification necessary being the rotation of one
of the sets of parallel lines, which represent displacements, through a
certain angle, since, in the case with which we are deaUng, the two
components are not at right angles. By sufficiently increasing the

incidence angle, the components AB and BC can, however, be
brought to very nearly a right angle. At the same time the inten-

sity of the component from the glass surface has increased to such a
degree as to be about equal to the one from the metal, and we have
circular polarization along certain hnes.

Preparation of Films for the Exhibition of Newton's Colors. — In
the case of a thin transparent lamina, such as a soap-film, the ampli-

tudes of the disturbances reflected from the two surfaces are equal,

and consequently completely destro}^ each other when the phase-
difference is 180°. Inasmuch, however, as onh^ a small percentage
of light is reflected from each surface, the colors, though saturated,

are not as intense as is desirable. If a plate of mica is pressed

against a pool of molten seleniimi on a glass plate, and the whole
allowed to cool under pressure, on stripping off the mica, films of

mica of variable thickness will be left upon the surface of the sele-

nium, which show Newi;on's colors of great beauty, arranged in mo-
saics. The patches of ecjual thickness being sharply bounded by
straight lines, present an appearance similar to that of sclenite

films under the polariscopc. The selenium has a much higher

refractive index than the mica, consequently the reflection at each
surface is the reflection of rays incident from a rare to a denser
medium, and the difference of phase is given by the difference of

path alone ; i.e. we do not have the loss of half a wave-length due
to reflection under opposite conditions, as would be the case if the
mica films were in air.

If the mica is cemented to the plate with sealing wax or any of the
common resinous cements, very little trace of the colors is to be seen,

owing to the fact that the refractive indices of the two media being so

nearly the same, practically no energy is reflected from the boundary.
The use of selenium can be avoided by very lightly silvering the

surface of the mica, which may then be cemented to the glass ^\^th

any good laboratory cement, the metallic layer taking the ]ilace of

the medium of high refractive index. This latter method is the best

for the preparation of large mosaics suitable for lantern-projection.

In the patches wliich show no color by reflected light, the interfer-
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ence may be detected with a small spectroscope, the spectrum ap-
pearing crossed by black bands, corresponding in position to the
wave-lengths absent in the reflected light. Still more brilliant films

can be prepared by first thickly silvering the mica, cementing the
silvered side to the glass plate, and then stripping the mica off. The
colors are scarcely visilile, owing to the disproportionality between
the amplitudes of the two interfering streams of light, but appear as

soon as the upper surface of the mica is half-silvered, which can be
done by immersing the plate in a silvering solution until the colors

reach their maximum brilliancy. To obtain films which show the
maxinuim brilliancy, it is clear that the amplitude of the stream
reflected from the first surface must have the largest possible value
consistent with the fulfilling of the condition that it be completely
destroyed by the disturbance coming from the second surface when
the phase-difference is 180°.

In the case of transparent films, the wave-lengths absent in the

reflected light appear in excess in the transmitted light, there being
no destruction of energy. If the second surface is a perfect reflector,

the energy thrown down upon it by interference at the first surface

will all be returned. If we consider tlie upper metallic surface as

non-absorbing, and work out the case by the method of multiple

reflections, we find that no color will be produced, light of all wave-
lengths being reflected -wath equal facility. The fact that brilliant

colors appear, means that light is absorbed at one or both of the

silvered surfaces, since this is the only way in which the energy of

the absent wave-lengths can disappear. If we assume a certain

percentage reflected and a certain percentage absorbed by the thin

silver film, we find that the waves for which the phase-difference is

180° are compelled to make more transits through the film than
those for which the phase-cUfference is 360°. It is possible to obtain

experimentally a concUtion in which the former are almost com-
pletely absent in the reflected light, while the latter are reflected

with scarcely any loss of intensity. To calculate the most favorable

conditions, we should require data regarding the percentages re-

flected and transmitted by films of various thicknesses.

Another method is to substitute a thin film of collodion for the

mica, half-silvering the film as before.

A sheet of glass can be silvered chemically, or procured by remov-
ing the varnish from the back of a piece of modern mirror-glass with
alcohol. The silver film is then flowed with collodion diluted with
three or four parts of ether. As soon as the film dries colors appear,

contrary to theory. These colors may be quite brilliant, and are

due to diffraction, as will be shown presently. If the plate be now
immersed in Brashear's silvering-bath, the colors \\dll instantly

disappear, owdng to the fact that the collodion film and the solution

have nearly the same refractive index. As soon as the silver begins

to deposit, the colors reappear and increase rapidly in intensity.

The bath should be rocked, the process being similar to the develop-

ment of a negative. A little experience will enable the moment of

maximum brilliancy to be correctl}' judged, when the plate should be
iinmecUately removed from the solution, washed, and dried. It is
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well to provide the plate with a cover of glass mounted over it at an
angle of 20°, the whole forming a prismatic box. The object of

inclining the cover is to get rid of the light reflected from it, which
would otherwise dilute the interference colors. Plates prepared in

this way show a wonderful blaze of color and make excellent prepa-

rations for the lantern.

Colors of Frilled Transparent Films on Metallic Surfaces. — We
will now consider a remarkable case of interference which appears to

be essentially different from any of the cases which have been pre-

viously studied. The theory of thin fihns shows, as Lord Rayleigh
points out in his article on " Wave-Theory of Light," that a trans-

parent film on a perfectly reflecting surface shows no interference-

colors. As has been already pointed out, a thin film of collodion

deposited on a bright surface of silver shows briUiant colors in re-

flected light. It, moreover, scatters light of a color complementary
to the color of the directly reflected light. This is apparently due
to the fact that the collodion fihn " frills," the mesh, how^ever, being

so small that it can be detected onl}^ with the highest powers of the

microscope. Commercial ether and collodion should be used. If

chemically pure ether obtained by distillation is used, the film does
not frill, and no trace of color is exliibited. Still more remarkable
is the fact that if sunlight is throwai down upon the plate at normal
incidence, brilliant colors are seen at grazing emergence, if a Nicol

prism is held before the eye. These colors change to their comple-
mentary tints if the Nicol is rotated through 90°, i.e. in the scattered

light, one half of the spectrum is polarized in one plane, and the re-

mainder in a plane perpendicular to it.

In the cases of the transparent films with the first surface lightly

silvered, the second heavily coated, the waves absent in the reflected

light are absorbed b}' the metal, as I have already showTi. In the
present case these waves are scattered by the granular surface. If

a spot on the film w'hich appears purple by reflected light is illumi-

nated with sunlight, it will be found that green light is scattered,

not in all directions, but through a range corresponding to the size

of the granulation, as in the case of the mixed plates, described in

the chapter on Diffraction.

If the light is incident normally, the scattered light comes off

through an angular range included between 10° and 30°, and again

at an angle of nearly 00°, the latter being strongly polarized. Con-
versely, if the sunlight l)e incident at nearly 90°, strongly polarized

light is scattered normally. Considerable difficulty has been found
in explaining these colors satisfactorily. They appear to be satu-

rated, i.e. certain w'ave-lengths are comi)letely alisent in the reflected

light, and until the granulation was detected ^vith the microscope it

was impossilile to make even a satisfactory h>7)othesis. Even now'

the polarization effects are difficult to account for.

At first sight it may seem as if the colors could be classed witii the

pluMiomena of mixed phitt^s, their ])rillian('v and saturation remind-
ing one of the appearances produced by lamiiiary retardation. The
films, however, .show no color by transmitted light wIkmi deposited

on glass, and the effective doubling of the retardation, by the refl(>c-
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tion back through the film by the metal surface, can hardly account
for the observed effects. Moreover, the energy stream reflected

from the surface of the collodion appears to be essential, for if we
emplo}^ light polarized perpendicular to the plane of incidence, and
set the plate at the polarizing angle of collodion, so that no reflection

occurs except at the metal surface, all trace of color disappears. If

the angle of incidence is larger than the polarizing angle, the color

of the reflected light changes to its complementary tint when the
plane of polarization is made parallel to the plane of incidence. As
has been shown in a preceding section, the effects at large angles of

incidence involve the interference of two streams of Ught polarized

in planes inclined at 90° to each other, which are complicated enough
with monochromatic light and structureless films. For the present
only normal incidence ^^ill be considered. Though I know of no
direct way of pro^^ng that, in this case, the light reflected from the

collodion surface is an essential factor, there is strong indirect

evidence.

If the film is wedge-shaped and sodium light is employed, the dark
fringes seen at normal incidence move towards the thick edge of the
wedge as the angle of incidence is increased, exactly as they do with
thin films of the ordinary t^q^e. If the incident light is polarized

perpendicularly to the plane of incidence, the fringes gradually fade
out, disappearing at the polarizing angle. This indicates that they
are produced in the same way at normal incidence as at the polariz-

ing angle, namel}^, through the agency of light reflected from the
surface of the collodion.

If we consider some value of A, for which the path-difference be-

tween the raj'S reflected from the collodion and metal surfaces

amounts to an odd number of half-waves, the color corresponding to

this wave-length \^dll be weakened in the reflected beam owing to

interference. In the case of transparent thin films the absent color

appears in excess in the transmitted light, while in the present case

it is throwTi back through the film by the metal surface. It is thus

clear that the colors which are weakened in the reflected light are

made to traverse the frilled film a greater number of times than the

colors for which the path-difference is an even number of half-waves.
This accounts for the fact that these colors are more strongly

scattered by the granulations of the films.

A collodion surface reflects only about 5 per cent of the incident

energy ; and it is found impossible to account for the strong colors

seen in the reflected light, by compounding the feeble stream of fight

from the collodion vath the powerful stream coming from the metal.

It appeared, however, that the observed effects could be accounted
for, if the somewhat arbitrary assumption were made that the granu-

lated surface reflected more strongly than a smooth surface. As
has been said, the granulations are too small to interfere with the

regular reflection of light, the scattering being selective, so to speak,

i.e. confined to the waves which, owing to interference, are compelled

to traverse the film a number of times.

The assumption above referred to appeared to be too arbitrary to

make without some experimental evidence, and experiments were
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therefore made to determine the effect of the " frilhng " of the film

on its reflecting power. One of the faces of a 60° prism of crown
glass was flowed A\ath collocUon of the same dilution as that used in

the preparation of the colored films. It showed in reflected light

interference-colors, which, however, were \evj much diluted with
white light, owing to the small difference between the refractive

indices of the two media. In working ^nth the film on silver it was
found that, if the colors did not appear at once, as soon as the film

dried, they could be brought out by breathing on the film, the deposit

of moisture being advantageous to the formation of the granula-

tions. It was always possible to intensify the colors in this way.
The film deposited on the surface of the prism was treated in tMs
way, one-half of it being screened from the deposit of moisture by a
plate of glass. As soon as the moisture had evaporated, it was found
that the reflecting power of the surface had been greatly increased,

the film appearing almost as bright as a half-silvered surface.

The increase in the brilliancy of the reflected light was about three-

fold, as was shown by covering the unfrilled portion \\ith a sheet of

thin glass, which about equalized the intensities. In other words,

the frilled collodion surface regularly reflects white light, of an inten-

sity very nearly equal to that of light reflected from three glass

surfaces.

On examining the granular surface with polarized light, it was
found that the angle of maximum polarization was in the neighbor-

hood of 63°, which would make its refractive index about 1.96. The
polarizing angle of the smooth collodion was about 56°, the corre-

sponding refractive index being 1.48.

An attempt was made to determine whether the granulation gave
rise to elliptical polarization, the abnormal value of the refractive

index suggesting the properties of the surface-films, which play such
an important part in the theory of elliptical polarization. No de-

cisive results were obtained, for though the phenomenon was found,
it seemed impossible to eliminate the component reflected from the
collocUon-glass surface, which, as I have shown, may, by interference

with the component reflected from the air-collodion surface, give

rise to an elliptical vibration.

The interferometer failed to show any change in the refractive in-

dex as the result of frilling, which indicates that the effect is con-

fined to the surface. A film deposited on glass of such thickness

as to produce a shift of half a fringe width (sodium light) was frilled

by moisture, one-half being protected by a glass plate. No sliift

was found at the line of demarcation, as woukl have been the case

if the refractive index of the film had been raised from 1.48 to 1.96

throughout its entire thickness. The phenomena described in this

section are worthy of further investigation.

Stationary Light-Waves. — In all the cases of interference which
we have thus far examined, the iiit(M'fering wave-trains have l)cen

moving in the same direction. In acoustics we hav(> cases of inter-

ference where the waves are moving in opposite diriM'tions. Inter-

ference under these conditions gives r-se to the so-called stationary

Avaves. If we send a train of waves along an elastic cord, one end of
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which is fastened, the waves are reflected from the wall, and run-

ning backward along the cord, interfere with the direct waves.

The cord is at rest at points half

a wave-length apart, vibrating in

nodes (Fig. 136). We should ex-

pect something of the kind to

occur when light is reflected nor-

mally from a mirror, and the pos-

sibility of such an action was p^^ 13q
early recognized. Zenker in his

Lehrhuch der Photochromie explains the colors sometimes exhibited in

photographs of the spectrum taken on silver chloride as due to the

formation of layers of reduced silver between the nodal points of a
system of stationary light-waves.

The existence of these stationary light-waves was first demon-
strated in 1890 by Otto Wiener.^ When rays of Ught are incident

normaUy on a pohshed mirror the reflected rays travel back over

the same course. If the light is monochromatic, we shall then have
planes half a wave-lengih apart, parallel to the plane of the mirror

where the ether is at rest. The conchtion is shown in a crude way
in Fig. 137. We require now some device for recognizing the exist-

ence of these nodal planes in the medium in front of the mirror.

Wiener made use of an exceedingly thin photograph film, the thick-

ness of which was less than one-twentieth of the wave-length of

light. Suppose such a film in the position shown by the line

AB. The plane of the film now coincides with the first nodal

plane. There is no vibration of the ether within the film,

and though two powerful streams
of light are traversing it, it will be
unaffected. It is, however, un-
necessary to get the film exactly

into one of these planes, a matter
which would, of course, be exceed-

ingly difficult. Suppose the film

to make a small angle with the mir-

ror occupying the position A'B'.
It will now cut the nodal planes, some portions of it lying in the
loops and other portions lying at the nodes. Those parts of the
film which are in the loops will be acted on, the other places will be
unaffected. Wiener coated a glass plate with a thin photographic
film, placed the film side close to the mirror, at a very small angle,

and allowed monochromatic Ught to pass through the film and
suffer reflection from the mirror. On developing the film he found
it blackened along lines corresponding to the points where it inter-

sected the loops of the standing waves, while the intervening por-
tions were quite clear. Increasing the angle of course caused the
dark lines to become finer, since a greater number of planes were
cut in a given distance.

Some objections were raised against Wiener's demonstration,
founded on the fact that the layer of air between the mirror and

I Wied. Ann., 40, page 203, 1890.

Fig. 137.
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the photographic plate would act in the same manner as the air

film producing Newton's rings ; in other words, the dark bands
might be the result of interference between the light reflected from
the mirror and the under surface of the photographic film. At first

sight these objections seem quite plausible, since the maxima and
minima formed in this manner would be identical in 'position \\\%h.

those obtained by Wiener. With a thin film we get a minimum

when the thickness of the film is - and the next minimum when it
4

3 X
is — • Thus every time we increase the thickness by half a wave-

length we have destructive interference between the light reflected

from the upper and lower surfaces. These points correspond to
the nodal planes which are half a wave-length apart. The objec-
tions were satisfactorily answered by Wiener, who showed that such
minima would be produced by the interference of a disturbance of

large amplitude coming from the silver, and one of small amphtude
coming from the collodion film used for photographing the minima
and maxima. Interference-fringes produced under these conditions
would be of the same general character as those seen in the trans-

mitted fight of this film, i.e. the difference in intensity between the
bright and dark bands would be very small.

Wiener finally eliminated all such action by putting a layer of

benzole between the film and the metallic reflecting surface, thus
making the refractive index the same on both sides of the surface

of the film, and doing away with the reflected component. The
dark and bright bands were formed just as before, pro\dng con-
clusively that they were caused by stationary waves. The presence
of stationary waves can be sho\vn independently of photography by
emplojingathinfluorescent film in place of the sensitized collodion.

This experiment was performed by Drude and Nernst {Wied. Ami.^
45, page 460, 1892).

Another very beautiful experiment was performed by the same
investigators. One-half of a glass plate was coated with a film of

silver, and the whole then coated with a fluorescent film only a small
fraction of a wave-length in thickness. \^Tien this plate was il-

luminated with monochromatic light obtained from a spectroscope,

it was found that the fluorescence Avas much stronger over the trans-

parent portions of the plate than over the silvered portions. In the
former case the film is traversed by a beam of light of which only a
small percentage is reflected back through the film, consequently it

fluoresces brightly. In the latter case we have stationary waves,
and the film is located at the first node, which lies on the surface of

the silver, a position in wliich fluorescence is impossible, since there

is practically no vibratory motion at this jioint.

Lippmann's Color Photographs. — Photographs in natural color

were accidentally obtained by E. Becquercl in 1850, by means of

standing light waves, although he wa.s not aware of the part they
played. In 1808 Zenker explained the colors, sometimes seen in

Becquerel's photographs of the spectrum, as due to standing waves,
formed by the reflection of the light from the surface of the silver
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d><i><i>d>cp<>c> tr-'/fed

Green

-Blue

Fig. 138.

plate on which the sensitive film was formed. The silver was re-

duced in the anti-nodal planes forming a system of reflecting lami-

nae, which showed interference-colors in reflected light in the same
way as the crystals of chlorate of potash previously described.

A process of direct color photography, based upon this principle,

was originated by Lippmann in 1891. The photographic plate is

placed in the camera \A\h the glass side facing the objective, and
the sensitive film backed by a reflecting layer of mercury. This

of course requires a special form of plate-holder.

A system of stationary waves is formed in the film as shown in

Fig. 138, and thq silver compound is acted upon only at the anti-

nodes, which form planes parallel to the reflecting surface. On de-

veloping and fixing the plate in the usual manner, it is found that the

film shows, in reflected light, brilliant

colors, similar to the colors which illumi-

nated it. The silver, instead of being re-

duced in a mass, uniformly distributed

throughout the thickness of the film, is laid

doA\Ti in thin laminae, coinciding with the

antinodal planes of the stationary light-

waves. The distance between the laminae

is equal to the half wave-length of the light

which formed them, consequently they
show the same color by interference in re-

flected light. The process is not an easy one to carry out, and very

few have been successful with it. Especially prepared plates must
be used, as the grain of the commercial plates is too coarse to record

the minute structure of the wave-system.

A very complete study of the process was made by H. E. Ives,

who gives the following formula for the preparation of the plates

:

A. Gelatine I gramme B. Gelatine 2 grammes C. AgNOz .3 gramme
Water 25 cc. KBr 0.25 gramme Water 5 cc.

Water 50 cc.

A and B are heated till the gelatine melts, allowed to cool to 40",

C added to A and then A to B slowly with stirring, and the whole

filtered. After flowing and setting, the plates are washed for fifteen

minutes and allowed to dry. The most satisfactory thickness was
obtained by flowing the emulsion on and off glass plates at room
temperature. The plates are bathed for 10 minutes in a tttoV(I¥

solution of isocol in water and dried rapidly to render them color-

sensitive. They are exposed in a plate-holder so arranged that

mercury can be introduced behind the plate, and in contact with

the film. Exposures with //3.6 on sunlit objects range from 1^ to

5 minutes according to sensitizers, etc.

After development and drying, the pictures are made ready for

viewing by cementing a thin prism of small angle to the film side to

destroy the disturbing surface reflections, and the back of the glass

is flowed with asphaltum varnish. The prism is usually cemented

by means of Canada balsam.

The -plates bathed in isocol lose their color-sensitiveness in four

ivls^'
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or five hours, and must therefore be used immediately. If plates

of better-keeping quality are required we may introduce 1 cc. each
of a TTjo alcoholic solution of a mixture of er\i;hrosine and pina-

cyanol into the emulsion before pouring it over the plates.

It is of considerable interest to see how nearly we can reproduce

a monochromatic color by means of the Lippmann process. If we
form the laminae in the film by means of monochromatic light, the

light, selectively reflected, will embrace a considerable range of the

spectrum unless a very large number of laminae are formed. The
case is the same as with the chlorate of potash crystals, which we
have already studied.

Mr. Ives made an exhaustive study of this, and found that to

obtain a large number of laminae special precautions as to the

preparation of the sensitive film and its development must be
taken. The film was illuminated by the green fine (X= 5461) of

the mercury arc, and after developing and drying the film, it was
used to reflect sunhght into a spectroscope. In this way it was

^

\ !

Vu:. i:;.t.

I. Mcrcur>- v'ucuum arc.

II. A, 5461 as n^prod in '(Hi by fmc-graiii film, with pyrogallic acid development.
III. Same from glass side.

IV, V, VI. Hydroquinoae-developed bleached films, 50, 150, 250 laminae.

possible to see at once how nearly the film was able to manufacture

green monochromatic light. A iiuinb(>r of piiotographs obtained

with the spectroscope are r(>i)r<)(luced in Fig. 139. As will be seen

the green light nianufactured from white light in the ca.se of film

No. 6 is highly homogeneous. This was the film compared with

chlorate of potash crystal previously alluded to. By cutting a

section of the film and examining it with a microscope, the laminae

thrown down by the .standing light-waves can be seen and counted.

It was found in this way that as many a.s 250 laminae could be
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formed, if the sensitizing (l3^e was introduced into the emulsion and
the plate developed wth hydroquinone. In the case of bathed
plates the sensitizing action only penetrated a short distance, and
with pyrogallic acid development the developing action occurred
chiefly near the surface, limiting the possible number of laminse.

A microphotograph of a similar section by Mr. Senior is repro-

duced in Fig. 140.

-ga "mm

Fig. 140.

In regard to the reproduction of mixed colors Mr. Ives says

:

" Mixed colors, such as two or more spectral Hnes, or the broad ill-

defined bands of the spectrum given by pigment colors, give stand-

ing waves which may be compared to the interference fringes they
would give in a Michelson interferometer. That is, we have regions

in the film where the different wave-lengths acting reenforce, and
other regions where they oppose each other. The visibility curves,

therefore, are applicable to the structure of the Lippmann film.

Photographs have been pubHshed by Lehmann showing that the

resultant structure for two radiations agrees with the calculated."

Some very interesting results were obtained in the case of films

illuminated with light made up of two different wave-lengths.

The laminse were found to be periodically in and out of step, the

analogy with ''beats" being obvious. The periodic structure

produced in this way was coarse enough to be easily seen with low
powers, in thin sections of the film. Lehmann has also made some
interesting experiments on the production of Lippmann colors of

the second and third orders, analogous to the Newton's colors.

At the surface of the film the laminse due to the two different

wave-lengths \^^ll be in step, deeper down they will be out of step,

and the deposit will be nearly uniform, i.e. without laminae. At a
still greater depth they will appear again. The reader is referred to

Mr. Ives's paper for a more complete cfiscussion of this part of the

subject.

Some very remarkable results were obtained by Neuhauss in the

course of some experiments made with a view of determining the

action on the Lippmann fihn of two different spectrum colors. A
continuous spectrum was projected upon a plate and an exposure

made. The plate was then rotated through 180° and a second
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exposure made, the red now falling on the end of the plate which had
previously recorded the \'iolet. On develop-

le/ ing the plate a number of dark bands parallel

to the Fraunhofer lines appeared on the super-

posed part of the two spectra, as sho%\'n in Fig.
"" 142. They are seen only from the glass side,,

however. Various inadequate or impossible

explanations of these dark bands have been given

y,gigf hi^Hfl
'^

^^y different ^^Titers. The correct explanation

Fig. 142. ^^^^ ^^^^ found by Lehmann, who showed that at

points where the reflection fell to a minimum the

silver deposits due to the two wave-lengths were out-of-step, and
that therefore instead of having laminae we have a more or less

homogeneous mass of low reflecting power. The dark bands occur

at points where the two sets are in dissonance at the glass surface.



CHAPTER VII

THE DIFFRACTION OF LIGHT

The rectilinear propagation of light depends, as we have seen,

on the destructive interference within the region of the geometrical

shadow, of the elementary waves which we may regard as originating

on the wave-front. That this destruction is as complete as it is, de-

pends on the shortness of the wave-length of hght, and it is in this re-

spect that sound differs from light. Sound we know does bend around
corners, and unless we make our experiments on a very large scale,

it is difficult to get any evidence of sound shadows. In the case of

light, if we examine with sufficient care the propagation of the ra-

diation by the edges of opaque obstacles, we shall find that it does

bend into the region of the shadow to a sUght extent, and that the

bending is more pronounced for the long waves than for the short.

That the bending is greater for the long waves may be shown by
the following simple experiment. Sun or arc hght is passed through
a narrow slit, and a sharp straight edge of metal mounted in the
narrow beam at a distance of a metre or so from the slit. If now
we bring the pupil of the eye well within the shadow of the edge
we shall see the edge strongly illuminated. This light which we
see coming from the edge is the diffracted light, and it should be
richer in long waves than in short. To show this we have only to

view the illuminated edge through a direct vision prism. As we
move our eye into the shadow the blue end of the spectrum of the
diffracted hght disappears first. If any doubt exists as to the real-

ity of the phenomenon it is easy to mount a filament of glass, just

outside of the
edge, which will

give a spectrum of

about the same
intensity. By a
little adjustment
the red and yellow
of the two spec-

tra can be made
the same, when it

-will be found that

one shows the blue

and violet dis-

tinctly while the
other does not.

That the bending is greater for the long waves and that the

intensity falls off rapidly as we pass into the region of the shadow,
can be seen from the following considerations. In Fig. 143 let B be
the edge of a screen upon which a plane wave is incident. Consider

181
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AB as the trough and A'B' as the crest of this wave. Around the
point z, which lies within the shadow, describe arcs CB, DE, and
FG. The points C and B are equidistant from x, consequenth^ a

plus disturbance from C and a minus disturbance from B ^^ill reach

X simultaneously and cancel each other. The same \\ill be true for

disturbances from D and E, and from F and G.

There remain, however, the disturbances from the portion CB',

which are not destroyed, consequently this portion of the wave is

effective in illuminating x. Now if the wave is longer, i.e. if the

distance between AB and A'B' is increased, the length of this un-
compensated portion CB' ^ill be greater, and the illumination at x
\iall be increased. If, however, we move to x', farther \\ithin the

shadow, and describe our arcs around this point, the length of the
portion CB \vi\\ be reduced and the illumination -snll consequently
be less. This method of viewing tilings shows us also that the type
of wave propagated into the region of the shadow is one which ap-

pears to start from the edge B of the screen. If we place our eye
at X we shall see the edge B shining as if self-luminous, in other

words, the diffracted wave is a sphere (or rather a cyhnder) having
its centre of curvature at B. If the wave-length is made infinitely

small, the cUffracted wave will vanish, as seems to be the case with
X-rays.

This simple bending of the light around the edges of obstacles is

termed diffraction, though in the study of the subject we are con-

cerned chiefly with the so-called fringes, or alternate bands of hght
and shadow wliich usually accompany cUffraction. These fringes

always appear just outside of the boundary of the geometrical

shadow, and have in reaUty notliing to do wdth the bending of Hglit

around comers. They are termed diffraction fringes notwith-

standing.

The diftVaction of light was first observed by Grimaldi about the

middle of the 17th century. Admitting sunlight into a darkened
room through a very small aperture, he observed that the propaga-

tion of the light by the edges of objects, did not obey strictly the

laws of geometrical optics. The edges of the shadow were bor-

dered by several rainbow-tinted fringes, while in the case of very
small objects similar fringes were found ^^^thin the geometrical

shadow. These fringes should not, however, be spoken of as dif-

fraction fringes, though they owe their origin to diffraction. He also

described the l)rancliing or crested fringes which appeared within

the shadow at the corners of rectangular screens.

Newi^on repeated ai\:l improved ujxmi the experiments of Grimaldi,

using Hght of different colors, and found that the distance between
the fringes decreased as the refrangibility of tiie light increased, and
increased as th(^ screen was removed to a greater distance from the

object casting a shadow. He exi)lained this phenomenon on liis

corpuscular tlieory as due to attractive or rejKilsive forces, which

the edges of tiie obstacle exerted on the flying corpuscles.

The first attempt to bring the wave-theory to bear ujwn the

subject was made by Young, who regarded the fringes as due to

interference between the rays passing close to the edge, and rays



THE DIFFRACTION OF LIGHT 183

reflected at grazing incidence. This explanation could scarcely be
applied to the fringes found within the regions of shadow, and in the

case of the external fringes the distances between successive maxima
and minima are not such as would occur if the interference took place

in the mamier imagined by Young. The internal fringes he ex-

])lainetl as due to the interference of inflected rays, without at-

tempting to explain how the inflection took place, and in this he was
in part correct, for the internal system we can regard as a set of in-

terference-fringes produced by two similar sources of light situated

at the edges of the obstacle.

Fresnel made a series of experiments with slits having poHshed
ancPblackened edges, and showed that the intensity of the fringes

was independent of the nature of the edge.

He was the first to give the true explanation of the phenomena,
regarding the maxima and minima as the result of the interference

of the hypothetical secondary wavelets diverging in all directions

from those portions of the wave-front not blocked ofT by the opaque
screen.

The foundations of the theory of diffraction were laid by Fresnel,

and though he treated only a few of the simpler cases, his funda-
mental equations were subsequently applied to, and solved for,

much more comphcated cases by Schwerd, Knochenhauer, and
others.

We shall first examine some of the simpler cases by very ele-

mentary methods, and then take up the more rigorous treatments
of Fresnel and Fraunhofer.

In commencing our study of diffraction it is best to dispense as

much as possible with apparatus. Collimators and telescopes,

wliich are so often employed for the subjective exhibition of diffrac-

tion effects, are unnecessary compUcations, and prevent us from
obtaining the clear conception of the actual magnitude of the effects,

which we get when we employ simply a brilhant source of light and
a white screen, in combination with various obstacles which we
place in the path of the light. A narrow beam of sunlight, or the
light from an arc lamp, should be focussed with a lens on a pin-hole

in a thin sheet of metal mounted over an aperture cut in a large

screen of cardboard. The light diverging from the small source

thus produced should be received on a screen of white Bristol board
at a distance of two or three metres from the first screen, the best

distance being found by trial. The room should be made as dark
as possible, and if the arc-lamp is used it should be placed either in

a box or in an adjoining room, and the light admitted to the room
through the pin-hole, which may be placed over the key-hole of the
door. Diffraction fringes will now appear around the edges of the
obstacles placed midway between the source of light and the screen.

Beautiful effects can be obtained by sprinkling a little lycopodium
dust in the air, the shadow of each particle being surrounded with
colored rings. Even the motes, floating in the air produce colored

fringes. * *rr^"

Straight Edge. — If an obstacle bounded by a straight edge is

placed in the path of the rays we find that a set of rainbow colored
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fringes appear on the screen parallel to, and outside of the edge of

the geometrical shadow, while A\nthin the geometrical shadow the

illumination falls off gradually to zero, without sho^\ing any max-
ima and minima. If we examine the fringes carefully we shall see

that they are not equidistant, as is the case with two small sources

of light, but lie closer together as we recede from the edge.

We ^^^ll now calculate the illumination at various points in the

\dcinity of the edge of the geometrical shadow, by dividing the wave-

front, or as much of it as gets by the obstacle, into half period ele-

ments with respect to the point in question. This method is one

commonly employed in text-books, and is given merelj^ as an ex-

ample of a very elementary treatment. It is apphcable only to a

linear wave, i.e. a thin section of the actual wave which is repre-

sented by the circular arc ST in the diagram. In Fig. 144, is the

source of hght, AB the diffracting screen, PQ the screen on which
the fringes appear ; P is the point at

which we are to determine the illu-

mination, situated at a distance x
* from M, the edge of the geometrical

1 shadow. The distance OA = a and

^ AM— b. We divide the wave into

half-period elements with respect to

P, as showTi in the figure. We have
seen that the effect at P is chiefly

9 due to a few elements on each side

of the pole R, and that when the

Fig. 144. whole wave acts, the action of these

elements reduces by interference to

a small portion surrounding the pole, approximately equal to the
effect which would be produced by one half of the central element.

In the case above it is clear that we have the entire half of the wave
above the pole, and the portion RA below the pole. If RA con-
tains an even number of half-periods they ^^i\\ destroy each other in

pairs, and the illumination at P v,i.\\ be small, being due to RS alone.

If RA contains an odd number of elements, the one adjacent to the
pole will remain over, after the others have interfered in pairs, and
will add its effect to that produced by RS, and the illumination at
P will be a maximum. As the point P moves away from M, the
illumination will pass through alternate maxima and minima, the
positions of which we can calculate as follows :

0'"-—

OP=a+b+ X- X-
and AP = b+-^;

AP-RP=^'^^

2{a+b) '26

2\b a + 6y

If RA contains an even number of half-period elements
AP—RP must equal an even number of half waves, therefore the
condition for minimum illumination is-

X- a

2 6(^^6) 2'
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while if RA contains an odd number of elements, the condition for

maximum illumination, we have

which gives us x=\ ^^
' 2 n\ for the minima,

,^J&(a±6)(2n + l)Aforthe
' n

maxima.

This formula shows us that the distance x increases as a diminishes,

which was observed by Fresnel.

The maxima are spaced hke the Fresnel zones, i.e. they lie nearer

to each other as we recede from M, the distances being proportional

to the square roots of the natural numbers.
We can see this at once, for, as we move P up, we expose the zones

below the poles and the successive increments of x necessary to ex-

pose zone after zone will be proportional to the decreasing distances

between the zones. The illumination within the shadow is due only

to a portion of the wave above the pole, since for all points so situ-

ated, the pole of the wave is intercepted by the screen. The effect

of a wave thus reduces to approximately one-half of the element
adjacent to the edge, and as we pass deeper into the region of the

shadow, this element is further removed from the zone, and conse-

quently less effective. The illumination thus falls off gradually

without passing through maxima and minima.
Circular Disk and Circular Aperture. — The method is better

adapted to the discussion of the distribution of the illumination

produced by a small circular disk, since if we confine ourselves to

the axis of the conical shadow, the disk exactly coincides with zones

described on the wave-front with respect to points lying on the axis.

This is the celebrated problem of Poisson, who was led by the-

oretical considerations to the remarkable conclusion that the illu-

mination along the axis of the shadow of a small circular disk is

the same as if the disk were removed, a prediction which was veri-

fied experimentally by Arago. It is not very difficult to repeat this

experiment, provided it is tried on a large scale. The experiment
has been already described in the Chapter on The Rectilinear Propa-
gation of Light.

Applying the Fresnel construction to this case we see that the

illumination on the axis is due to the action of the entire wave with
the exception of the zone or zones covered by the cUsk. These re-

duce by interference to approximately one-half of the effect of the
zone bordering the disk. Since the effect of the zones becomes less

as we recede froqa the pole, it is clear that increasing the size of the
disk, other things being equal, will reduce the illumination at a given
point on the axis. To obtain the most striking results we should
so proportion the distance of the screen to the size of the disk, that
the latter covers only a very few zones. A small coin at a distance
of 4 or 5 metres from the screen shows the effect well. If we make

r
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a small hole in the screen at the centre of the shadow, and bring our
eye close up to it, we shall see the rim of the coin brilhantly lumi-

nous, which shows that the light Avdthin the shadow is propagated
as if coming from the edge of the obstacle.

This same effect can be seen \\athin the shadow of a straight edge.

It is often seen in nature on a large scale when the sun rises over the

tops of tree-covered mountains, the tops of which are situated nearly

above the observer, every branch, twig, and leaf shining with a
silvery hght, the small birds flying about appearing hke specks of

fire.

Small Circular Aperture. — In this case the illumination along the
axis is due solely to the zones lying within the aperture. Suppose
the point to be so situated that the aperture contains only the two
central zones. The disturbances from these will completely destroy

each other at the point, and the illmnination \v\\\ consequently be
zero. If we bring the point a little nearer to the aperture the scale

of the zones will be reduced, and the aperture ^^'ill contain say three.

The two outer ones '\\'ill annul each other, and we shall have an illu-

mination due to the outstanding central one. AVe thus see that the
illumination is a maximum or minimum according as the aperture

contains an odd or even number of zones.

We shall later on investigate the problem of the circular aperture

more completeh', the foregoing method l^eing apphcable only to the

axis.

Fraunhofer Class of Diffraction Phenomena. — The effects which
we have been considering belong to the so-called Fresnel class of

diffraction phenomena. In this class the source of light and the

screen are both at finite cUstances from the obstacle. The problem
of determining the distribution of light and shadow becomes much
simpler, if we consider the source of light and the screen removed
to infinit3\ This means that we have plane-waves falling upon the

aperture, and the seCondarj^ disturbances, which we consider as

coming from the plane of the aperture, all start at the same time.

In other words, the phase of the \'ibration is the same at every

point of the aperture, which is not the case when the source of light

is at a finite distance, the wave-fronts then l)eing spherical. For a
screen at infinity we have to consider the interference as taking

place between parallel rays. This condition can be reproduced ex-

perimentally if we place a lens behind the aperture, which brings

every system of parallel diffracted rays to a focus. Effects pro-

duced in this way are said to belong to the Fraunhofer class, since

they were first studied and discussed by Fraunhofer, in connection
with his experiments on the diffraction grating.

Wo will now consider the diffraction effects produced by a narrow
slit and then by a number of parallel equidistant slits, when the

incident rays are parallel, and the diffracted rays ^re brought to a
focus l)y a lens. We shall investigate the subject in an ("lementary

way, and then take up the more complete math(>matical treatment-

Narrow Slit. — If the telescope of a spectrometer is directed

down the collimator, and the diffracting aperture, in this case a slit,

is placed between the two, we have the conditions specified for the
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Fraunhofer class, for tlie light focussed upon the slit of the coUi-

mator is made parallel by the lens, which virtually removes the
source to infinity, and the parallel diffracted rays are brought to a
focus and interfere in the focal plane of the telescope, the maxima
and minima resulting therefrom being examined with the eye-piece.

A still simpler way of getting the fringes is to place the slit before

the eye, and view a distant lamp through it, the lens of the eye
here performing the function of the telescope lens, uniting the par-
allel cUffracted rays upon the retina.

In the following treatment, which is

taken from Miiller and Pouillet's Lehrhuch
der Physik, we shall use a very elementary
method, and yet arrive at an approximate
numerical value for the illumination at

various points of the diffraction pattern.

Let DC (Fig. 145) be the aperture upon
which parallel waves are incident in a
normal direction. The phase of the vibration wall then be the

same across the aperture, or along any Une parallel to it, such

as p, 0. We will consider the normally diffracted ray bundle as

divided into 16 elementary ray bundles, which are united by the

lens at a point situated at the centre of the diffraction pattern which
we are to study. Let the amplitude produced at the focus by one

of these elementary bundles be a, then the

amplitude produced by all 16 will be 16 a,

since they all arrive in the same phase, and
the intensity of the illumination will be

D
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vnll be

5 = .4V2 + 2cos(22° 30')=AV3^848.

This value B is then the amplitude produced b}^ four adjacent
elementary bundles.

In a similar way we find the effect of eight bundles to be

C=BV2 + 2 cos 45° = 5V3.414,

and by combining the two groups of eight each, we get for the final

amplitude

D = CV2 + 2cos90° = CV2.

Substituting for C, B, and A the values found, we get

D= aV(3.962) (3.848) (3.414)2.

The final intensity /^ = 2)2 = 1 04 • 0^= .4067.

The value found by calculus is

/i=.40o3/,

which shows that even the crude subdivision which we have em-
ployed yields a fairly accurate result.

The intensity at the point at which these diffracted rays come
together is therefore about .4 of the intensity at the centre of the
pattern.

In a direction such that the extreme rays have a path-difference

of A, we find either by combining two sets of 8 elements each \\ith a

path-difference of -, or by pairing off the 1st and 9th, 2d and 10th,

etc., with path-differences of - , that the resultant illumination is

zero.

If the path-difference is -, we may di^^fle the bundle into three
o

bundles, the path-difference between the extreme rays of each bundle

being -. Two of the three ^^^ll mutuallv destroy each other, the
» 2

resultant illumination being that which would be produced by the
third acting alone. The ampHtude produced by this third will evi-

dently be \ of the amphtude produced in the case where the path-

difference between the extreme rays was -, consequently the inten-

sity is

7, = 17, = .045 7.

^^'ith a path-difference of - between the extreme rays, we again
4

have zero illumination.

The diffraction jiattern thus consists of a central bright baud
wliich is very intense, bordered by alternate dark and l)right bands.
the intensity of the latter decrea.sing very rapidly. As the width



THE DIFFRACTION OF LIGHT 189

of the slit is made less, the angle of diffraction necessary to give the

extreme rays a path-difference of - becomes greater and the minima

retreat from the centre of the system, the fringes broadening.

This can be seen by holding before the eye a slit made of i^lack

paper, the width of which can be varied, and viewing a distant

lamp through it : the same experiment can be made Avith a slit

formed between the first and second finger. The fringes produced
by diffraction through a single sht were termed by Fraunhofer
spectra of the first class.

Two Parallel Slits. — We will now take up the case of diffraction

by two similar parallel sUts. They produce spectra of the first class

in the same position, but we shall find that these maxima are broken
up by a new set of minima which run through them. These minima
are especially noticeable in the bright central maximum, and are

produced by destructive interference between diffracted rays from
the first sht and corresponding rays from the second.

Let us assume the slits AB and CD to be so narrow that in the

direction represented in Fig. 147 the path-difference between the

extreme rays A and 5, C and D is -•

Rays diffracted in this direction will

then be the rays which bring about
the illumination of that portion of

the central maximum lying midway *
• \ '

between the centre and the point Fig- 147.

where the illumination is .4 of its

value at the centre. If but one sht were acting, the intensity

would be about .7. If the slit CD is at such a distance from AB that

the path-difference between corresponding rays A and C is -, the

corresponding rays from the two slits will destroy each other and
the illumination will be zero.

It is in tliis way that the new minima are produced, and though
they may be investigated in a manner similar to that employed
in the case of a single sUt, it will be best to postpone their more
complete investigation until we come to the mathematical discus-

sion of the grating.

Transition from Fresnel to Fraunhofer Class. — The gain in the

brilliancy of the diffraction effects when we use a lens to bring the

parallel diffracted rays to a focus, can be shown by passing gradu-

ally from the Fresnel to the Fraunhofer class.

In Fig. 148 we have at the left the diffraction pattern produced by
a single sHt, a bright central maximum bordered by fainter maxima.
These fringes belong to the Fresnel class and can be seen by examin-
ing the region behind a narrow slit with an ej^e-piece ; a scratch

made 'v\ith the point of a knife on the film of an old photographic nega-

tive answers the purpose. If now we make two slits side by side, say
1 mm. apart, we have the pattern showTi in the right-hand side of

the figure. In the overlapping portions we have new maxima and
minima, much closer together than the others due to the inter-
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ference of disturbances coming from the two slits. These maxima
and minima do not appear in the bright central maxima .4 and B,
since these are illmninated each by its o\ati slit, in other words, there
is no overlapping here, or at least only that over the very faint

Fig. 14S.

third maxima, which are unable to produce visible interference.
If now we put a lens behind the two slits, the two patterns A and
B will be superposed at the focus, and we shall have the new
maxima and minima furro^\ang the brightest part of the pattern.
We can pass gradually from one condition to the other, by holding
the eye-piece close to the lens and gradually moving it back to the
focus. As we do this .4 and B, which are at first widely separated
gradually approach, fuse together, and immediately fill up \nth very
bright and narrow maxima and minima. This experiment is ex-
tremely in.structive, and teaches us more about diffraction and the
relation of the Fresnel to the Fraunhofer class, than many pages
of mathematics. It is apparent that the conditions are the same
in this experiment as in the one \\ith the interference refractometer
described in the previous chapter.

Graphical Method of Solution of Diffraction Problems. — There
is another method of solving j^roblems in diffraction, which, though
elementary, depends upon the aj^i^lication of results obtained from
the math(>matical treatment of the sul)ject. Tliis treatment is for
the Fresnel class.

The graphical repres(>ntati()n of th(> resultant of a large number of
vibrations, of continuously varying phas{> and amplitude, was em-
ployed Ijy Cornu in the discussion of diffraction problems. The
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resultant effect of a number of disturbances of different amplitude

and phase can be represented graphically as the closing side of a

polygon, the sides of which are proportional in length to the ampli-

tudes produced by the disturbances acting separately, and make
angles with a fixed line equal to the phases of the dirturbances. For

example, in Fig. 149, let OA, AB, BC, and CD be the amplitudes

produced at a point by four disturbances

which arrive simultaneously with phases

represented by the angles a, fS, y, and 8.

The resultant amplitude will be repre-

sented by the closing side OD of

the polygon, the phase of the resultant

being the angle DOX. In diffraction

problems we have to determine the

effect of a large number of disturbances ^V'4'

of different phases coming from the por- /'I^^

tions of the wave-front which are not

cut off by the diffracting screen. We
can consider the effect of a complete ^^°- ^'*^-

wave at a point in front of it as made up
of a large number of small ampUtudes, of variable phase and of

constantly decreasing magnitude. Each point on the wave-front

will produce at the point in question a disturbance of a certain

ampHtude and phase. For example, in the figure we may regard

the points A, B, and C on the wave-front as producing at the point

X the amplitudes OB, BC, and CD above referred to, with phases

«, i8, and y. As we recede from the pole of the wave the phase angle

of the secondary disturbances at X will increase continuously, owing

to the increased distances of the successive points. The effect at X
due to the disturbances coming from A, B, and C will be represented

by OD, the closing side of the polygon. In reality we have an in-

finite number of points on the w-ave-front. Let us consider the

first Fresnel zone as divided into eight elements, each one of w'hich

produces at X unit amphtude. The effect of all acting simulta-

neously can be found by employing the construction thus given.

The first element, which is next to the pole, will produce the amph-
tude AB, the second BC, the third CD, etc. ; the eighth element

will produce the amplitude HI, the phase having turned through

180°, since by Fresnel's construction the edge of

/0<„ the zone is half a wave-length farther away from

J<-H )c the illuminated point than the pole. The resultant
y*^ / effect of the first half zone ^vill therefore be repre-

A-^^-B—c—

D

sentedbyA/. (Figure inaccurate; /// should be

Fig. 150. parallel to AB.) The effects of the second Fresnel

. zone can be represented by continuing the construc-

tion from the point / to the point K, and as the amplitudes due to

the successive elements decrease rapidly owing to the obliquity, the

broken curve will assume the form of the spiral. If now we coiisider

an infinite numl^er of points on the wave-front, the phase will no

longer change abruptly, but will vary continuously in passing from

each point to the next. The amplitudes due to the successive ele-
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Fig. 151.

ments being very small, the broken curve ^ill now be smoothed out
into a continuous one, as sho^^^l in Fig. 151.

Cornu's Spiral. — The spiral shown in Fig. 151 was constructed

by Cornu from the tables of Fresnel's integrals, which we shall

consider subsequently. The effect of each Fresnel zone is repre-

sented by a half turn of the spiral, and if we consider the action of

the whole wave the spiral ^^ill make an infinite number of turns,

finally subsiding to asjanptotic circles at J and J' of sensibly zero

radius. The spiral OJ represents one-half of the complete wave, and
the spiral OJ' the other. The fine JJ' joining the two asjTnptotic

points represents the action of the complete wave. Any portion

^ of the wave is represented

by the corresponcUng chord
of the spiral. The effect, for

example, due to the second,

third, and fourth zone on the

one side of the pole ^ill be
found by joining the ends of

the second, third, and fourth

half turns of the spiral. It

is possible by means of this

spiral to plot graphicallj^ the
distribution of light in the

diffraction patterns formed
when the wave is partially

cut off by screens of various

types. The spiral will be better understood after we have studied

Fresnel's integrals, and it is introduced at this point merely because

it furnishes an easy means of solving a number of the simpler prob-

lems in diffraction. A larger drawng of the spiral \\\\\ he found on
Plate 11, which should be used in plotting diffraction patterns.

We will now consider a numl^er of cases.

Case 1. Straight Edge. — The elementary treatment has shown
us that in this case we have a system of fringes of decreasing wdth,
outside of the edge of the geometrical shadow, while Anthin the edge

the illumination falls off rapidly, without, however, passing through

maxima and minima. Consider first the illumination outside of

the edge as represented bj^ the spiral.

Since our spiral represents amplitudes, we shall find our intensi-

ties by squaring the resultant amplitude lines. At the edge of the

shadow the intensity ^^^ll be represented by the square of the dis-

tance OJ, since one-half of the complete wave is operative at this

point. As we pass out from the edge, the lower part of the spiral

begins to operate, and on reaching a distance such that the whole
of the first or central Fresnel zone is exiwsed. the intensity \y\\\ be

found by squaring the line joining the point A with ,/ (Fig. 151) ; i.e.

it will be considerably greater than the intensity due to the entire

wave, which is represented by the square of JJ'. If we represent

the intensities as ordinates, our abscissae must be taken propor-

tional to the distances, mea,'^ured along the spiral from 0, at which

the point which we join with J, is located. To facilitate mea,sure-
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ments, equal distances have been marked off on the spiral. The
first maximum occurs at abscissa 14, the distance from to the
bottom of the spiral.

The intensity as we proceed outward will be represented by the
square of the line joining J with a point which travels around the
lower half of the spiral. The intensity thus passes through maxima
and minima, soon reaching a nearly constant value, owing to the-

small diameter of the convolutions, the

first minimum occurring at abscissa 20.

Witliin the edge of the shadow we have
the intensity represented by the square
of the line which joins J with a point

travelling from towards J along the

upper half of the spiral. This fine rap-

idly shortens, without passing through
maxima and minima, consequently the Fig. 152.

illumination drops rapidly to zero. A
curve plotted in this way is shown in Fig. 152.

Case 2. Narrow Slit. — In this case the amplitude of the vibra-

tion is measured by an arc of the spiral, the length of which is pro-

portional to the width of the slit. The intensity will be represented

by the square of a line joining the extremities of a constant length

of the spiral. Equal distances will be found marked off on the
spiral. Suppose the ^^idth of the slit and its distance from the
screen to be such that it subtends exactly one-half of the central

zone. The length of the arc which we are to employ is then equal
to that of the first half turn of the spiral, namely, within the geo-
metrical projection of the aperture, the arc will lie partly in the
upper and partly in the lower branch of the spiral. At the centre it

will be symmetrically placed ; that is, with its centre at 0. As we
proceed from the centre, we push the arc of constant length along
the spiral, squaring the line joining its extremities at regular inter-

vals, plotting these values as ordinates, at abscissae corresponding
to the distances advanced along the spiral as before.

It is at once apparent that the illumination at the centre of the

fringe system may be either a maximum or a minimum, according

to the \vidth of the aperture. If the aperture just covers the entire

central zone, the illumination will be a maximum, and will have a
larger value than that due to the whole wave, while it will be a
minimum if the aperture covers two zones.

Case 3. Narrow "Wire. — This case is a little more complicated,

for the effect of the wire is to cut out a constant arc of the spiral just

the reverse of the condition in Case 2. The amplitude is the result-

ant of the two remaining portions of the spiral, which must be com-
pounded, paying attention to the cUrections as well as the lengths

of the lines joining the extremities of the curves. The direction is

always found by measuring from J' to J. This can be seen from
the following consideration : The effect due to one-half of the wave
is J'O, that due to the other half is OJ. The whole wave will pro-

duce an amplitude equal to the sum of these vectors. If we take

their directions as measured from J' to 0, and from to J, the
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amplitudes will be added, and we shall have amplitude J'J. If,

however, we measure from to J' and from to J, the vectors will

be opposed, and cancel each other. If this is borne in mind, no
difficulty \\\\\ be found in remembering how to determine the direc-

tion in which the amplitude lines point.

Suppose now that the wire cuts off one-half of the central zone, i.e.

one half turn of the spiral measured from 0. At the centre the first

elementary distances on each side of

(see Fig. 153, dotted line) will be absent,

and the resultant amplitude will be found
b}^ compounding J'h with aJ, as shown
in the figure. At the edge of the geo-

metrical shadow of the wire, we com-
pound the line J'O with the short line

which joins the highest point, say " rf,"

of the upper Ijranch of the spiral with /
(as shown in the lower part of the fig-

ure), the resultant amplitude being JX.
Abscissae are laid off as before, propor-

tional to the distances advanced along
the spiral.

The intensit}'^ curve should be plotted

in this manner for a wire covering say two zones. It will be found
interesting to compare it with the curve obtained in the case of a
straight edge. Regarding one side of the wire as a straight edge,

we see that the exterior fringe system is complicated by the effects

due to the exposed portion of the wave beyond the opposite edge.

Fig. 153.

In Fig. 154 we have a i)hotograiih of the fringes producctl l)y a
vertical thick wire stretched across a rectangular aperture. The
straight-edge fringes appear outside of the edges of the \vire, and
bordering the left and right hand edges of the aperture. No fringes

border th(^ upper and lower edge, since the source of light was a
vertical illuminated slit.

Within the shadow of the wire are se(>n the fring<'s produced by
the overlapping of tiie radiations which penetrate within the shallow.
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Thpy are equidistant, and we can regard them as interference-fringes

produced by two similar sources of light bordering the two edges of

the wire.

Case 4. Two Parallel Slits.— The effects in this case ar(> found

by compounding the resultants of two arcs, of lengths proportional

to the widths of the slits, separated by a distance proportional to

the distance between them.

Mathematical Treatment of Fraunhofer Diffraction Phenomena.—
If a converging lens is placed behind the aperture upon which plane

waves are falling, the lens transforms that portion of the plan'^

which gets through the aperture into a concave wave, which, if the

laws of geometrical optics were followed, would collapse to a point at

the focus.

We have then to determine the effect of a small portion of a
spherical concave wave at a plane passing through the centre of cur-

vature of the wave. To do this we first get a general expression in

the form of a double integral for the effect of a complete hemispheri-
cal wave, and then integrate this expression over the aperture
(Fig. 155).

Let the centre of the concave wave be at the origin of three rec-

tangular coordinates. We are to determine the effect of a disturb-

ance starting from the point P -with coordinates x, y. z at the point
M with coordinates k, -q, and then the collective effect of all the dis-

turbances coming from the entire wave-front. Call the distance
MP = p and dxdy the element of the wave at P.
The amplitude at M produced by the secondary disturbances

efficient depending on the inclination of the surface element dxdy to

p and on the distance of P from M.
Since we limit the area of the wave,
by blocking off the greater part we can
regard the inclination as the same for

all portions considered, and k therefore

becomes a constant.

The collective effect of all points P
at M, taking into account their mutual
interference, is

sin 2ir(— — ^\dxdy

(in which a is the displacement).
Let OP =/2, then

R-'= x' +f + ^,

p'= (x-iy + (y-r]y + z' = R--2 xi-2yrj+e- +v\
or, if the surface of the wave utilized be confined to the immediate
neighborhood of the z axis, approximately

the variables x and y occurring in the last term.

from the area dxdy will be Kdxdy sin 2 7r( _^ ), in which k is a co-

«=J/^^

Fig. 155.
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This gives us for the resultant displacement

a =j j
s,„ 2 . ^- 1

+
.VF+FT^r""'

and since sin (a + b) = sin a cos b + cos a sin b,

xi + yrj

\T \ JJJ XVi?^ + f' + 7?2

+eos2.a-^^^±5±?) rrsin2. ^^±m^dxdy.

Let 4) = 2 TT ( — —/ ^Rl+e+v''
T A

Let A = f fcos 2 tt —^^^^^^dxdy.^^ \VR'+e + v'

Let fi= rrsin2 7r
^^ + y^ dxdy,^^ xVR' +e + v'

then a=A sin ^ + fi cos <^.

5 . B
Let ^= arc tan — , i.e. — =tan 6, and let C= VA^ +5^, then if we

A A
Va^+5^ a

multiply A sin ^ +B cos ^ by — and substitute for the —

in each term cos we get at once as the equivalent

VA^ +B^ (sin <^ cos + cos <^ sin 0),

or a = Csin (<^ + ^),

in which C is the amplitude, of which the square represents the

intensity of the illumination.

I=C^ = A^+B\

Substituting,

I= ( C Ccos2.—4^^^=dxdyy

+ (CCsin2.-'^^±;y!L=dxdy)\

or, since k and t] are small in comparison with R,

Diffraction by a Rectangular Aperture. — Suppose we liavc a small

rectangular uptTturc of Icnj^h n and width b, so placed tiuit its

sides arc parallel to x and y axes, and the z axis passes normally
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through its centre. To determine the intensity of the illumination

we integrate the above expression between the limits + - and — -,

+ -and--.

2 1' 2 2

and for brevity writing I and I in place of the above,

+ rcos2^0-dxf''sm2n^dyf.

If we integrate these terms we find that

C \\n2-jr^dx= Q, C\m27r^dy= 0,
%)_a H\ «/_6 tiX

2 2

r^^ ^ xi . R\ . ai
I C0s2Tr——dx= —rSmTT—^,

f^2
^ Ijr,

J
RX . brj

I COS 2 IT ^^-i-du=—smTT

—

'-,

J h R\ '^
irri R\'

2

• •) a^ . ^ bvsm-TT— sm" TT—

i

and finally I= a'b' ,
,^^ . —rj^-

R'X- R'X'

We thus see that the intensity at the point x, y is dependent on

two variables of the form ^-^^^

To find the maxima and minima we differentiate this expression

with respect to u and equate to zero.Ke sin-w dS sinw wcosw— sinw ^'^=

—

—1 -j-=
2

^"'
u" du u u^
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which falls into two equations

smu _n 1 u cos u— sm u
0.

The first of these two equations gives the position of the minima,
the second that of the maxima.
The second equation takes the form ucosu = smu, u= tanM.
This last equation can be solved graphically by plotting the curv^es

y= x and y= tan x (Fig. 156). The latter equation is represented
by a famil}' of curves, ha\dng for asj^nptotes

x=±-, x=±—- and .r= ± —-, etc. The

points at which the former curve cuts the
various members of the family satisfy the
equation x — tan x and consequently u = tan u.

The first or central maximum occurs at m= 0,

the second between tt and # tt, the third be-

tween 2 7r and fir, etc. The successive

values of u were calculated by Schwerd
and found to be

wi = 1.430 TT,

W2= 2.459 TT,

W3= 3.47l7r,

1/4= 4.477 TT,

W5= 5.482 TT,

tie= 6.484 TT,

W7 = 7.486 TT.

It is apparent from the diagram that the roots approach the limit

(271 + 1)-, i.e. the points of intersection come nearer to the asymp-

totes as we recede from the origin, the 7th maximum from the centre

being at 7.486 tt and the asj-mptote at 7.5 tt. The minima occur

where u= rmr, exclusive of the case where m= 0,which is the value

which gives the central maximum. The values of the maxima
corresponding to odd multiples of tt can be calculated by taking

W=1.57r, 2.5 TT, 3.5 7r

be in the ratio 1,

in the expression

2

5 7r.

sm^ u We find these ta

, i.e. if the illumination of the cen-

tral maximum be taken as unity the illuminations of the succeeding

maxima wall be ^V? sV) rfir- We are now in a position to discuss the

complete diffraction pattern produced l)y the rectangular aperture.

There will be complete darkness in all places for which one of the

factors of the form in equation I — a?h-, etc., has the value 0,

irai; Thrf
or when, m being a whole number, —- = imr or —-^ = imr. There

/lA. R\
will therefore be two systems of dark regions of which the equations

are^ =
mRk

and 7/
= mRX the former parallel to the y axis, the

a b

latter parallel to the x axis. If we bear in mind the fact that we
oriented the aperture with its side a parallel to the x axis, and that
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i is the value in the direction of this same axis, we see that the dis-

tances between the parallel interference minima are inversely as

the ^^^dth of the aperture measured in a direction perpendicular to

them, and directly as the distance R and the wave-length A.

Fig. 157.

The minima form a reticulated meshwork. The central maxi-
mum is very bright and in shape similar to the aperture, but rotated

through 90° with respect to it. The other

a. maxima are arranged as shown in Fig. 157,

in which A represents the aperture. Prac-

tically all of the light goes into two bands
at right angles to each other, the faint max-
ima in the angles only being seen when the
brighter portions are cut off by a screen.

This diffraction pattern can be well seen by
covering a lens of about 50 cms. focal length

with a screen perforated with an aperture

measuring say 2X4 mms., and placing a pin-

hole illuminated with sun or arc light and
an eye-piece at the conjugate foci of the lens,

i.e. at distances of a metre from the lens.

The experiment should be made in a dark
room.

A better method is to employ a mono-
chromatic illuminator (see Chapter 1) as a source of light. The
eye-piece of a spectroscope should be removed and a small sheet

Fig. 158.
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cf metal or cardboard, perforated with a pinhole, placed in the
plane in which the spectrum is in focus. If sunlight is focussed

upon the slit of the instrument, we have a point source of nearly
monochromatic light. It is very important to shut off all

extraneous light, and the best method is to arrange the in-

strument in such a way that the telescope tube projects into

an adjoining dark room through a hole in the door or curtain.

If we work in an absolutely dark room, the pupil of the eye
dilates, and the retina becomes more sensitive, and we can see

without difficulty the very faint maxima situated in the angles

between the two lines of brighter maxima, if we screen off these

with a card. It is instructive to prepare an aperture the di-

mensions of which can be varied. Fasten two pieces of card

to a wooden frame so as to form a slit a millimeter or two in

width, and arrange two other pieces in such a way that the

length of the slit utilized can be varied from one to ten milli-

meters. It will be seen that, as the aperture is lengthened, one
line of maxima and minima close in and eventually disappear,

while the other maxima increase in intensity on account of

the larger amount of light transmitted by the aperture. The
very faint maxima, which lie in the angles between the lines of •

brighter ones, are, in a way, analogous to the diagonal spectra

seen when two diffraction gratings are crossed, a subject which
will be taken up later. If we have an aperture long in proportion

to its width, in other words a slit, it produces a single line of

maxima and minima. Restricting this aperture by crossing it

with another slit spreads out each maximum of the first line into

a line of maxima and minima perpendicular to the first line. The
fainter ones, referred to above, are thus seen to be somewhat analo-

gous to the "spectra of spectra," which we shall stud}" when we
come to the subject of the diffraction grating. The faintness of

these diagonal maxima shows us that the destructive interference of

the secondary wavelets from the aperture is more complete in the

regions which they occupy, though it is not very easy to form a clear

picture of why this should be the case, by the elementary methods
previously used.

Examples of the lines of maxima and minima produced by
small ajiertures bounded by straight lines are frequently seen

in photographs taken at night, in which the electric lights have
five or more streaks of light diverging from them. These result

from the circumstance that the iris diaphragms of some lenses,

when contracted, give a polygonal aperture instead of a circular

one. The rays which are seen diverging from the brighter stars,

in stellar photographs made with modern reflecting telescopes, re-

sult from the diffraction produced by the small rods which support

the plate holder, or the auxiliary mirror, and intercept the inci-

dent l)eain of light.

Introduction of Angular Measure.- Th(» investigations which
are to follow are much simplified liy the introduction

of angular measure into the expression for the action of
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a concave spherical wave. If R be taken infinitely large the con-

cave wave becomes plane and the x, y plane or screen moves off

to infinity.

The elementary diffracted rays which meet at the screen emerge

from the aperture parallel to one another. Let a and /? represent

the angles which these rays make \vith a; and y (Fig. 158). These

angles ^vill differ but little from 90° since the angle of diffraction is

small.

cos u = z=
,

cos (3=— ^ -

.

The expression for the intensity now becomes

I=fffcos 2 ^
>-^cos« + ycos^^^^\

2

+ 'JJsin 2 ^
^cosa + 2/cos^^^^V

Let S and 8' = the small complementary angles which the rays

make with the planes xz and yz, and we have

I = (//cos 2 ^
^sin8 + ysin8-

^^^^

+ ff/sin 2 ^
^sin8 + ysin8-

^^^^J^

This expression integrated over a rectangular aperture measuring
aXh gives for the resultant intensity for the point where the rays

make angles 8 and 8' \vith the planes xy and xz,

a sin 8
sm-TT sm'

I=a^b^
,a^sm-d ,b^sm2 8'

A2 A2

either factor becoming for sin 8=— or sin 8'= —-•

a

Diffraction by a Single Slit. — If we let one dimension of our
small rectangular aperture become large, we have the condition of

a narrow slit, the cUffraction by which we Avill now investigate as an
introduction to the study of the diffraction grating. In this case

we can substitute for the luminous point a luminous line, parallel to

the slit, without altering the diffraction pattern, a device which en-
ables us to use much more light, though we do not thereby increase

the illumination at any given point to any great degree. With a
point source of light the diffraction pattern is reduced to a series

of maxima and minima, distributed along a line which is perpen-
dicular to the slit. With a linear source of light the maxima are
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extended in a direction parallel to the slit, the minima appearing
as dark bands.

We will express the intensity )iy the equation in which the position

of the illuminated point is defined by the angle of diffraction 8, and
since, if the slit be parallel to the y axis, (^= 0), the diffraction will

only occur in directions parallel to the x axis, we can put 8' = 0.

This makes the second factor equal unity, and we can write the ex-
pression for the intensity

• 9 a sin 8

oa^ snr o u^

It will be seen that 6^ has been omitted. This is because varying
h does not change the distribution light in the maxima. It, however,
affects the intrinsic intensity.

The minima of this function, as we have seen, are given hyu= nnr

where m is a whole number (not for m= 0, however).

The intensity is zero for all directions 8 for which sin 8 =— , or
a

if 8 is small the directions for zero illumination

8= MINIMA.
a

u X
The maxima lie in directions given by sin 8 = -^ , in which m„ is

-rra

one of the roots of the equation u=tsinu, or for small values of 8,

= -2- MAXIMA.
Tra

The maxima are the spectra of the first class which we have
already investigated in an elementary way.

If white light is employed, the central maximum is white, the

other maxima colored, owing to the fact that their position is a func-

tion of the Avave-length of the Ught, the red maxima being farther

apart than the blue.

Diffraction by Two Parallel Slits. — This case, which we have
already studied ])y elementary methods, is the next step which is

taken in the development of the theory of the diffraction grating.

The width of the slits we will call a and the distance between
them d.

The diffracted rays coming in a parallel direction from a slit at

angle 8 with the normal give a resultant intensity

^ a sin 8

a- sin^ 8

X2

in which expression A is the amplitude.
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Parallel rays coming from corresponding parts of the two slits have

a path-difference of (a + d)sin8, and the vibrations when brought

together by the lens will have a phase-difference -^—

—

^
•

A

We have seen in the Chapter on Interference that the resultant

intensity of two streams of light of amplitude A, with phase-differ-

€nce e, is / = 2A^ + 2A- cos £.

The resultant intensity in this case is therefore

J = 2A^('l+cos27r (^+^^)^^^^
') = 2A^2cos^7r ^^+^^)^^^S

and substituting A^ from above,

. ., a sin 8
Sm"* TT

,x . «

r . o ^ , (a+rf)smS
/= 4a2 , „g • cos^TT^ .

,a'' sm'' A

This expression contains two variable factors^ one of form ——t
which we have already investigated, the other giving equidistant

minima equal to zero, given by the equation

. X (2n + l)X
^^^ ~ '^^ n^ MINIMA,

and maxima given by sin 8= maxima,
a+a

which expressions simply state that in the first case the rays coming
from homologous parts of the two slits meet with a path-difference

of an uneven number of half wave-lengths, and in the second case

with an even number.
The intensity will be zero when either of the two variable factors

is zero, i.e. when
sin 8 = mA,

. X (2/i + I)X
sm d = ^ ^ •

2{a+d)

The minima given by the first expression are the diffraction min-
ima of a single slit which we have already studied, the second are

interference minima resulting from the meeting of homologous
rays from the two slits : they are chiefly noticeable in the central

maximum of the first class system, and the maxima which lie be-

tween them were called by Fraunhofer spectra of the second class.

They are the spectra yielded by the diffraction grating. See also

the interference refractometer in the Chapter on Interference.

If now we increase the number of slits we shall find that we have
in addition spectra of a third class, which, however, practically

disappear if the number of slits be very large.

Diffraction by any Number of Parallel Equidistant Slits

(Diffraction Grating). — The usual method of treating the diffrac-
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tion spectra produced by gratings is so involved, that the student
is apt to lose all idea of the physical significance of the expressions.
An elaborate formula, invoking double integrals, the development
of which requires several pages of pure mathematics, and is finally

solved by graphical methods, shows that between the principal
maxima produced by the grating there are present in— 2) second-
ary maxima, where n is the number of lines of the grating. As
an example we maj^ take the case where the curves x = /?tan0;

y= tan nz are plotted, the secondary maxima being given by the
points of intersection of the two curves. One is apt to go through
this treatment without ha\ing the faintest idea as to why second-
ary maxima are produced at all, though each step is i\i\\y under-
stood from a purely mathematical standpoint. The complete
expression for a grating of n lines (or slits) of width a, separated
by equal distance d, is

• o asinS • , (a + c/)sin8
sinV sin'mr^ ^ •

I = d
,a-sin-S . „ (a+rf)sin8

\2 A

The following elementary graphical method will be found to

account for the secondary maxima, and show as well their number,
position, and intensity, for a grating of any number of lines. We
shall make use of the well-known method of compounding \ibra-

tions, which is employed in the elementary development of Cornu's
spiral, and shall show that we have minima equal to zero whenever
the amplitude lines form a closed sjanmetrical figure, or mutually
annul each other in pairs. The closed figures are either triangles,

squares, regular polygons, or star-shaped figures, which can be
plotted in a very simple manner, described later on.

Fraunhofer's treatment shows that a single slit produces maxima
and minima, which recede from the centre and broaden as the slit

width decreases. These he called spectra of the first class. In the

case of the gratings used for optical purposes, the lines are so fine

that the central maximum of the first-class spectra occupies the

entire field ; i.e. there are no minima, a single fine scattering light

of decreasing intensity throughout the entire range between 0° and
90°. In the present treatment we shall consider our lines of this

degree of fineness. " Absent spectra," resulting from finite width
of the line, and the consequent existence of first class minima, can be

separately dealt with.

We will consider parallel raj's incident normally upon the grat-

ing, the paralhi diffracted rays being brought to a focus by a lens.

Each line of the grating acting alone, we will suppose to pro-

duce unit amplitude at the focus.

We find the resultant amplitude* produced by a number of lines

operating together l)y the well-known device em])loyed in the ele-

mentary treatment of Cornu's spiral, the resultant amplitude lieing

the closing side of a polygon, the sides of wiiich (vectors) represent

the amplitudes and phases of the vibrations coming from the grat-
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ing-lines. We can plot the intensity curve for a three-line grating,

by considering phase-differences (P.D.) which increase by 20°. In
the normal direction (P.D.O°) the intensity will be 3^ or 9; in a

direction such that we have a P.D. of

90° the intensity "will be 1, while with

a P.D. of 120° we have a triangle, there

is no " closing side " and the intensity

is zero. From now on it increases, at-

/"/? =0°

PO =40°

taining the value 1 again with a P.D. of
j

180° when the three vectors are super- • si

posed ; two of these vectors cancel each

other, the illumination being that due
to the outstanding one. The various

stages are shown in Fig. 159 for different

values of P.D. The first order spec-

trum comes in such a direction that

the P.D. is 360° or the path-difference

is A ; consequently the point for which
P.D. = 180° is midway between the "central image" and the

first spectrum, and the diffraction pattern is symmetrical about
it. We thus see that there is a secondary maximum at this

point.

Fig.

FD =90'

PD ^\Z0'

^O =J80'
159.

f.V/!SE D/FFERE/^Ce
20 W 60 80 100 120 140 160 180

o -^
4 L//V£S

5 Lines

6 Lines

'^ Lines

8 Lines

O O A
\Z Lines

Fig. 159 a.

From now on we shall only determine the positions of the minima
when more than three lines operate. The complete curve can be
calculated in the same manner.
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In the case of a four-line grating we have intensity 16 at the centre,

zero when the P.D. is 90° or 180°, and unity when the P.D. is 120°.

This gives us two secondary maxima between the principal maxima,
their intensity being about yj that of the latter ; these maxima
occur when the P.D. is 135° and 225°. In Fig. 159 a, I have given

the positions of the minima and the form of the closed ampUtude
figure at each, for gratings of 4, 5, 6, 7, 8, and 12 lines. The orch-

nates of the amplitude curves are not drawn to a scale, of course.

With a five-line grating we get our first minimum when the five

amplitude lines form a pentagon, the phase-difference being 72°,

and a second when they form a star, the phase-difference in this

case being 144.° At the centre (180°) we have intensity one, as

in the case of the three-line grating.

It ^^^ll be noticed that we have a zero value only when the

starting and terminal points of our broken line of vectors coincide.

With a phase-difference of 180° this \\all happen when the number
of lines in the grating is even. It may also happen when a closed

figure such as a triangle, square, or regular polygon is formed.

For a six-line grating we must show the existence of 4 secondary
maxima. The illumination will be zero for the 180° phase-differ-

ence, also for that of 60° when we have a hexagon, and for 120°

when we have two superposed triangles. A star figure cannot be
formed of 6 lines compounded as described.

In the case of a seven-fine grating we have the zero minima
for the regular polygon (P.D. 51°.6) and for two star-shaped figures

(P.D. 102° and 154°), giving us five secondary maxima between
the two principal maxima. The eight-line grating gives zero when
the amplitude fines form an octagon, two superposed squares, an
eight-pointed star (P.D. = 135°) and also at the centre of sjth-

metry (P.D. = 180°).

In the case of the twelve-line grating the lines form in succession

a twelve-sided polygon, two superposed hexagons, three squares,

four triangles, and a twelve-pointed star, the phase-cfifference in

the latter case being 150°.

The following method of ascertaining the number of possible

figures will be found useful.

Arrange around a circle as many equidistant dots as there are

lines in the grating, and join the dots by straight lines, first skipping

one dot, then two, three, four, etc. With twelve dots we get the

twelve-pointed star when we skip four dots each time. For a

grating of thirteen lines we find it possible to form thirteen-pointed

stars in five different ways, between 0° and 180° phase-difference.

Each of these gives zero illumination, also the polygon of tiiirteen

sides; consequently we have six minima between 0° and 180°. or

eleven secondary maxima. In tiie case of twelv(^ dots we get but

one star, skipping 1, 2, and 3 dots giving the hexagons, squares,

and triangles.

We thus see that, in the case of a grating of n lines, we have
(n— 2) secondary maxima between the principal maxima, the

intensity of which can be easily calculated from diagrams similar

to those given.
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A/v^A A/N^A A/^/^A l£U

The intensity curves for 1, 2, 3, 5, and 6 slits are shown in Fig.

160, from which we see that

by increasing the number of

lines of the grating we throw
more light into the principal

maxima, the secondary max-
ima decreasing in intensity

and becoming more crowded
together. We also cause the

curves of the principal max-
ima to become steeper, i.e.

the hght is concentrated

more and more nearly into a
line. When we have a very
large number of lines the

principal maxima are ex-

ceedingly bright and narrow
when monochromatic hght
is employed, and the sec-

ondary maxima chsappear
entirely. The principal max-
ima then constitute the nar-

row spectrum lines seen with
the grating.

The formation of spectra

by gratings can be well

illustrated by mercury rip-

ples, as was shown by Vincent. If we fill a large shallow basin
with mercury, and cause a strip of cardboard attached to a vi-

brating tuning-fork to touch its surface, plane-waves will be emitted,

parallel to the edge of the strip. If, however, we substitute

a coarse comb for the continuous strip, and allow the teeth

to touch the surface, we shall have a number of systems of plane-
waves, corresponding to the central image and lateral spectra. The
experiment has been repeated by Reese (Astro-phys. Journal, xxiv.,

p. 48) and illustrated by a photograph similar to the one made by
Vincent. It is reproduced in Fig. 161. The author has found that
a ring of glycerine run around the edge of the mercury surface com-
pletely prevents cUsturbing reflections from the sides, by damping
the waves.
We will now consider the case of the optical grating with many

thousand hues, and see what part the secondary maxima, which
accompany the spectrum lines, play.

Our broken line now becomes essentially a smooth curve. We
have our first minimum when it forms a complete circle, the phase-

difference between disturbances from the first and last lines being
360°, or the path-difTerence A. The first secondary maximum
occurs when the line has wound up into a circle and a half. The
ratio of the intensity of the secondary to that of the principal maxi-
mum is obviously the ratio of the square of the diameter of the

circle of H turns to the square of the total length of the line. This

Fig. 160.



208 PHYSICAL OPTICS

we easily find by winding up a strip of paper of known length. It

will be found to be about 1 : 23.

This shows us that, no matter how man}' lines we have in the
grating, our spectrum lines will alwaj's be accompanied by close

companions, having at least oV of their brightness. For an eight-

line grating the ratio is not very different, being about ^f. It

Fig. 161.

occurs for a phase-difference approximately such that we have a
regular pentagon, three sides of which are made of double hnes.

For a four-line grating it is about yV (triangle with one side double),^

and for a three-line grating ^. This last is the maximum value of

the ratio.

It seems quite surprising that even for optical gratings the

secondary maxima have a brilliancy verj- nearly one-half of that

which obtains in the case of a three-line grating. Their angular

distance from the spectrum lines is such as to make the path-dif-

ference between disturbances coming from the first and last lines of

3 X.

the grating -^ more than the path-difference at the line. This

angle is obviously that subtended l)y one and one-half waves, at a

distance equal to the width of the ruled surface. The distance be-

' This, howcvor, is not tJic centre or lirinhtest point of the inaxinuini, which is for

a P.D. of 1.35°, the fiRun' haviiiR the form shown in Vip.. l.'ifla. At this point the
intensity is alxiut ,\ that of the i)rineipal maxima.
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twoen the secondary maxima is thus seen to depend upon the width

of the grating, and not upon the number of hues. At first sight

there may appear to be some difficulty about this, since there are

yj _ 2 secondary maxima ; and we might very naturally expect

an increase of /( to push them nearer together. This is, however,

only true when the " grating space " remains constant, i.e. when we

add new lines of the same spacing.

Suppose we have a grating of given width with 20 lines which

gives 18 secondary maxima. If we interpolate fines between the

lines already present, we double the number of secondary maxima,

to be sure ; but the principal maxima (spectra) of odd order dis-

appear by interference ; in other words, they are now twice as far

apart as before, the spacing of the secondary maxima remaining

the same.
The analogy between the secondary maxima and the fringes

produced by a rectangular aperture of the same size as the ruled

surface, can be studied to advantage by means of coarse gratings

made by ruling four or five fines on a piece of smoked ylate glass, and

making the lower third of the grating clear by wiping out the lines.

Sun or arc fight filtered through red glass should be used with a

small spectrometer, the grating and aperture being covered in

succession or used simultaneously.

It is easy to see that, in a spectrum of order m, formed by a grat-

ing of n lines, the path-cfifference between disturbances coming

from the first and last fine is mn\. The first secondary minimum to

the right or left of the central maximum will lie in such a direction

as to make the path-difference between the extreme rays change

by one whole wave-length ; that is, the path-difference in this case is

(mn±l)A. For, as we have seen, this first secondary mirfimum

occurs when our fine of vectors turns around into a closed circle,

the first and last vectors pointing again in the same cfirection.

This means that the last vector has turned through 360°, which

corresponds to a path increment of A,,

We shall use these expressions when we come to the resolving

power of gratings; they are of fundamental importance.

Number of Spectra and Intensity Distribution : Absent Spectra.—
In the case of gratings formed of opaque fines and transparent in-

tervals the spectra of progressively increasing order fie in such
directions that the path-difference between disturbances coming
from the corresponding edges of two adjacent apertures is I, 2, 3,

4, et<?., wave-lengths. Referring back to Fig. 148, suppose the-'

direction of the dotted fines to be the direction of the second order
spectrum. The path-difference between disturbances coming from
A and C is then 2\. If the widths of the opaque bars are equal to
the \^adths of the apertures, as in the figure, the path-difference in

this direction, between the waves coming from A and B will be A,

and the total effect of the disturbances from the aperture will be
zero ; as we have seen in the elementary treatment of a single slit.

If each aperture produces zero illumination, the total effect of all

must be zero, or the second order spectrum will be absent. The
spectra will in general be absent in the directions corresponding to
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the minima of the first class due to a single slit. It is easy to see

that if a= b, as in the above case, the spectra of even order 2, 4, 6,

etc., will disappear. If a = -, the spectra of order 3, 6, 9, etc., will

be absent ; if a=-, spectra 4, 8, 12, etc., will disappear.
o

The intensity of grating spectra has been treated by Lord Ray-
leigh (" Theory of Diffraction Gratings," Phil. Mag., xlvii, pp. SI-
OS, 193-205, 1874 ; also " Wave-Theory," Ency. Brit). In the case
of gratings consisting of opaque and transparent parts of widths d
and a, it can be shown that the intensity in any spectrum of order m
is given by

D D 1-2 aMTTB,,:B=-—sm'---,
m^ir a + d

in which B is the intensity of the image produced by the lens in the

absence of the grating, and B„ the intensity of the spectrum of

order m. Since the sine can never exceed unity, the utmost inten-

sity attainable under the most favorable circumstances is only

of the original light. In the first order, this may amount to

— or —:, when the opaque and transparent parts are of equal width.
TT^ 10

If d= a, the formula reduces to

sin^-9- rmr
B„.:B =

m-TT'

and the spectra of even order disappear. This can be shown by
means of a grating formed by winding fine copper wire on a brass

frame. Two strands should be wound side by side, and pressed close

together. One of the ends is then soldered to the frame, and the

other wire unwound. The remaining wdre is now soldered to the

frame, and the wires on one side cut away. It is l)est to make the

frame in such a way that it can be expanded by means of screws,

after the winding is completed ; in this way the wires are drawn
taut. On viewing a slit backed by a sodium flame through such a

grating, the 2d, 4th, 6th, etc., spectra will be found wanting. If

the grating is turned a little so as to alter the ratio of a to d,

these missing spectra at once appear. If the transparent inter-

vals are small in comparison to the total interval (a -f d), we have
B'" ' B = \al{a -\- d)\'^, except for spectra of very high order. In
this case the spectra are all of equal intensity. Gratings made by
photographing black and white drawings of parallel lines with

various ratios of a to d are useful for pur]K)ses of illustration.

If the width of the fines is small, the points wh(>re the spectra are

absent are too far removed from the central maxiraimi to appear
in the field.

Verification of Results. — The n^sults which we have deduced
for the (litTraction grating can be easily verified by experiment. .\

piece of thin plate glass is smoked over a flame, and one edge
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moistened with alcohol. The alcohol spreads over the film, and
on drying leaves it compact enough to enable us to rule lines

through it with a sharp steel point by means of the dividing

engine.

If no dividing engine is available it is not difficult to fit up an
arrangement by which the plate may be advanced through equal

distances by turning a screw provided with a roughly graduated

head, while the ruling is done with a needle point mounted on a

pivoted arm, arranged to slide back and forth along a fixed line.

The distance between the lines should be as nearly as possible equal

to the width of the lines. A dozen or so lines will be found sufficient.

The plate thus ruled should be provided with a cover, also of thin

plate glass (ordinary window glass will not do), to prevent injury to

the film, and a movable slide of thin black paper so arranged that

the fines can be covered or exposed in succession. If we mount the

plate on the table of a spectrometer and illuminate the slit with

sunlight which has been passed through a sheet of dense ruby glass,

we can verify in succession all of the results which we have deduced.

If all of the slits but one are covered we shall see the broad spectra

of the first class, the central one being by far the brightest ; on un-

covering another slit, this central maximum, as well as the lateral

maxima, appear furrowed by narrow dark bands, the bright bands
between them being the spectra of the second class. If three lines

be uncovered the faint third class maxima appear, one between
each pair of second class maxima. As we proceed with the uncover-

ing process we shall see the secondary maxima crowd in between
the principal maxima, until, when all the lines are exposed, thej^ are

too faint and too close together to be detected.

If a piece of dense cobalt glass, which transmits the extreme red

and blue only, be substituted for the ruby glass, a series of red

maxima and blue maxima will be seen simultaneously, the latter

being closer together than the former.

There is another cause which may operate in causing the disap-

pearance of spectra cf certain orders, which we will now investigate.

The Laminary Grating. — If we consider the opaque strips of the

grating which we have just studied replaced by transparent strips

of such a thickness that some one wave-length in the spectrum

suffers a retardation of -, we have a type of grating which was first

studied by Quincke. The mathematical treatment of a grating of

this type is somewhat long and involved, and, as the chief peculiar-

ities of the grating can be seen by elementary considerations, had
best be omitted. These gratings have the peculiar property of

failing to show the central image when light of the specified wave-
length is used. If we employ white light, the central image, which
is white in the case of the ordinary grating, appears colored owing
to the absence of the wave-lengths in the immediate vicinity of the

one for which the retardation by the thin lamina is
-•

The reason of this is very easy to see. Let BC, DE^ and FG be
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the retarding lamina (Fig. 162). The central image is formed by
the normally diffracted rays, i.e. the rays for which 8 = 0. In the

case of the ordinary grating these dis-

turbances all arrive at the focus of

the lens in the same phase, and pro-
duce a maximum. In the case of the

_

. . laminar}' grating there is a second

i b' c' i' E' F' 6' set of disturbances from the laminae

Pjq jg2 which reach the focus half a wave-
length behind the others, or unre-

tarded ones, which they destroy. Thus the disturbance EE' com-
ing through the clear space is destroyed by FF' coming through
the lamina, and so on. For waves for which the retardation

is not exactly - the destructive interference will not be so com-

plete, and these will appear in the central image, though with
reduced intensity. The difference in the retardation is of course

due to the dispersion of the lamina, and if the latter be somewhat
thick, we may have several values of A distributed along the spec-

trum, for which the retardation is (n + 1)^- These wave-lengths

will consequently be absent, and the intermediate ones, for which the

retardation is an even number of half wave-lengths, will be present.

The illumination will be greater for these wave-lengths than in the

case of the ordinar}^ grating, since twice as many elements are

operative in producing it.

We know, however, that luminous vibrations cannot be actually

destroyed by interference, consequently the light which fails to

make its appearance in the central image must be looked for some-
where else. It is not difficult to see that this light mil be found in

the lateral spectra. Suppose A A' and
CC to be the rays diffracted in such a ^ b c o e

direction that their path-difference at '{"--Jk /]

the focus is X, and consider this value /^i / "7
of A the one absent in the central image / J

(Fig. 163). The ray BB\ were it not / ^''.
^'.

for the retardation, would arrive at the

focus with a path-difference of - with

respect to A A', consequently it would destroy it. If the laminae
were removed, the rays traversing the spaces which they occupied
would destroy the rays passing through the adjoining spaces, and
there would be no illumination in this direction ; in other words,
the diffraction effects would disapj^^ir. the grating having been
reduced to a piece of clear glass. But the ray BB', in addition to

its - path-difference due to the angle 8, has an additional path-dif-

ference of due to the retardation in the lamina, consequently it
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will arrive at the focus in condition to rcenforce the disturbance
along A A'. The spectrum of the first order will consequently be
much brighter for this wave-length than if the laminae were opaque

;

in other words, the light which is absent in the central image ap-
pears here.

For some other value of A it may happen that the disturbances

€oming from the laminae will be retarded by such an amount that

they will destroy the disturbances coming from the clear spaces, in

the spectrum of the first order, consequently light of certain colors

may be absent in the spectra as well as in the central image.

Gratings of this description may be made by depositing silver on
glass by the chemical method (a wedge-shaped film is preferable),

and then ruling lines through the film perpendicular to the thin edge
of the wedge. By covering the plate with iodine crystals, the silver

is transformed into a transparent iodide, and we have a laminary
grating, the retardation increasing progressively as we recede from
the thin edge. With a grating of this description we can verify

the above results. A candle flame viewed through it appears
brilliantly colored, the color varying according to the portion of

the grating held before the eye, and certain colors will be found to

be absent in certain spectra, and present in excess in others.

Similar appearances are sometimes found with photographic
copies, of gratings ruled on glass made with bichromatized gelatine

on glass. The writer has prepared gratings in this way, the lami-

nae of which gave a half-wave retardation for sodium light.

A sodium flame could not be seen directly through it at all, though
the lateral spectra were very brilliant.

The same thing may happen with a reflection grating if the depth

of the groove is - , and, in fact, most of the gratings ruled on specu-

lum metal show more or less color in the central image. This color

is sometimes erroneously referred to oxidation, and is regarded as

a bad feature. Quite the reverse is the case, these gratings giving

brilliant spectra for obvious reasons.

The Plane Grating. — Diffraction gratings for spectroscopic

apparatus are usually ruled on a reflecting

surface of speculum metal. If the surface

is plane the case is analogous to that of the

transparent grating. The formula for'

the grating we have already deduced,
in considering the diffraction fringes of-

the second class, due to two parallel'

sUts. It is nX={a + 6) (sin i ± sin 6) in^

which 6 is the angle of diffraction, i the

.

angle of incidence, n the order of the- g,

spectrum, and (a + h) the grating con-
stant. For normal incidence we have

sin^= -. The condition of things is represented in Fig. 164,
a + o

from which it is apparent that the disturbances which originate at

Fig. 164.
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the grating elements, when a plane-wave is incident normally upon
it, pass through the point P in succession. It is thus apparent that

even if but a single wave or pulse struck the grating, we should

have a periodic disturbance at P. The grating is thus able to manu-
facture, as it were, light of a definite wave-length or color, a circum-

stance which will be considered more fully in the chapter on ^^llite

Light. The optical paths from what we may call the diffracted wave-
frontMD to the point P are equal, and since the path-difference be-

tween two adjacent diffracted streams for the first order spectrum is-

X, the path-difference between the extreme rays is mX, m being the
number of lines in the grating. As we have seen, if we employ mono-
chromatic light from a slit, made parallel by a lens, we shall have at P
a sharp maximum accompanied by very faint maxima, which lose in

intensity and crowd closer to the principal maximum as we increase

the number of lines in the grating. The path-difference between
the extreme rays for the position of the two minima immediately
adjacent to the principal maximum is (m±l)A, an expression

which we shall make use of in considering the resolving power of

the grating. If n is the order of the spectrmn, the path-differ-

ence for the principal maxima and adjacent minima are mrik and
{mn±l) A. The formula for the grating shows us that the posi-

tion of the diffracted image depends upon the value of A.

The dispersive power of the grating is represented by

dO^ n

dX (a+6)cos^

which shows us that the dispersion increases with the order of the
spectrum, and that it is inversely proportional to (a + 6), the grat-

ing constant. For small values of^, cos^ = I approximately, and
the spectrmn is normal, i.e. equal increments of wave-length cor-

respond to equal increments of 6. In the higher orders of spectra,

however, the cUspersion increases wnth 6 and therefore with A, and
the spectra are more drawn out at the red than at the \dolet end,

exactly the reverse of what we have in the case of prismatic spectra.

On this account the grating should be mounted on the table of the

spectrometer so as to stand normal to the observing telescope, for

in this position ^ = 0, for the centre of the spectrum and the other

values of 6 are small.

The general formula for a reflecting grating, for any angle of

incidence i, is

(a + h) (sin i ± sin 6) = mX.

Overlapping Spectra. — The formula for the grating shows us
that tlic spectra of tlic different orders overlap, for by doubling n
and halving A we have the same value of 6. This overlapping gives

no trouble in the visible region, if we limit ourselves to the first or

even the second or(l(T, l)ut in jihotographic work it must be taken
into account, for the ultra-violet of the second order is superposed
on the visible region of the first order wave-length 25 of the second
coinciding with 50 of the first. This overlai)iMng is often of use,

as we shall see when we come to the consideration of the concave
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Fig. 165.

grating ; if it is desired to eliminate it, color screens or prismatic
analysis must be resorted to : glass cuts off practically everything
below A = 32, consequently a glass lens or plate is all that is nec-
essary when working in the first order spectrum.

'

Resolving Power of Gratings. — Since the diffraction grating is

used largely in jjlace of a prism, for the formation of spectra and the
examination of spectrum
lines, it is of importance
to determine upon what
the resolving power of the

grating depends. Lord
Rayleigh ^ has shown that

in order to separate two
spectrum lines, the dis-

tances between the central

maxima of their diffrac-

tion images must be at

least as great as the dis-

tance of the first minima
from the central maxi-
mum. If this condition

is as represented in Fig. 165, the resultant illumination (dotted)

being given by summing the ordinates of the two curves, the lines

will not appear clearly separated, but the duplicity of the line can
be recognized from the slight shading down the centre. Let AB
(Fig. 165) be the grating and BC the direction of the diffracted rays,

which form, for wave-length A, the central maximum of the spectrum
of the mth order. As we have seen, the central maxima in each

spectrum are accompanied by secondary maxima which decrease in

intensity, and become crowded together as

we increase the number of lines of the grat-

ing. The first minimum at tt on each side of

a central maximum -will obviously he closer

to the central maximum of the spectrum line,,

if we employ a large number of lines in the

grating, or more exactly if the grating has
a considerable width. In other words, the

intensity curve becomes steeper, the light

crowding together more nearly into a geo-
metrical line. As an expression for the resolving power we require

the change in wave-length necessary to shift the central maximum
into the position of the first minimum. For the central maximum
for wave-length A, in a spectrum of order ni for a grating of 7i lines

the retardation between the disturbances coming from the edges
of the grating is mnX (Fig. 166). The first minimum to the left

for this wave-length is represented by the line BD, which Avill be
the direction of the central maximum for some other wave-length
slightly greater than A, say A + 8A. The retardation of the ex-

treme rays of the first minimum is (mn + l)Aor wn(A-f8A), if SAis

the increment of wave-length which will shift the central maximum
1 "Wave-Theory," Ency. Brit., vol. xxiv.



216 Pm^SICAL OPTICS

into the position pre\'iousl3^ occupied by the first minimum. (See
treatment of diffraction grating.) Since these two are equal, we
can write

mn{X 4- 8X) = {mn + 1) A., or— = —

.

A mn
SA. 1

For the D Unes of sodium — =
, so that in order to resolve

A 1000

them in the first order spectrum, we must utilize at least 1000 lines

of the grating. They may be separated in the second order spec-

trum AAith 500 lines, etc. This treatment is due to Lord Ray-
leigh.

It is especially to be noticed that the resohdng power of the
grating does not depend upon the closeness of the ruling, but merely
upon the number of lines. Let us take for example a grating one
inch in "^\'idth, ruled with 1000 lines, which in the first order spectrum
vriW barely resolve the sodium lines. Suppose now we interpolate

an additional 1000 fines, making them bisect the original spacing.

The spectra of odd order wiU cfisappear by interference, the energy
being thro^Mi into the spectra of even orders, which increase in brill-

iancy, the gain being fourfold since the ampfitudes are doubled.

The resohang power in each spectrum is exactly the same as it

was before, since what is now the first order spectrum was pre\'iously

the second order. If one-half the grating is cut away, leaving 1000
lines in half an inch, the dispersion \^^ll not be altered while the

brightness and the resohing power are halved. The sodium lines

are now just barely resolvable in the first order spectnma. If the

grating had been cut in halves before the interpolation of the second
ruling, the sodium lines would have been just barely separated in

the second order spectrum, 500 Unes only operating. This spectrum
is identical in position -v^-ith the first order spectrum in the second
case. It is thus clear that with a grating of given size, the resohing
power in a given direction is quite independent of the number of

lines in the grating. With few lines we have a high order spectrum
at a given point, and as we increase the number of lines by ruling

more in the same space, the spectra move out from the central

image, and the order of spectrum at the given point becomes less.

If, however, we decrease the order at the given point by compress-
ing the grating, that is, decreasing the grating space without in-

creasing the number of lines, then the resolving power at the given

point becomes less. The advantage of ruling the lines close

together is twofold. In the first place, for a given aperture of

telescope and collimator, we can bring more lines to bear, and con-

sequently increase the resolving power ; in the second place, we
concentrate the light into fewer spectra, and obtain increa-^ed brill-

iancy. As Lord Rayleigh remarks, " There is clearly no theoreti-

cal limit to the resolving power of gratings even in spectra of given

order, but it is possiljle that, as suggested by Rowland, the struc-

ture of natural spectra may be too coarse to give ojiportunity for

resolving power much higher tlian those now in use. However
this may be, it would be possible with the aid of grating of given
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resolving power to construct artificially of white light mixtures of

slightly different wave-length whose resolution or otherwise would
discriminate between powers inferior and superior to the given
one." We can easily investigate the relation between resolving

power and number of lines. Illuminate the slit of the spectrom-
eter with the light of a sodium flame, viewing the spectrum by
means of a small grating, the aperture of which can be contracted

in the horizontal direction by means of vertical opaque screens.

If we are working in the spectrum of the first order, with a Row-
land grating of 14,000 lines to the inch, it will be found that the

D lines run together when the width of the aperture is about one-
fourteenth of an inch. Turning the telescope so as to view the lines

in the second order, we shall find that they are clearly resolvable.

If a grating with coarser ruling is used, the minimum width of the
aperture consistent with resolution will be increased in a corre-

sponding degree.

Focal Properties of Gratings : Zone-Plates.— If the distance be-
tween the lines of a plane grating, instead of being constant, varies

according to the same law which governs the spacing of the
Fresnel-Huygens zones, the grating will

give focussed spectra without the aid
t'oS?^-.

of mirrors or lenses. u. < _^^l!^^j "•*-*

It is obvious that the diffraction
''**'''S^^^^^^^^ I

angle for a spectrum of given order r'ojr
\

must be, for each element of the r^.v-, L
grating, such as to cause the dif-

fracted rays to meet at a point, in-

stead of remaining parallel to one
another.

We may regard the zone-plate,

described in the chapter on the Recti-

linear Propagation of Light, as a cir-

cular diffraction grating of variable

spacing.

In Fig. 166a let ABODE represent

a section of the zone-plate through
w^hich parallel rays of light are pass- Fig- I66a.

ing. At the points A and E, where
the elements are close together, we have the diffracted rays cor-

responding to spectra of different orders leaving at the angles

designated by arrows. It is clear that the rays for the first order

spectra will meet at a point at some distance from AE, and the

second order rays at a point nearer to the plate.

At B and D, the distance between the diffracting lines being
greater, the diffraction angles are less and the rays from these ele-

ments meet at the same points as those from A and E. We thus
see that the different foci of the zone-plate merely represent spec-

tra of different orders. The diffracted rays indicated by dotted
arrows meet only if they are produced backwards behind the zone-

plate. These foci are of course virtual, and the plate therefore

acts as a concave, as well as a convex, lens. Now we know that
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the relative intensities of spectra of different orders depends upon
the ratio of the wddth of the opaque to that of the transparent
portions of the grating. If a = b, the spectra of even order disap-
pear.

In this connection the zone-plate represented in Plate II is espe-
cially interesting, as the ratio a : 6 is not constant, and if the eye is

placed at the second-order focus circular zonal regions, in which a = b,

will appear less brilhantly ihuminated. They will never appear
black, however, as some of the first-order rays from them are
entering the eye as well.

In the condition that a = b, any actual zone on the plate, as seen
from the second-order focus point, contains two of the Fresnel-

Huygens zones, consequently each real zone of the plate produces
zero illumination at this point.

Intensity of Grating Spectra. — The intensity of grating spectra

can be calculated in the case of gratings made up of opaque and
transparent intervals. As gratings of this type are seldom or never

used, such calculations are of little practical value. In the case of

gratings ruled on speculum metal the cUstribution of light in the

spectra of different orders is very irregular, depending upon the

form of the groove. The follo^%'ing method of measuring the inten-

sity, used by the author in determining what percentage of the

total incident light appeared in the very bright, first order spectrum
of a particular grating, may be of interest, as the measurements are

very easily made.
The measuring apparatus, or photometer, consisted of a pair of

Nicol prisms (one mounted in a graduated circle), a small piece of

silvered glass, and a bright and uni-

sodiumrume form sodlum flame. The silvered

^-., glass can be made by cUssolving the

varnish from the back of a piece of

modern mirror, and polishing with

rouge. It is mounted vertically at

cr^fHif an angle of 45° with the axes of the

Xicols, and covers the lower half

of the field (Fig. 167). The soda

flame is immediately behind the po-

larizing prism, and the grating stands

to one side, as showni in the figure.

By turning the grating, the central,

or any one of the lateral (spectral)
*

images of the flame can be viewetl in

Fig. 167. the silvered mirror, immediately in

contact with the imago of the flame

seen through the Nicols, and by turning one of them the intensities

can ])e accurately adju.^ted. We first set the graduated Xicol in

the zero position, and then turn tiie other Xicol to the position of

extinction. The inten.sity of the restored light for a given angle

mea-^ured from this position, is jiroportional to the square of the

sine of the angle. The central image can be located easily l)y watch-

ing for the reflection of the flame in* the unruled portion of the sur-
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face. The results obtained are recorded in the following table, eight

spectral images having been measured

:

Fourth
Spectrum
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the grating is a valuable one, as the etching process is apt to develop

latent scratches.

False Lines due to Periodic Errors or " Ghosts." — If the illu-

mination is sufficienth' intense, the bright lines of the spectrum
are usually seen accompanied by companion lines, sjtdmetrically

placed to the right and left of the principal lines. These fainter

companions are termed " ghosts," and are due to periodic errors

of ruling. Very elaborate mathematical treatments of their cause
have been given by Rowland and others, which hardly fall within

the scope of this book. The following simple method of regarding

the effects of periodic errors will, however, make the reasons for the

occurrence of the spurious hnes clear, though we cannot determine
the number of the lines or their relative intensities, as can be done
by the more rigorous mathematical methods.

Suppose that some irregularity of the ruling occurs at regularly

recurring intervals, due to some slight imperfection of the di\'iding

engine. For the sake of simplicity we will suppose that the irregu-

larity consists in the introduction of an extra line at points half a
millimetre apart, a fault that would not be hkely to occur in prac-

tice, of course. The grating would thus be the equivalent of two
superposed gratings, one with a fine spacing, namely, that which
the machine is ruling, the other wath a 0.5 mm. spacing. Consider
now the effect of superposing two gratings. If we view a sht illu-

minated with sodium light through the fine-spaced grating we shall

see the central image accompanied by widely separated spectral im-
ages. On introducing the second grating, with lines ruled at wide
intervals, the central image and the lateral spectral images will all

be accompanied by lateral spectra, which lie close together on ac-

count of the coarseness of the ruling, and are very faint on account
of the small value of the ratio of the width of the line to that of the

space between the lines. In other words, the second grating forms
spectra not only of the slit (central image), but also of the lateral

spectral images.

The errors which actually occur in the process of ruling are, of

course, much more complicated. For example, the spacing of the

lines may alter gradually in a periodic manner. We can say, how-
ever, that, in general, the effect of any periodic irregularitj^ in the

ruling will be to produce spectra at angular distances similar to those

produced by a grating with a spacing equal to the spacing of the

periodic error. If the eye is placed in the spectrum the periodic

error can often be seen on the surface of the grating if the source
of light gives a discontinuous (line) spectrum.

In practice it is usually not difficult to recognize ghosts, for they
are only seen in the case of very strong lines, and have the same ap-
pearance regardless of the element, the spectrum of which is under
examination. They are often us(>ful, as in cases where the line is

greath' broadeniHJ l)v overexposure, its true position l)eing midway
between the ghosts. The method of crossed gratings, which is

analogous to Newton's method of crossed prisms, enables us to recog-

nize a " ghost " in cases where it is not otherwise possible to do so.

As this method has been used in the interpretation of the results
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nO

obtained with the interferometer of Lummer and Gehrke, which will

be described in the Chapter on Interference Spectroscopes, it may-

be well to take it up in this connection.

In Fig. 168 let o be the source of light (slit of spectroscope, for

example) viewed through two superposed gratings, with their lines

perpendicular to each other, one of

which shows "ghosts." Let AB be

a first order spectrum produced ])y

this grating, with bright lines 1, 2,

3, and a verj' bright line 5 accom-
panied by two ghosts 4 and 6.

The other grating produces the

spectrum CD of the source and the

oblique spectrum EF, which we can
regard as the spectrum produced
by the good grating (lines hori-

zontal) of the spectrum AB; pro-

duced by the bad grating (lines

vertical) that is to say, the differ-

ent elements oi AB are deviated

by different amounts proportional

to their wave-lengths. The lines 1, 2, and 3, being true lines and
having different wave-lengths, will lie in the positions 1, 2, 3, on
EF. Lines 4, 5, and 6, however, have the same wave-length, con-

sequently they will be deviated by equal amounts and occupy po-
sitions showTi by 4, 5, 6, on EF. In other words, the ghosts are

thrown out of the spectrum. The same method could be used with
reflection gratings.

O I III
A » 2

2

Fig. 168.

H
B

-i-

Fk;. 169.

In Fig. 169 will be found photographs of the spectra of a helium
tube, made by the author with two crossed gratings. The left-hand
figure was made with a pair of gratings free from ghosts. The
source of light was the small brilliantly illuminated circle of an " end
on " tube. The spectra show the helium lines in the form of rows
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of dots, and the dots lie along single straight lines in the diagonal
spectre. In the right-hand figure one of the gratings has been
replaced by a very poor one with a bad periodic error; the hori-

zontal spectra produced by this grating are almost unrecogniz-

able, owdng to the numerous ghosts, which produce multiple dots
overhang one another. The vertical spectra produced by the other
grating are seen to be free from ghosts. In the diagonal spectra
the horizontal arrangement of the ghosts at each spectral line (dot)

is clearly seen. Compare points indicated b}' arrows.

The Nature of Optical Images.— All optical images arise by inter-

ference since the rectilinear propagation of the rays which form
them is the result of destructive interference. In certain cases

the part played by interference is very striking, and an experi-

ment has been described by A. B. Porter which illustrates the

theory and which is very instructive.
" The experiment consists in passing a parallel beam of monochro-

matic light through a coarsely ruled, black-line, diffraction grating,

and then through a convex lens. On the far side of the lens a

system of sharph' defined interference fringes is formed which can
be seen by aid of an eye-piece, or intercepted on a screen, at any
point over a considerable range along the axis. Somewhere in this

system of fringes is the geometrical image of the grating, but it is

visually quite indistinguishable from any other transverse section

of the fringe system. Clearly in this case, the geometrical image is

merely that section in which the geometrical condition of similarity

to the object is satisfied.

V

I
^^ 5

E

Fig. 170.

"The best arrangement of the experiment is the folio-wing. Light
from an arc lamp A (Fig. 170) is focussed by means of the lens B upon
a narrow slit C. Thence it passes through a direct-vision jirism at D,
and the spectrum is focussed by the lens E upon the narrow slit of a
collimator FG. The parallel beam of monochromatic light thus
obtained falls upon the mirror // of a microscope KJ, upon whose
stage, at /, the grating is placed in such a position that its ruled
lines arc parallel to the projection.s of the two .slits C and F. Using
a black-line grating of 400 lines to the inch, and having both slits

narrowed down to a small fraction of a millimetre so as to secure
very homogeneous illumination, the field of view was examined
with l^-inch ()l)jective and 1-inch eye-piece. Tiie interference fringes

aj)p('ared in the field of the eye-pi(H'e with e.\(iuisitely sharp defini-

tion throughout the whole range of the coarse adjustment of the
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microscope, i.e. over a distance of 58 mms., beginning with the front

of the objective in contact with the grating and with its focal

plane 7 mms. below the ruled surface; and the fringes could be

traced through a much greater range by withdrawing the eye-piece

and moving it back along the axis. As the microscope is slowly

focussed upward, the bands undergo curious changes in appearance,

the lines showing sometimes close together and again farther apart,

but the definition is abiiost equally sharp throughout the whole

range of adjustment, so that any section of the fringe system is as

good an apparent image as any other section. Similar but less per-

fect effects may be obtained by illuminating the field by means of

sodium light passing through a slit a couple of millimetres wide

at a distance of one or two metres."
" If the angle of the incidence of the light on the grating is changed

by moving the mirror, the whole fringe system shifts to one side or

the other except in the focal plane, where it remains stationary.

This shows (1) that the focal plane is the plane in which the inter-

ference fringes formed by light of all incidences coincide
; (2) that,

when a broad source is used, the geometrical image is really a

superposition of coincident interference patterns ; and (3) that the

usual absence of a sharp image outside the focal plane is due to the

more or less uniform illumination resulting from the overlapping of

fringe systems due to light coming from various points in the source.

When the grating is illuminated by a parallel beam of white light

by means of a collimator with very narrow slit, or, less perfectly, by
a distant gas fiame turned edgewise, the effects are similar except

that outside the focal plane the fringes are colored. Hence (4) the

focal plane is also the plane of achromatic interference, i.e. the plane

in which the fringes due to light of various wave-lengths coincide."
" These experiments show very clearlywhy it is in general essential

to use a condenser to illuminate the field of a microscope in order

to obtain a critical image, i.e., an image which comes sharply into

and out of focus and which is hence as free as possible from con-

fusion with details of structure lying above and below the focal

plane."

Abbe's Diffraction Theory of Microscopic Vision.—The diffraction

theory of microscopic vision was proposed about thirty years ago by
Ernst Abbe. It may be briefly stated as follows. For the produc-

tion of a truthful image of an illuminated structure by a lens, it is

necessary that the aperture be wide enough to transmit the whole of

the diffraction pattern produced by the structure. If but a portion

of the diffraction pattern is transmitted, the image will differ from

the object, and will correspond to an object the entire diffraction

pattern of which is identical with the portion passed by the lens.

If the structure is so fine, or the lens aperture so narrow, that no

part of the diffraction pattern is transmitted, the structure will be

invisible, no matter what magnification is used. Abbe devised a

number of interesting experiments to illustrate the theory. By
means of suitably perforated screens placed within or above the

objective of a microscope, one or more of the diffraction spectra

produced by a glass grating (the object viewed through the micro-
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scope) were cut off, and the appearance of the grating shown to be
modified in a most remarkable manner. If all of the spectra were
screened off, all trace of the lines vanished. It is sometimes as-

sumed that there is an essential difference between microscopic and
ordinary vision, and that the phenomena of diffraction play no part

in the latter. Whatever difference there may be between the two
cases, arises, however, from the relative size of the objects involved,

and from the special methods of illumination employed Avith the

microscope, as has been shown by A. B. Porter, who devised the

following ingenious experiment for demonstrating that the images of

periodic structures formed by the naked eye itself are due to dif-

fracted light. Light from an arc lamp or the sun passes through a
pin-hole in a screen and is focussed by means of a photographic lens

on a cardboard screen, about 30 cms. from the lens— immediately
in front of which a piece of wire gauze having about thirty wires

to the centimetre is placed. The diffraction pattern produced on the

screen by the wire gauze consists of a central image with a large

number of radiating spectra surrounding it. There are. two sets of

spectra at right angles to each other, formed by the two sets of

wires, mth two intermediate sets also at right angles, but rotated

through forty-five degrees with respect to the others. These latter

may be regarded as the spectra of spectra, and are always seen when a
source of light is viewed through a pair of crossed cUffraction gratings.

(See Fig. 169.) By cutting small holes in the screen we ma}^ trans-

mit any portion of the diffraction pattern and allow it to enter the

eye. If the screen is pierced by a hole only large enough to transmit

the central image, the wire gauze is quite invisible. If a narrow slit

is used which transmits only the central image and the horizontal

line of spectra, the vertical wires alone are seen ; if the sUt is turned
vertically so as to transmit the vertical line of spectra, the horizon-

tal Avires alone are visible. If the slit is turned at an angle of forty-

five degrees so that the diagonal set of spectra are transmitted,

neither the vertical nor horizontal wires are seen, but a very real-

looking set of wires appears running diagonally in a direction per-

pendicular to the slit. Such a set of \\ares would, if acting alone,

give rise to the spectra transmitted. If the card is pierced with
three pin-holes which transmit the central image and two second
order spectra, a set of vertical \\4res is seen, twice as close together as

the actual wires. By cutting two slits in the screen at right angles

to each other, and arranging them so as to transmit the diagonal

spectra, we see the gauze as if rotated through forty-five degrees.

In these experiments the object of placing a lens between the

gauze screen and the eye is to enable us to remove any desired group
of parallel diffracted rays. This can only be accomplished by liring-

ing all of the parallel sets each one to its own focus, and intercepting

them at this point. A white card should be mounted at the point

where the spectra appear sharpest, and the size and shape of the

aperture desired for the transmission of any portion of the diffrac-

tion pattern traced upon it with a sharply pointed pencil.

These experiments are similar to the ones devised by Abbe, and
furnish a very easy and convenient means of illustrating his theory.
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The subjoct of the distribution of the li^ht in the spectra in its

connection with the formation of images of periodic structures by
the microscope has recentlj^ been investigated by A. B. Porter,

and some extremely interesting effects found which were verified

b}^ experiment {Phil. Mag., 1905).

The case of a grating formed by opaque bars and transparent in-

tervals was first examined by Fourier's theorem. The amplitude of

the transmitted light is in this case represented by a square-topped

curve, which, by Fourier's theorem, may be represented by an in-

finite series of cosine terms. If the edges of the opaque bars are not
sharply defined, i.e. if they are shaded slightly, the analysis shows
that the higher harmonic terms in the series are absent, and since

each one of these gives a spectrimi, the higher orders of spectra are

absent. This was verified experimentally by making a contact

print on a photographic plate of a grating with 400 very sharply

ruled black lines to the inch ; one edge of the grating was in contact

with the plate, while the other was separated from it by means of a
piece of paper. The blurring thus increased progressively across

the plate. The original grating showed the first 35 orders of spectra

of a sodium flame, while the print showed but three, when the flame

was viewed through the edge which was in contact with the original.

As the eye was moved along the print, the 2d and 3d order spectra

rapidly faded away, the first order only being yielded by the end
which was separated from the original. Applying this principle to

Abbe's theory, we see at once that the sharpness of the edges of the

images of a series of black lines depends upon the transmission of

the spectra of high orders. If only the first order spectra are passed,,

the lines appear greatlj^ blurred. If four or five orders were passed,

the images became sharper and less blurred, but a fine dark line ap-

peared down the centre of each. This was predicted by Porter
from curves drawn representing the summation of the first five

terms of the Fourier series, and subsequently verified by experiment.

The result is rather remarkable in showing that a falsification of the
image may result from an improvement of the lens. When 8 spectra

were transmitted, two dark lines appeared running down the centre

of each bright band. The results were verified by examining a
grating under a microscope, the objective of which was furnished

with an iris diaphragm, by which any desired number of spectra

could be cut off. Monochromatic light was used, and the experi-

ments show that some caution must be used in interpreting minute
details in micro-photographs obtained with monochromatic light.

Porter has also examined the effects of the spectra produced
by structure underlying the structure upon which the microscope
is focussed. It was found that when monochromatic light was
employed, the presence of a second grating, a short distance

below the one under observation, in certain cases caused a com-
plete obliteration of the lines over the greater part of the field.

It is well known that when two gratings are superposed, with their

lines parallel and separated by a short distance, the spectra formed
by the double grating are intersected by transverse shadow bands.
If under certain specified conditions these shadow bands lie in the
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yellow of the first order spectra, and the iris diaphragm of the ob-

jective is contracted until only the first order spectra are passed,

we shall have no spectra at all when the microscope is illuminated

with yellow light, and the first order spectra when it is illuminated

^\ith light of some other color. In Porter's experiment, two gratings

of 3000 lines to the inch, separated by a space 1 mm. thick, were
placed upon the stage of the microscope, which was focussed upon
the upper grating.' The instrument was illuminated with mono-
chromatic Ught furnished by a spectroscope, and it was found that

the lines completelj^ disappeared when the illumination was with

yellow light, though they were distinctly visible with all other

colors.

t These experiments are very interesting, as they were all made
with the microscope under what would be considered normal work-

ing conditions, with central illmiiination and circular diaphragms

centred on the optic axis. " Nevertheless," as Porter says, " when
certain relations existed between the aperture of the lens and the

coarseness of structure of the object, images were formed which

were utterly false in their smaller details, and other images were

profoundly modified by the presence of structure Ijdng entirely

beyond the focal plane. It therefore seems that a working knowl-

edge of the phenomena and laws of diffraction might well form a part

of the equipment of every one who uses the microscope and attempts

to interpret its indications."

Abbe's theory has sometimes been lightly treated, as most of his

anomalous appearances of images were produced by diaphragms of

peculiar form, slits, crosses, triangles, etc., which are never met
with in practice. Porter's experiments were, however, all made
with circular diaphragms under normal conditions, and the effects

observed may frequently occur in practice, and be falsely interpreted.

The reader should refer to the original paper for other interesting

cases, and a more complete treatment than the scope of this book
permits.

Concentration of Light into a Single Spectrum. — It is clear that

the efficiency of a grating would be enormously increased if the

light could all be concentrated into a .single spectrum. By making
the laminae of prismatic form it is possible to throw all of the light

into a single spectrum, as has been shown by Lord Rayleigh. The
angles of the elementary prisms must be such as would cause re-

fraction of the incident rays in the direction of the diffracted rays

of the spectrum into which the light is to be thrown. The possi-

bility of its experimental realization was demonstrated by Mr.

Thorp of Manchester, who punched a series of parallel saw-tooth

grooves on a soft metal surface by means of a die. The surface was
then flowed with a solution of celluloid in amyl acetate, which upon
solidification was stripped off in the form of a film, bearing an ac-

curate cast of the metal surface*. Fully ninety per cent of all the

light was concentrated into th(> first order spectrum on one side.

These gratings were very small and of no use for optical purposes.

The echelette gratings recently made by the author are of this

type. They will l)e describi'd later on. The same thing has been
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accomplished in Michelson's remarkable echelon grating, which
will be treated in another chapter.

It is clear that the same thing will be accomplished in the case of

a reflecting grating if the grooves have flat sides which slope in such
a direction as to reflect the energy in the direction of a given spec-
trum. The author has recently made gratings for use with long
heat waves which act in "this way. An investigation of their prop-
erties in collaboration with A. Trowbridge has shown that they
form the most efficient spectroscopic apparatus of high resolving

power for infra-red work at present at our disposal. Inasmuch as
they constitute a link between the ordinary grating and Michelson's
echelon, with its large steps (see next chapter) they have been
termed echelette gratings. Their behavior with short waves (vis-

ible light) is most interesting, and teaches us a great deal about the
action of a grating, and the way in which the form of the groove
influences the distribution of intensity.

The Echelette Grating, for the Infra-Red. — One of the most
important problems in Optics is the question of the distribution

of intensity among the spectra of different orders produced by a
diffraction grating. Practically no rigorous experimental investi-

gation has been made, owing to the impossibility of determining
the actual form of the groove ruled by a diamond point on a glass

or metal surface. It is very difficult to learn anything from a
microscopical examination, and it is by no means certain that the
form of the groove will conform to what we believe to be the shape
of the ruling point. A promising method of attack would be to

manufacture gratings with grooves of such large size as to make
the determination of their exact form, width, etc., a matter of cer-

taint}^ and then investigate the energy distribution by means of

the long heat-waves discovered by Rubens and his collaborators.

By employing the residual rays from quartz (see Chapter on Theory
of Dispersion) and a grating with 1000 lines to the inch, we should
have about the same ratio of wave-length to grating space as ob-
tains in the case of a Rowland grating with 14,000 lines to the inch,

and red light. Gratings with constants varying from 0.1 mm. to

.01 mm. could be studied by means of residual rays, or narrow
regions of the infra-red spectrum, isolated by a salt-prism spectrom-
eter, and the relation between the intensity distribution and the
form of the groove determined. Methods were worked out by
the author by which a groove of any desired form could be ruled,

with optically flat sides (a very important point), the angular shape
of each side of the groove measured, and the exact nature of the
ruling determined, i.e. whether the metal had been forced up be-

tween the grooves, or whether the angle between the opposed faces

was equal to the angle between edges of the ruling knife. This
by no means follows, as the ruling of groove No. 2 may force the
metal to one side and increase the angle of slope of the adjacent side

of groove No. 1. Gratings were finally obtained, which have
proved so efficient in the investigation of infra-red spectra, that it

seems worth while to designate them by a name of their own.
They throw practically all of the energy into one or two spectra
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to the left of the central image, which is completely absent, with
visible light, and show no trace of any energy' to the right of it.

With visible light they send the greater part into a group of spectra,

say, from the 12th to" the 16th, or from the 24th to the 30th order.

They may thus be regarded as reflecting echelons, of comparatively
small retardation, and may be termed " echelette," to distinguish

them from the ordinary grating and the jNIichelson echelon.

After considerable experimenting with various metals and ruling

points, the method finally adopted was the following : A sheet of

polished copper plate, such as is used by photo-engravers for the

half-tone process, was gold plated and polished. The plates were
found sufficiently flat for the purpose and had a fair optical surface.

A carborundum crystal was used for the ruling point, selected by
breaking up a mass of the substance as it comes from the furnace.

Specimens of these iridescent crj'stalline masses are to be found in

most chemical or mineralogical museums. The crj'stals have a
hexagonal form, and are mounted so as to rule \\-ith the 120° angle.

The natural edges are so straight that they rule a groove with opti-

cally perfect sides. Everything depends upon the nature of the

edge and the angle at which it is set with respect to the direction of

the line, i.e. the tilt forwards or back. Some edges will not rule

properly at any angle, "chattering" over the surface and tearing

off a thread of metal. No metal is removed when the ruling is going

on properl}^, the groove being formed by compression of the metal.

If the edge is properly' chosen, mounted at the proper angle and
correctly weighted, a beautiful groove is made with a very little

elevation of the metal above the original surface at the edges. The
first gratings were ruled on copper and subsequently gold-plated to

prevent tarnish, but it was found that even the lightest poUshing
on the buffing wheel destroj^ed the sharpness of the edges and caused
the development of strong central images.

The angle of the ruling edges of the carborundum hexagonal
plates is 120°, consequently' the sides of the groove make approxi-

mately this angle. B}' placing the crystal in various positions

we obtain grooves of various shapes, one side, for example, sloping

at an angle of 12° with the original surface, the other at 48°. These
angles are subsequently determined uith a small spectrometer or

by simply mounting the gratings on a graduated circle, and observ-

ing the reflection of a lamp flame in them. In the best ones no
trace of the central image can be seen, which is what we should

expect if the edges of the grooves were sharjo and none of the original

plane surface remained.

In the majority of cases the crystal was mounted so as to rule a
groove one edge of which made an angle of 20° or less \\\\\\ the orig-

inal surface. With normal incidence this gives us a concentration

of energy at an angle of 40°, unth practically no energj* throwii off

from the other edges of the groove, in the case of visible light,

owing to the steepness of the angle. The best gratings show no
reflection in the normal direction, i.e. they give no central image.

They give, ho\V(>ver, a very good reflected image of one's face, when
held at an angle of 20°, the image being uncolored, but slightly
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diffused by diffraction in a direction perpendicular to the grooves.

The image is so sharp, however, that the puj)il of the eye can be

seen without difficulty. The gratings behave, with infra-red radia-

tion of wave-length, above, say, 3 /u., as almost ideally perfect grat-

ings, that is they give spectra similar to what we should have with

an ordinary grating which threw practically all of the light into one
or two orders on one side of the central im.age.

With visible light their behavior is most curious and interesting.

The central image is absent, and we get a blaze of light when the

grating is turned at the proper angle. With a symmetrical groove

the blaze is seen on both sides, at angles of 45° for normal incidence.

If the source of light is white, a lamp flame, for example, the

appearance is as showai in Fig. 1, Plate VII, which is for a grating

showing a faint central image in the position indicated by the arrow.

This is bordered on each side by the ordinary grating spectra,

which are close together on account of the coarseness of the ruling.

They are much fainter than I have indicated on the plate. Well
to one side, at an angle of about 40° with the normal, we see a very
bright and greatly broadened white image of the flame, accompanied
by lateral spectra, colored as shown. These are not grating spectra,

but the first class spectra (as Fraunhofer termed them) due to a

single slit, or in this case to the superposed images formed by the

reflecting edges of the grooves. With a sodium flame the appear-

ance is as shown in Fig. 2, Plate VII. We have in this case four

orders of spectra in the region occupied by the central maximum
of the spectra of the first class. Their order is indicated below.

Two or three orders to the right and left of this group are absent,

since they fall in the region of the minima due to a single slit. They
are the " absent spectra " of grating theory. Other groups of

orders appear in the regions occupied by the first class colored

spectra, their intensity being much less, however, than the intensity

of the ones falling within the region of the central maximum. The
existence of these images of the soda flame shows us that the per-

fection of ruling is such that interference, with a path difference of

about 30 wave-lengths, is still taking place. In other words, our

grating is acting as a reflecting echelon with steps 15 wave-lengths

in height.

The width of the region in which we have these maxima and
mimima of the first class becomes less as we increase the width of

the reflecting steps of the grating. In the case of a grating of such

a small constant as .0123 mm., this region of diffraction of the

energy from each individual element covers a range of fully 10°,

embracing as many as 12 or more orders of second class spectra.

In the case of the Michelson echelon, the width of the step is from
0.5 to 1 mm., and the range of diffraction is so small that but one
or two orders of spectra are included within it. By the study of

these echelette gratings we can pass gradually from the case of the

ordinary grating to that of the echelon.

The results appear to indicate that with a simple groove, such

as Ave have here, we cannot secure a concentration of light in a

region narrower than the diffraction range from a single reflecting
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element. In one case the central maximum of the spectra of the

first class, instead of being white, was distinctly blue, while the

maxima immediately to the right and left of it contained only red,

orange, and yellow light, as sho\Mi in Fig. 3, Plate VII. This
curious distribution of color in the maxima of the first class was
observed only in the case of one grating. To explain it we must
devise some type of single reflecting element which will give, in

the case of red light, zero illumination at the center of symmetry
with strong lateral maxima, and with blue light a strong maximum
at the center, bordered by minima, which occupy the positions of

the red maxima, and maxima in the positions of the red minima.
This can apparently be brought about onl}^ by an element consist-

ing of two parts, in other words a double reflecting strip, with a

half wave retardation for red light, as in the case of the laminary
grating. The central maximum of the first class will vanish in

this case for red light, as can easily be seen by constructing the

diffracted wave fronts.

If blue light is used, the retardation becomes very nearly a

whole wave and we have the center of the system bright. An ex-

amination of the grating with a microscope showed that there

were, in fact, two narrow reflecting strips in contact, the grating

being built up of paired reflecting elements, separated by inoper-

ative strips of about the same width. A fuller account will be
found in Philosophical Magazine.
Some of the gratings, with a constant of .0123 mm., gave strongly

colored central images, and lateral spectra of low order in which
a certain color or colors were whollj^ absent. The first order

spectrum on one side, for example, may contain no yellow-green

light, which appears in excess in the central image. The higher

orders are also wanting in certain colors, a color wholly absent in

one spectrum constituting all that there is of a spectrum of higher

order. The spectra formed by one of these gratings showing a

most remarkable distribution of color is represented in Fig. 4,

Plate VII. Replicas made from it with celluloid show similar

anomalies.

Spectral Intensity and Form of Grooves.— An investigation

has been made by A. Trowbridge in collaboration with the

author of the distribution of the energy amongst the spectra of

different orders, as influenced by the form of the groove {Phil.

Mag., Oct. 1910). The echelette gratings, with grooves of kno\\'n

form, were used in connection with a remarkably perfect vac-

uum spectrometer and bok)meter, ])()th designed by Trowbridge.
The slit of the instrument was illuminated with either the resid-

ual rays from quartz (see Chapter on Theory of Dispersion), the

wave-length of which (8.5 /x) was about fifteen times that of

yellow light, or with the radiations from the flame of a Bunsen
burner, which emits a very strong band of wave-length. 4.3 /a.

The curves ol)tained with the bolometer indicated how the energy
was partitioned between the central image and spectra of various

orders. Extremely interesting results were obtained. For ex-

ample, a grating witii a constant of .0123 nun. and a groove with
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one side sloping at an angle of 8° Avith the original surface, and the
other side at an angle of more than 45°, gave with quartz rays 66
per cent of the energy in the central image and 34 per cent in the

first order spectrum. The reflecting edges of 8° angle reflected

the energy at an angle somewhat less than that subtended by a
point midway between the central image and the first order spectrum,
for A = 8.5 /A, consequently the energy was divided between them,
with an excess in the central image. For the 4.3 /i* waves from the

Bunsen burner, the first order spectrum was very nearly in the

direction of reflection, and contained 70 per cent of the total energy,

22 per cent being in the central image, and 8 per cent in the first

order spectrum on the other side. A grating of the same spacing

with angles of slope of 29° and 18° gave for quartz rays 17 per cent

in the central image, 57 per cent in the first order spectrum to the

left, and 26 per cent in the first order to the right. The direction

of reflection from the 29° edges was about 7° greater than the

angle of the first order spectrum to the left, consequently more
than half of the energy was found here. For the 4.3 radiations, the

first order to the left was wholly absent, the second order contained

37 per cent, the third 39 per cent, the central image 17 per cent,

and the first order to the right 7 per cent. The absence of the first

order spectrum to the left is of especial interest. It can result only
from the destructive interference between the disturbances coming
from the 18° edges of the grooves, with those coming from the 29°

edges. We may thus regard the grating constant as halved, calling

each edge of the groove an element of the grating. The first order

spectrum referred to the original constant is therefore absent.

A large number of gratings have been examined, and the work is

not yet completed. For a complete solution of each case it is

necessary to know whether any of the original flat surface has been
left between the grooves. This is often the case with the coarser

rulings, and results in the formation of strong central images when
the gratings are examined with visible light. An elementary method
of handling the energy distribution in these cases has not been
found, for there are three elements of surface operating. It has
been shown, however, that even with flat reflecting surfaces at just

the right angle it is impossible to get all of the energy into a single

spectrum, on account of the effects from the other sides of the

grooves, and the diffraction of the 'energy over a rather wide angu-
lar range, resulting from the narroAvness of the reflecting elements.

Concave Gratings.— To obtain sharply focussed spectra by means
of the plane diffraction grating, two lenses are required : one to

render the light parallel before its incidence upon the grating, the

other to unite the parallel diffracted rays in a focus. The brilliant

discovery was made by Rowland that gratings ruled on concave
spherical surfaces would of themselves furnish focussed spectra, ex-

celling in sharpness those obtained by means of lenses. This dis-

covery marked an epoch in the history of spectroscopy, for b}^ dis-

pensing with the lenses, and the absorbing action which they exerted

on the ultra-violet, the region of short waves could be explored with
an accuracy never before attainable, and the gratings ruled upon
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Professor Rowland's machine have become the standard instru-

ments for spectroscopic work throughout the world. They combine
the image-forming power of concave mirrors Avdth the spectrum-
producing power of gratings. A marked advantage of the concave
grating lies in the fact that the superposed spectra of different orders

are all in focus, which is not the case with plane gratings and lenses,

owang to the fact that complete achromatization can never be ob-

tained. It is thus possible to measure the relative wave-lengths
with great accuracy. An ultra-violet line of wave-length 2950 of

the second order spectrum will be photographed nearly in coinci-

dence with the D lines of sodimn, and its wave-length can be very
accurately measured relatively to these lines. This method of

coincidences was originated by Rowland. But the greatest advan-
tage of all is the fact that, when properly mounted, the concave
grating yields spectra which are trul}^ normal, i.e. spectra in Avhich

the distances between the hues are proportional to their wave-
lengths.

Various methods of mounting the concave grating have been de-

vised. That due to Rowland is the follo^ving : The theory of the

grating, which we shall take up presently', shows that if the grating

and the illuminated slit are both situated on a circle, the diameter
of which is equal to the radius of curvature of the grating, the spectra

of different orders ^^ill all be in focus upon the same circle. The
spectra are normal along that portion of the circle diametrically op-

posite the grating, consequently if a photographic plate is placed at

this point and bent to the radius of curvature of the circle, the

photographic image wall be everywhere in focus, and the spectrum
^•ill 1)6 normal. To pass from one part of the spectrum to another

we have only to move the slit around on the circle, a method some-
times employed. With fixed sources of light, such as the image of

the sun formed by a lens in combina-
tion ^^dth a heliostat, this is impossi-

])le, and Rowland devised the follo'^\nng

extremely ingenious mechanical device,

by which the camera and grating could

be moved, with reference to a fixed

slit, so as to comply ^^^th the required

conditions.

Two tracks AB, AC (Fig. 171) are

rigidly mounted on fixed beams, so

as to meet accurately at a right

angle. On these tracks roll a pair of

carriages which support a trussed tube
of iron, the length of which is equal to

the diameter of the large circle, i.e. the

radius of curvature of the grating. One
of the carriages carries the camera, the

other the grating G, while the slit is permanently mounted above
the point where the rails meet. As the camera is moved away
from the slit, the grating is drawn towards it, the three always re-

maining on the circumference of the circle, with the grating and

Fig. 171.
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camera always at opposite ends of a diameter. The grating is

turned into such a position that its centre of curvature coincides

with the centre of the photographic plate.

Full and explicit directions for mounting and adjusting the grating

will be found in Kayser's Handhuch der Spectroscopic, vol. i.

Theory of the Concave Grating. — The theory of the concave
grating has been treated by Rowland, Mascart, and others. The
follo\ving is due to Runge, who specifies definite conditions regarding

the position of the grating, slit, and spectrmn, and then investigates

the nature of the ruling necessary to produce sharply focussed spec-

tra; for example, should the lines be equally spaced along the arc of

the grating or along the chord? The manner of ruling adopted by
Rowland gives equal spacing along the chord, for, as the diamond
point moves l)ack and forth along a fixed line, the concave surface,

which lies flat upon the moving carriage of the dividing engine, is ad-

vanced through equal distances by means of the screw.

Suppose that we have a small source of monochromatic light at the

point A (Fig. 172), and wish to determine the resultant at A' of

the disturbances coming from the different elements of the concave
surface GP.

Let P be any point on the concave surface. An image of A will

be formed at A' whenever the disturbances arising at every point P
reach A' in the same phase. This condition is fulfilled li AP + PA'
= const., or if the curved surface is a portion of an ellipsoid of

revolution having A and A' as foci. Construct now a series of con-

focal ellipsoids, under the condition that the constant distance

AP+ PA' for each increases by — for each successive surface.
^ 2

These ellipsoids will cut the spherical surface G up into zones, in

such a manner that the disturbances from any two adjacent ones
will reach A' in opposite phase. If AP,
A'P and the radius of curvature of G are ,/-,,

large, the zones will have practically the

same width, and the resultant effect of <-^' ''.'''•' ""•*"";-^«*'

all at A' will be zero. If every other zone
is blotted out, or if a line is ruled on
every other one, so as to get rid of this

destructive interference, we shall have
illumination at A'. Runge then shows
that with any other wave-length differing Fig. 172.

even but slightly from the one considered,

we shall have zero illumination at A'. This is merely an explanation

of the formation of the spectrum and can be omitted.

Consider the spherical surface of radius p as fixed with its vertex

at the origin of coordinates x, y, z, and tangent to the yz plane.

Its equation in this position is

x-+if + z^-2px--=0.

Let the points A and A' lie in the xy plane, and let their coordi-

nates be a, b, and a', b' (Fig. 173). We require expressions for AP
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and A'P, for it is the sum of these quantities which enters
into our expression for the illumination at A'.

The coordinates of P, a point
on the spherical surface, are x, y,
and z.

Then

AP'-^(x-ay + (y-by + z\

or wTiting r for (a-+b-),

AP' ^r'^— 2ax— 2by+ x^ + y' + z-.

From the equation of the

spherical surface we have

I

2a- = JL±^

Fig. 173.
and substituting in the last equa-

tion for 2 ax, the value given above, i.e. -(x^ + y~ + z^),

P

AP' = r'-2by + (l i-"y + l-«ia:'y

From the equation of the sphere, x is of the second order with

respect to y and z ; the above equation reduces to (neglecting

third order terms)

AP = r--y
r

a fa

2rU- ly^^r
A similar equation is obtained for A'P, and the sum may be

written

AP + PA' = r + r'-(^ + -,]y +

+

a fa
o

i)+

2r

a fa

2r\r"

1- +
2r'

1-

We can simplify this equation by imposing certain conditions.

If we limit the vertical aperture of the mirror sufficiently, the terms
in 2^ may be neglected. This condition is fulfilled if the ruled lines

are short, and in practice the ratio of the length of line to the radius

of curvature is never made greater than a certain amount, say -^\.

We can get rid of the terms in //^ by proper disposition of A and
A'. The condition to be fulfilled is that

2r\r' p) 2rV'- p)
'

which will occur if r- = ap and r"^ = a'p, that is if .4 and A' arc situated

on a circl(% the centre of which is on the x-axis at a distance p/2
from the origin.
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This is the condition already specified in the treatment of

the mounting of the grating.

The equation now reduces to

AP +A'P= r + r' l^>
Under the conditions specified ?' ami r' are independent of the

position of the point P on the s.urface of the grating ; we need only

consider the term (~ + — )y in determining the illumination at A'.

Call e the distance between the y coordinates of the lines n and
(n+1), or the distance between their adjacent zones; there will

be illumination at A' when the path-difference between the streams
of light from the two zones amounts to a whole number of wave-
lengths. This condition is obviously represented by

r r J Vr r J

or ^''-+^V''«^

m being an entire number.
The consecutive values of the y coordinates of the lines must there-

fore differ by a constant amount ; in other words, the spacing of the

grating must be equal when measured along a chord of the arc, and
not along the arc itself. The manner of ruhng the gratings insures

this, as has been pointed mit.

X

Fig. 174.

In Fig. 174 let A be the slit and A' the spectrum line,

e(-+ ~] = e{sin i+ sin i') = m\;
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therefore keeping i constant,

e cos i'di' =md\

Now pdi' = ds,

therefore
cos I 1 7.

e ds = maA,

or

ds

ds _ mp
dX e cos i'

— is the scale of the spectrum, that is to say, the distance measured

in a sufficiently small unit of length between two fines whose wave-
lengths differ by one unit. The scale is a minimum when i' = 0,

that is to say, when A' fies on the normal of the grating. For A' in

the neighborhood of the normal the scale varies slowly; that is, the

spectrum is approximately normal.

Diffraction by a Circular Aperture. — This case is of especial

interest in connection with the theory of optical instruments.

Let R be the radius of the aperture, and 6 the angle of cfiffraction

of parallel rays which meet at M, the focus of the lens. AJ5 is a
diameter of the aperture and N the normal at the centre.

Let the displacement at M due to an area pd^dp at A be expressed

p and ZAOP^^ be the coordi-by sin 2'TT—pd^dp and let OP

Fig. 175.

P sin 2 •

nates of a point P of the aperture.

The path-difference between the

rays lea\ang A and H is AH sin 6.

A ray leaving P, parallel to the

other three raj^s, will have the same
path-difference ^\nth respect to A as

has the ray from H, the foot of the

perpendicular, let fafi from P upon
AO. The displacement due to the

disturbance from P is therefore ex-

pressed by

pd^dp being the area of the surface element at P, and since

AH = R-pcos<^,

we can write the above expression

P sin 2 •

A A

which being the sine of the sum of two quantities can be treated in

the same way as the expression of similar form which we developed

in determining the effect of the concave spherical wave.
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The resultant obtained by integrating over the whole aperture is

then

( C'" r o P cos 4> sin e , , , V

The second integral is zero, for the elements of it, arising from any
two points situated at equal distances on opposite sides of PO,
are equal and of opposite sign.

The intensity is therefore

I=f£'f\ eos 2 ,
/'COS^sin^

^^^^J

This expression is integrated with respect to r by parts, and with

respect to $ in series, the final result being

'=(-^'y{'-2[jrs[Y) -fej +5U-T3T-4J 1

'

in which m is defined by 2 m = sin 0.

A

This result was obtained by Airy (Camb. Phil. Trans., p. 283,

1834). The series is convergent for all values of m, and becomes
alternately positive and negative as m increases. The intensity is

therefore zero for certain values of m, i.e. for certain values of 0.

We have in consequence a series of concentric bright and dark rings.

The angle corresponding to any bright or dark ring is found by
ascertaining the corresponding value of m in the series, and equating

it to

orsm^=--,
A Trrt

an equation which shows that the deviation for any ring is pro-

portional to A., and inversely as the radius of the aperture.

The diameters of the rings and central spot consequently become
less as the aperture is increased in size. It is on this account that

the images of the fixed stars appear smaller in telescopes of large

aperture than in smaller instruments.

The following table gives the values of — for the first few maxima
TT

and minima

:

-. Intensity.

1st Max., 1

1st Min., 0.61

2d Max., 0.81 .0174

2d Min., 0.116

3d Max., 1.333 .0041

3d Min., 1.619
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Resolving Power of Telescope. — The images of two stars can be

seen separated if the central spot of the diffraction pattern of one

falls at or beyond the first minimum {i.e. dark ring) of the image of

the other. Let R be the radius of the telescope's aperture. The
diffraction angle B for the first minimum is given by

sin ^ = 0.6l4.
ri

The angular distance between two stars must therefore be greater

than 0, as defined above, if they are to be seen separated, i.e. we

must have the angular separation <I>>.61— (writing ^ for sin $).
ti

Calling S = .00056 inm. and expressing ^ in minutes, we have
117'

<!>> -^^^. A telescope of 200 mms. aperture will therefore resolve
R

a double star with an angular separation of .0117' = .7". The
equation shows us that the angular separation of two stars which

can be separated b}' a given lens is roughly equal to the angle sub-

tended by the wave-length of light at a distance equal to the diam-

eter of the lens.

In some cases it becomes necessary to reduce the aperture of the

telescope, as when \nemng a very brilliant object such as the sun

or the brighter planets. This is usually accomphshed by covering

the lens with a screen perforated with a circular hole. The re-

solving power is immediately reduced, and if the reduction is car-

ried too far all definition disappears.

Lord Rayleigh has pointed out that a better method would be to

cover the central portion of the lens with a circular opaque screen.

This would permit of the interference of the rays from the outer

zones of the lens and the resolving power w^ould not be reduced.

In fact calculations show^ed that an actual improvement resulted,

the diameter of the first dark ring around the central bright spot

being less than \\\i\\ the full aperture.

Babinet's Principle. — This principle is one w^hich is applied to

complementary diffraction screens, by which we mean a pair of

screens in which the transparent portions of one are replaced by
opaque portions in the other, and vice versa. An example would
be a metal plate with a number of small circular apertures and a

glass plate with metal disks of similar size and distribution. Babi-

net's principle states that the diffraction patterns are the same in

each case. This we can see from the following considerations

:

In the case al)ove the illumination at a point M on the screen,

where the parallel diffracted rays of diffraction angle 8 from the

collection of circular apertures come togetlier, is represented liy

the sum of the squares of two integrals taken over the areas of the

apertures. This we ^vill call Ai^ + Bi^. In the same way the illu-

mination at the same point due to the collection of disks is A2~ + B«^.

If the two sets of disturbances act simultaneously, i.e. if the wave is

disturbed by no screen, the illumination is zero, provided the point

M is situated at some point not coincident with the point at which
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the wave comes to a focus ; in other words, no diffraction effects are

produced. This means that the resultant of one set of disturb-

ances is able to exactly destroy the resultant of the other set, or

{Ai + A2y + iBi + B-^- = 0, or that Ai= - A2 and Bi Ba

The illumination is, therefore, the same in the two cases, and
the only result of changing the screens is to alter the resultant

phase by 180°.

The principle of Babinet cannot be applied universally to all

diffraction problems, for example the circular aperture and disk in

the Fresnel class, one of which gives maxima and minima along
the axis, the other only a maximum. Its application is restricted

to points lying outside of the projection of the aperture, where the
illumination due to the whole aperture is zero. As an illustration

of a case in which it can be applied, suppose we have a large aperture
AB (Fig. 176) filled with small circular disks. The illumination at

points in the regions CD and EF remains the same, when circular

apertures are substituted for the disks, but alters in the region DE,
the projection of the large aperture. Strictly speaking we cannot
apply the principle quite up to the points D
and E, for if we get very near them we are in a

region where the illumination due to the whole
aperture is not zero, owing to diffraction by its

edges. The case above figured belongs to the

Fresnel class. If we place a lens behind the

aperture, we can apply the principle to all

points lying outside of the system of small dif- Fig. i76.

fraction rings formed by the open aperture

and the lens. If the aperture is fairly large and the lens of short

focus the ring system is exceedingly small, and the principle applies

everj^vhere except at the image of the source of light thrown by
the lens, which is sensibly a point.

Diffraction by Two Small Apertures. — If we have two small

circular apertures of the same size and close together we shall have
interference between the disturbances

exactly as in the case of the two parallel

slits. The intensity due to a single aper-

ture may be represented by

^• = [M8')]^

in which S and 8' are the two angular co-

ordinates which determine the direction of

the diffracted raj^

If h is the distance between the centres

of the apertures (Fig. 177), and consequently the distance between
any two homologous points, and ^ is the angle between the dif-

fracted ray and a plane perpendicular to the line joining the points,

the path-difference between the rays will be b sin $, and the inten-

sity

/ = 2[/(8, S')pYl+cos27r^^^"^'

Fig. 177.
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There will thus be a system of circular maxima and minima, crossed

by a sj^stem of parallel dark strips perpendicular to the line joining

the points, the position of which is given by

2
6 sin ^ = (2 m + l)7r or sin ^= (m + ^) -.

By Babinet's principle we may substitute for the apertures two
small circular disks, without changing the distribution of intensity

in the diffraction pattern. In this case, however, the diffused light

and the intensity of the illumination at the centre make it difficult

or impossible to see the rings and fringes.

Diffraction by a Large Number of Irregularly Arranged Circular

Apertures or Disks. — In this case the phases between the parallel

disturbances from homologous points vary in an irregular manner,
and we have on the whole as much reenforcement as destructive

interference in any given direction, the case being similar to the
parallel but not equidistant slits. The illumination at any point

is the same as that produced by a single aperture multiplied by the

number of apertures.

Halos. — The halos which are sometimes seen surrounding the

sun or moon are due to diffraction by small drops of water, which
by Babinet's principle will produce the same effects as small cir-

cular apertures of the same size. The smaller the drops the larger

the halos, but we distinguish between the diffraction halos, which
are always close to the sun, and the large rings due to ice spicules

floating in the air. These halos can be imitated by vie^\^ng a candle

flame or other source of light, through a glass plate, on the surface

of which lycopodium has been dusted, or better, by viewing the
light through a large glass flask, wet on the inside and connected

with an air pump. On partially ex-

hausting the flask with one or two
strokes of the pump a cloud forms in

the flask, and the light is seen to be
surrounded by brilliantl}' colored rings.

When the halo is produced at a great

distance, as is the case in the atmo-
spheric phenomenon, instead of by par-

ticles immediately in front of the lens

of the eye or telescope, the complete
ring system as seen is of course not
produced by each individual particle.

The production of the colored ring is

illustrated in Fig. 178. The broad ar-

row indicates the direction in which the sun is seen by an eye at

X. A, B, C, D, etc., are small glol)ules of water. The dotted

arrows represent the directions of the diffractiMl rays, giving the

first maximum to the left of the central maximum for the blue

rays, the long solid arrows the directions of the diffracted- rays

for the green, and the short arrows for the red. It is obvious from
the diagram that the particle D will send blue light to the eye, the

I

Fig. 178.
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particle E green light, and the particle F red light. The phe-
nomenon in space will be represented by rotating the diagram on
A X as an axis. Each particle of water thus forms an infinitesi-

mal element of the halo. If the particles vary in size in different

parts of the sky, the angles of diffraction will vary also, and we
may thus have a halo which is not a perfect circle.

In the same way a cobweb in the sunshine sends approximately
monochromatic light to the eye, the color depending on its angular
position, and a plane diffraction grating at a distance of eight or ten
feet from the eye appears illuminated in light of a uniform color.

Young's Eriometer. — The dependence of the diameter of the
halo on the size of the diffracting particles was utilized in an in-

genious piece of apparatus devised by Young for measuring the
diameters of fibres, or small particles of any sort. It consists of a
metal plate with a small hole 5 mms. in diameter, surrounded by a
circle of smaller holes about 1 cm. in radius. The plate is placed
in front of a lamp flame, and viewed through the particles or fibres

to be measured, which are best spread out on a glass plate. The
halo surrounding the central aperture can be brought into coinci-

dence with the circle of small holes by varying the distance of the
screen, which can be done by sliding the plate carrying the particles

along a graduated rod, on the end of which the diffracting screen is

mounted, the distance varying inversely as the diameter of the halo,

which in turn varies inversely as the diameter of the particles. The
constant of the instrument is determined by making an observation
with particles of known size. If d is the distance between the screen

and the particles of known radius r, when the halo is in coincidence

with the ring, and d' is the distance for particles of unknown radius

r', we have
r' r r d'

d'=d'''='-d-

Effect of Moving one of the Two Apertures in the Direction of

the Source. — This case is of especial interest in connection with
the study of the so-called diffusion rings, which we shall take up
next. Suppose the screen wath the two circular

apertures to be divided in two along a line per-

pendicular to the line uniting the centres of the

apertures at its middle point, and the two halves

displaced in the direction of the incident rays by a
distance a. In Fig. 179 call 2 e the distance between
two homologous points A, B oi the apertures, ^ the

angle between the incident ray and AB, and x the

angle between the diffracted ray and AB. Let D
be the position of B before it was moved forward
through the distance a. We require the path-dif-

ference between the parallel diffracted rays AE and ,.

BF. When the incident wave-front reaches AD,
the secondary disturbance leaves A, travelling along Fig. 179.

'AE and reaching a point E (so situated that AE= a)

at the moment when the incident wave reaches B. Let fall a
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perpendicular from B upon AE meeting it at H, which may-
be above or below E according as x is greater or less than ^. If

^=X the two points \^^ll coincide, since then the rt. triangles
DAB and AHB will be equal. The path-difference between the
parallel diffracted rays is evidently HE, or

AE-AH= a- AH = 2 c (cos $ - cos x).

If $ and X are small this is approximately equal to

Substituting this in the expression obtained in the last article

we get ^^2 [f(B, 8')]^(n-cos 2^<^C^\

The minima will be given by 2 tt^-^—I = (2 w + l)7r
A

o ^.
,

(2m+l)X
or ^- = $-+^

—

27~^'

This equation represents concentric circles surrounding a point
on the prolongation of AB. These minima of course correspond
to the minima described in the last article. Wlien the two aper-
tures are side by side the minima are practically vertical straight
lines. Shifting one of the sources in the direction of the incident
light-rays causes the minima to become arcs of circles, the centre of

the concentric system coming nearer to the image of the source as
the apertures are further displaced. If the apertures were in hne,
i.e. if ^ = 0, the image of the source would be at the centre of the
system.

This will be the case treated in the next article, in which, how-
ever, the apertures are replaced by small opaque particles. The
linear and circular minima, which we have discussed in this and
the preceding article, should be compared with the minima pro-
duced by two similar sources in directions at right angles to, and
parallel with, the line joining them.

Diffraction by Small Particles on the Surface of a Mirror. — The
so-called diffusion rings observed when a small source of light is

viewed in a silvered glass mirror, the front surface of which is

slightly dimmed with a deposit of dust, such as lycopodium, are in

reality diffraction phenomena. They are sometimes erroneously
attributed to the interference of diffused light, and Stokes was the
first to treat them as diffraction effects.

We have here a case of the interference of the secondary dis-

turbances from a particle interfering with the reflected secondary
disturbances from the same particle, tlie i)atli-difference depending
on tlie thickness of the glass plate and its refractive index. By a suit-

able arrangement of the api)aratus employed for viewing them, they
may l)e lirought under the Frauuhofer class of diffraction plienom-
ena. The method is due to Lommel. We require the normal in-

cidence of parallel rays upon the surface of the mirror, and a lens
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or telescope for the purpose of rendering concave the reflected wave-
front.

Sunlight is concentrated upon the slit of a spectrometer, which
should he wide open. The parallel rays emerging from the colli-

mator are reflected from a piece of plane-

parallel glass, placed on the table of the ,-—

,

instrument at an angle of 45° (Fig. 180), —>
i

against the dusted mirror, and by this back
^ [l^— '^/^,

through the inclined reflector into the

telescope, in which the image of the source

is seen surrounded by brilliant colored

rings.

The investigation can be simplified by Fig. i80.

considering the glass plate absent, i.e. by
reducing the diffracting system to a reflecting surface with a large

number of small particles lying in a plane parallel to and in front

of it. We may further simplify the case by considering the reflect-

ing surface absent, and a second layer of particles, absolutely iden-

tical with the first, occupying the position of the reflected image of

the first layer. The source of light we consider the vertical image
of the actual source, seen behind the reflecting surface. The case

as it now stands is a source of light at an infinite distance, two
parallel equidistant layers of small particles identical with each other,

and a lens for bringing the parallel diffracted rays to a focus where
they interfere. If the distance between the layer of dust and the

reflecting surface is «, the distance be-

tween the two layers in the modified case

is obviously 2^. Every particle in one
layer has a similar neighbor in the direc-

• • • • tion from which the light comes, and we
will consider the particles so small, in

comparison to the angular diameter of the

light source, that they do not shade their

neighbors to any sensible degree. Let A
and B be two particles at distance 2e

(Fig. 181). We are to investigate the
Fig. 181. mutual interference of the diffracted dis-

turbances in the direction of the dotted

lines, making an angle x with the incident rays. The path-dif-

ference will be the same as in the case treated in the last article,

2e(cos<J>— cosx)- For normal incidence $ = 0. If h is the inten-

sity of the field in the direction x, due to a single layer of particles,

the intensity when both layers are present will be

7 n T f^ t o 2 e (coS ^ - COS x\/ = 2i]( 1 +COS ZTT—^^ ^ 1.

The position of the maxima and minima, due to the second vari-

able factor, are given by

2 e (cos ^- cosx)=^n-,
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odd values of m giving minima, even maxima

cosx = cos^ .

4c

The maxima and minima are concentric circles, the common
centre of which is in the direction of the nonnal to the reflecting

surface. The white central maximum for which m = is given by
X = '^. This means that if we incline the mirror, the centre will

move to one side and eventually disappear, the fringes becoming
approximately straight.

Fresnel Dififraction Phenomena. — In the preceding section we
have discussed various diffraction problems under the simplified

conditions of light source and screen at infinity. We ^vill now pro-

ceed A\'ith the more general treatment of cases in which the source

and screen are both at finite distances from the diffracting aperture,

and no lenses are used for rendering the rays parallel or convergent.

We cannot now treat the phase as the same at all points in the plane

of the diffracting aperture, nor can we solve the problems by deter-

mining the resultant of parallel disturbances as in the Fraunhofer
class.

Fresnel discussed only the diffraction patterns produced by
screens bounded by straight lines of infinite length, such as straight

edges, wires, and sUts. He first showed that the relative intensities

at different points on the projection screen, along a line perpendicu-

lar to the diffra,cting edge, could be determined by considering only

the secondary cUsturbances coming from a circular section of the

wave-front, the problem reducing itself to the discussion of the

resultant of an infinite number of disturbances from a limited por-

tion of a linear circular wave.

In Fig. 182 AB and CD are the sections of the projection screen

and spherical wave-front respectively, F is the
section of the diffracting screen, and the
source of the light. The relative illmninatioa

along AB ^^^ll be the same whether we take
the resultant of the disturbances from the

circular section of the wave which is not inter-

cepted by the screen F, or the disturbances

from that portion of the complete spherical

wave which is not screened off.

We have then to determine the effects at a
point P of disturbances coming from points M,
M', M", etc. Let the distance from to the

edge of F be a, and from F to the screen b, and
let ds be a small element of the wave at .4. If the displacement at

A be proportional to sin27r— , that at P, contributed by ds, will be

sin2 7r( \ds, while an element at M will contribute a displace-

ment represented by sin2 7r^ \ds, in which b +8 = MP.
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The displacement at P due to the simultaneous action of all the
elements ds of the circular arc will be

and the intensity (compare article on Diffraction by Parallel Slits)

/= f j cos 2 7r-rfs
j
+M sin 2 7r-rfs

j ,

in which we have resolved each disturbance into two rectangular
components, which are separately added.

If we can confine our attention to points not far removed from A
we can write 8 = V> > >

^-^ can be easily shown by considering a
2ab

and h as the longer sides of two right triangles similar to the small

triangles which have the side s in common ; 8 is then equal to the

sum of the short sides of the small triangles.

This gives us for the intensity

Writing '—^—,—~ = ^r, which gives us
ao\ 2

s= v\—, 7T and ds =\—^—T-dv,
^2(a + b) ^2{a+b)

and the expression for the intensity reduces to

r ab\
( I cos^v^dv] +[ I sin^v'^dv) •

2(a + b)

The two integrals occurring in this expression are known as the

Fresnel integrals. Integrating them between certain values of v

gives us the resultant of the secondary disturbances from a cor-

responding portion of the wave-front, v varying with s the distance

of the wave-front elements from the pole of the wave, the latter

taken with reference to the point at which we are determining the

illumination. The values 'of these integrals between and upper
limits of various values have been evaluated by different methods
by Fresnel, Knochenhauer, Cauchy, and Gilbert, and the results

given in tables. As we gradually increase the upper limit, the val-

ues of the integrals pass through maxima and minima, approaching

1^ as a limit, as we see from substitution in the formula

J sin mx'^dx= I cos mx^dx = \l-—

,

which gives I cos^v'^dv = I sm^v'^dv =\-— =^.
*yi) 2 »^|> 2 ^ 4 TT
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Fresnel's method of integration was as follows

:

Since the absolute value of the integral remains the same when the

upper hmit changes sign, it was sufficient to integrate between and
+ V. Assuming the value of the integral to be kno^\Ti between the

limits and i, we deduce the expression for the value between i and
i+ t, where t is a small fraction of the unit, for example 0.1.

Writing

•
,
2

,V= l-\ hU,
t

where w is a variable which increases from —-z^o +-, we have

r cos -v^dv= i cosZ\'i+ -+u] dv.

Fresnel found for this the value

/:
cos

2

"2
,

•,
I

^^
, o/-

I

Aw (in which u^ has been neglected as
I

+*«+|+Y + 2ysmall).

sini^-^lYl^O-'-^iG^lX-i
TT i +

An expression was developed in the same way for the other

integral, and with these formulae Fresnel calculated his table for

i=.l, and i (in succession) = 0, .1, .2, .3, etc., getting values for

J , j , j , etc., which by addition give I
' } > ) •
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The values of the integrals are usually given in the form of a
table, thus

:

Table of Fresnel's Integrals (Gilbert)
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The convergence becomes less as v increases, consequently the

expression can only be used for small values of the upper limit.

Cauchy in a somewhat similar way developed the integral in

series which were convergent for large values of v.

Turning back now to the expression for the illumination, we see

that it consists of the sum of the squares of two integrals. The two
integrals, therefore, represent the components along two rectangular

axes of the resultant amplitude. The illumination is thus repre-

sented by the square of a line joining the origin ^\'ith a point, the

coordinates of which are the two integrals. Taking t and rf as the

coordinates of the point for different values of v, we wnll investigate

the curve along which the point moves as v varies. This geomet-
rical discussion of the equation is due to Cornu, and the curve is

known as Cornu's Spiral. By its aid the classical problems of dif-

fraction can be solved in a geometrical manner, the intensity curve
of the diffraction pattern being plotted from measurements made
on the spiral.

Cornu's Spiral. — Let

^=X^^^T^^'''=X
irV

sm -—dv
2 ' ' J^ 2

The curve passes through the origin, since for v = 0, ^ and 77 also

equal zero. Changing the sign of v does not change the values of

i and y), but only their sign ; the curve is therefore SJ^nmet^ical

about the origin.

The tangent to the curve makes an angle r with the k axis given by

tanT=-^=tan- —orT=-r.
d$ 2 2

At the origin, where v = the curve is parallel to the ^ axis. For
«;= 1 or s= 1 it is parallel to the ?/ axis, for s'- = 2 again parallel to

the $ axis, and for s^ = 3 parallel to the rj axis.

The radius of curvature is given by

dr TTV TTS

For v = the radius is infinite, and the curve has a point of in-

flection at this point : as v increases the radius decreases, the curve

having the form of a double spiral, which ^^^nds about the asjTiip-

totic points P and P', which correspond to the values of the inte-

grals when the upper limits are

+ CO and — X .

We can construct the curve by employing the equations for the

racUus of curvature, and the angle which the tangent makes \\ith

the $ axis.

A small element of the curve at distance $ from the origin cor-

responding to .9 = 0.1 has a radius of curvature p = — =— , the
7r.s TT

centre of curvature lying in a direction from the point such that it
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makes the same angle with the yj axis as the tangent makes with the
^ axis, viz.,

2 2

On this circle we lay off the arc s = . 1 . We proceed in the same
way for points corresponding to s = 0.2, s = 0.3, etc., and thus
build up the entire curve. This somewhat laborious geometrical
method is not necessary, for in Fresnel's table of integrals we have
successive values of $ and vj and can plot the curve at once by tak-
ing them as ordinates and abscissae. In this way the curve shown
on Plate V. at the end of the book was constructed. This curve
we have already used in the solution of certain diffraction problems.
We will now examine the method employed by Fresnel.

Diffraction by a Straight Edge. — In the elementary treatment
we have seen that the illumination within the geometrical shadow
falls off gradually without showing maxima and minima, while
outside of the edge of the shadow we have maxima and minima,
which decrease in distance, and become more nearly of the same
intensity as we recede from the edge, until finally we have uniform
illumination. We will now apply Fresnel's expression to a point P
within the geometrical edge of the shadow. The integration must
be taken from the edge of the screen to infinity. The pole of the
wave with reference to P is cut off by the screen, and if S represents
the arc from the pole to the edge, the expression for the intensity

is obviously

/= r
f- eos --(i±^dsl + r r sin^(thMd,1

L'^^ ab\ J [Js ab\

or introducing the quantity v as before.

abX

2(a + b)\[(X '^'i''^''J+(X «"^i^'^^)'}

in which
y^j2(a±l

^ ab\

+ b)

Let X equal the distance of the point P from the edge of the
geometrical shadow (Fig. 183),

^^ a+bg^ j
(a +b)b\ y

a ^ 2a ' '

W^ite I cos^v^dv = Cv, 1 sin^v^dv = Sr.

We have shown that the integrals taken be-

tween and 00 are both equal to y, therefore

abX
[{^-CyY+a-Syn Fig. 183.2{a+b)

The value of the quantity within the brackets was determined
by Fresnel for different values of V (which corresponded to certain
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values of S and x) by the method which we have already seen. It

was found that the illumination fell off rapidly without passing

through maxima and minima, becoming as soon as V reached any
considerable value. In the same way the illumination outside of

the edge of the shadow was found to depend on the quantity

The values calculated from the Fresnel tables for this sum showed
that it passed through maxima and minima, the increment of x
necessary for the change becoming less as the distance from the

edge of the shadow increased.

The geometrical solution of this and kindred problems by the aid

of the Cornu spiral which we have already considered is much more
convenient and direct however.

Diffraction by Thin Laminae. — Laminary diffraction phenomena
of the Fraunhofer class have already been briefly discussed in con-

nection A\ith the theory of the diffraction grating. We will now ex-

amine the case of diffraction by a straight edge, when the screen,

instead of being opaque, consists of a thin transparent lamina of

thickness e and refractive index n. The path-difference between
two rays, one passing by the edge and the other through the edge of

the lamina, is (n— l)e. The phase-difference A will be given by

27r A ' X

If this is an odd multiple of v, the edge of the geometrical shadow
of the lamina will be in total darkness, for the disturbances from
homologous points of the lamina and the clear space reach points

situated on the edge of the shadow wath a path-difference of half a
wave-length, and mutually destroy one another. There will in ad-
dition be interference fringes both within and without the edge of

the shadow, which we shall investigate presently.

If A equals an even multiple of tt. not only will there be no mini-
mum at the edge of the shadow, but the fringes will disappear, the
illumination being the same as if the lamina were absent. Owing
to the cHspersion in the lamina, the former condition may hold for one
color, the latter for another, and we may have the fringes very dis-

tinct with blue light, and scarcely \nsible with red.

Assuming that we are working with monochromatic light and a
lamina giving a half-wave retardation, we can easily construct the
intensity-curve with the help of the Cornu spiral.

The wiiole wave is utilized in this case, the portion of the spiral

representing the part passing through the lamina being rotated
through 180°. For x= the upper half of the spiral is rotated

around the origin through angle ir and comes into coincidence with
the lower half. The vector sum of the lines from the asymptotic
points to the origin is zero, since they are equal and oppositely

directed, and the illumination is therefore at the center of the
system.

As we increase x we have our moving point tracing out maxima
and minima as in the case of the oi)aquc straight edge, but wc
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W-^M*

Fig. 184.

shall find that the effect of adding the vector of the portion of the
wave which was before left out, and is now utilized after a rotation

of 180°, is to increase tiie intensity at the

maxima and decrease it at the minima.
For example, with an opaque screen the

amplitude would be JM for the value of x
giving the first maximum (Fig. 184). With
the lamina screen the portion of the spiral

MJ' is used. The natural direction of the

vector is towards J' , but the half-wave

retardation directs it away from J' , the re-

sultant being JM' , which is larger than JM.
If our point has moved around to A^, the

first minimum, the direction of the smaller

vector after rotation is J' N, which, being opposed to JN, means
a subtraction, and a smaller value of the amplitude.

It is obvious that the fringes are similar on both sides of the

central minimum, for the above construction applies in whichever
direction we take x.

The fringes are best shown by means of a lamina of variable

retardation, which can be made by etching a strip of plate glass

with dilute hydrofluoric acid.

One-half of the strip is protected by
means of a coating of paraffine, running
parallel to the long edge. The paraffine

can be applied with a brush, or better by
heating another strip of glass and pressing

the melted paraffine between the two strips.

With a little practice it is possible to obtain
in this waj' a uniform coating bounded by a
straight edge. The acid, diluted with about
five parts of water, is placed in a beaker
glass, previously coated with paraffine, and
the strip of glass lowered very gradually

into it, a millimetre or two per second, until

about three-quarters is immersed. It is

then quickly withdrawn and transferred to

a dish of water to stop the action of the

acid.

After removing the paraffine a fine line

will be seen running down the middle of the

plate, marking the division between the re-

gions of different thickness. Sun or arc

light is concentrated upon a pin-hole in a

thin metal screen, or upon a slit, and the strip mounted vertically

at a distance of two metres. The fringes can be observed with

an eye-piece at a distance of a metre behind the plate. • The un-

etched portion of the plate represents the retarding lamina, and we
have an increasing retardation varying from to several wave-
lengths as we pass down the plate. Where the retardation is con-

siderable, we find the centre of the system brilliantly colored.

"Retard

Tifr^i-d A

Retgra A

TiCtsrcJli

185.
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A photograph of the fringes obtained in this way is reproduced in

Fig. 185, the retardation at various points being indicated. Where
it amounts to one or more whole wave-lengths the centre of the sys-

tem is bright. A still easier way to make the lamina is to flow

a very dilute solution of celluloid in amyl acetate over a strip of

glass, standing it on edge to dr3^ Celluloid solution can be easily

obtained, as it is sold with most brands of gilt paint ; it must be
diluted, however, -with the amyl acetate. After the film is dry make
a straight cut down the centre with a sharp knife, and remove one-
half of the film, which is best done by placing a few drops of water
at the edge and lifting it up with the point of a knife.

The Colors of Mixed Plates. — Interference colors of this type
were discovered by Young, and described in the Philosophical

Transactions for 1802, and were subsequently studied by Sir David
Brewster. Verdet and other writers on Optics have classified them
with Newton's thin-film colors, and have given treatments which
are not very rigorous, and fail to show where the energy goes to.

The colors are very easily obtained by pressing a little white of

egg between two pieces of plate glass, separating the plates and
squeezing them together a number of times so as to form a froth.

The plates are to be pressed firmly together with a rotary sliding

motion just before the froth becomes sticky, enclosing a film made
up of air and albumen in the form of a mosaic. The colors are best

seen by holding the plate towards a distant ^vindow or other bright

source of light on a dark field. Certain wave-lengths will be found
to be absent in the directly transmitted light. Young's explanation

was that the path-difference between a ray passing through an air-

space and one passing through the albumen was an odd number of

half wave-lengths for such colors as failed to appear in the trans-

mitted light. Neither Young nor subsequent writers, so far as I have
been able to find, show what becomes of these absent colors, though
both Young and Brewster observed the colored fringes which ap-
peared against the dark background to one side of the source of light.

Brewster published a paper in the Philosophical Transactions for

1837 in which he referred the colors to diffraction, though his

treatment was not very complete, and concerned chiefly the case

of diffraction by a transparent lamina bounded by a straight edge.

Verdet objected to this explanation on the ground that the colors are

independent of the size and arrangement of the air-bubbles, depend-
ing only on the thickness of the albumen-film and the angle of in-

cidence. The interference phenomena of mixed plates are easily

explained by the elementary theory of diffraction, and they should

be classed with laminary diffraction effects, and not A\ith thin film

interferences, as is usually the case.

In Fig. 186 let A A represent the glass plates with the albumen and
air elements between them. We will assume the thickness of the

albumen such that green light suffers a retardation of - in travers-

ing it. If B is the lens of the eye, and parallel rays traverse the
plate, the secondary disturbances represented by the dott^d lines

(normally diffracted rays) will be brought to a focus at E\ that is,
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the reduced paths of all these rays are equal and the disturbances
arrive at E in the same phase, if there be no retardation. The dis-

turbances coming from
the albumen elements are

retarded, however, and
reach E half a wave-
length behind the disturb-

ances coming from the

air elements. The two
sets destroy each other

at this point, and green
hght will not be repre-

sented here. In general,

light \vi[\ be absent at

this point if the retarda-

tion of a ray passing

through albumen with

respect to one passing

through the adjacent air-

space is (2n+l)-- If

the film is fairly thick,

this condition may holcl

for a number of colors in

the spectrum, which will
^10.. 186.

consequently be absent
in the image of any source of light seen through the plate. The
question now is : What becomes of this energy ? In the case of

thin film interferences, the wave-lengths absent in the transmitted
light appear in the reflected. This is not the case with mixed plates,

which show httle or no color by reflection. If we refer to Fig. 186 it

is clear that if we take parallel rays diffracted in an obhque direc-

tion, the phase-difference introduced by the retardations in the

mosaic may be compensated by the obliquity, the agreement of

phase being more or less complete for green light in the point F

.

The case is analogous to a laminary grating; which jdelds colored

central images, the absent wave-lengths appearing in the spectra.

Mixed plates throw the light absent in the direct image into a halo

or ring, which is seen to surround the source of Hght.

Laminary diffraction phenomena, which we have just discussed,

and mixed plates belong to the same class, the case being best de-
fined as laminary diffraction by a great number of irregularly dis-

tributed transparent disks. If the patches of the mosaic were of

uniform size, the halo would be sharply defined and separated
from the direct image by a dark space, which would become wider
as the size of the elements of the mosaic decreased. Though it is

easy to obtain very perfect halos in some cases, separated by a dark
area of considerable size, the variation in the size of the elements
usually causes the halo to take the form of a disk, the centre of

which is occupied by the direct image.

If the plates are held close to the eye and a distant lamp-flame
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\dewed through them, the flame will, for example, appear purple and
the surrounding halo green. If a small sodium flame is employed,
parts of the mosaic will show it much blurred, and surrounded by
a halo, while other parts, where the retardation is a whole number
of half-waves, show it perfectly sharp and distinct. The distribu-

tion of the light in the halo depends on the form of the elements of

the mosaic. By pressing the plates firmly together and sliding one
over the other, the circular air-bubbles can be deformed into ellipses.

The light in the ring will be more or less concentrated on opposite

sides of the halo. If the ellipses were drawn out indefinitely, we
should pass over to the grating, and the points of concentration

would become first order spectra, the rest of the halo disapj)earing.

A very curious and interesting example of this concentration of

light in a halo was observed by the author when cop^ang some
difl^raction gratings on bichromatized albumen. The original grat-

ing was ruled on glass, 14,400 lines to the inch, a spacing so fine

that copies were only obtained A\'ith considerable difficulty.

Some of the films were found to have frilled in the process of

washing, the buckling of the film following the grooves of the grating

to a certain extent. The albumen surface was seen by the micro-

scope to have frilled into oval patches of varying length, but of fairly

constant width, the width being equal to three lines of the original

grating. In Fig. 186, H, we have a diagram illustrating this con-

dition. This plate when held before the eye showed a ring of ^nde
aperture surrounding a brilliant source of fight, ^\\i\\ four distinct

concentrations, two very
bright, and two quite

faint. The appearance
reminded one most for-

cibly of a solar halo, wath
parhelia or mock suns.

A photograph of this

curious diffraction pat-
tern was made by direct-

ing a camera towards a
brilliant point source of

light, and placing one of

the frilled plates before
the lens. This photo-
graph is reproduced in

Fig. 187.

The arrangement of

the colors in the " mock
suns " produced in this

way is, however, exactly

the opposite of the ar-
rangement in the real ones, since they are produced by diffraction
instead of refraction. The jiaruliel oval j^atches correspond to the
oriented ice crystals which produce the jiarhelia, as we shall see
in the Chapter on Meteorological Optics.

Talbot's Bands. — A curious type of interference bands was dc-

Fig. 187.
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scribed by Talbot ' in 1837. If, when viewing a continuous spectrum
in a spectroscope, we place a thin piece of glass or mica in front of one-
half of the pupil of the eye, with its edge towards the red end of the
spectrum, a set of extremely black bands appears, crossing the spec-
trum parallel to the Fraunhofer lines. If, however, the thin plate

be turned ^\^th its edge pointing towards the violet, no trace of the
bands is to be seen. A thin cover-glass, such as is used for microscope
slides, answers the purpose. If the glass is placed in front of the
telescope lens it must be introduced from the side towards the blue
end of the spectrum.

Talbot gave an imperfect explanation of the bands on the ele-

mentary principles of interference. The thin plate retards certain

colors an odd number of half wave-lengths. These waves arrive

at the retina in a condition to interfere destructively ^vith the waves
which enter the uncovered portion of the pupil, the lens of the eye
bringing them to the same point, consequently these colors are ab-
sent in the spectrum. The distinctness of the bands depends on
the thickness of the plate, and Talbot's explanation neither accounts
for this nor for the apparently remarkable circumstance that the

bands do not appear at all when the plate is turned with its edge the

other way, covering the other half of the pupil, a change which
should produce no effect on the interference theory ; neither is it

quite clear what becomes of the light. The correct explanation was
first given by Airy.^ His treatment involves so much mathematics
that it is difficult to follow the physical significance of the different

steps.

The following elementary treatment will make clear just how the
bands are formed, and why they appear only when the plate is

introduced on one side. Compare this case with the laminary
grating just treated.

Incidentally we shall find that the echelon grating, which will be
described in the next chapter, is a special case of Talbot's plate, the

aperture partly covered by the thin plate

forming an echelon grating of two ele- thin plate

ments. To see the bands at their best, i ^^,--
^

the object-glass of the spectroscope '^r''

should be covered with a screen perfor- ^^^^^-+ V-.^
ated with an apertm'e about 1 cm. in ;;

'\

height by 5 mms. in width. The glass direction of.

^ , , ,1 ,
18T MINIMUM

or mica plate can be mounted so as to

cover the right or left hand half of this

aperture, or simply held in front of the
eye.

Let AB, Fig. 188, be the aperture,

one-half of which may be covered with
the retarding plate.

In the absence of the plate, the lens

will form an image of the slit (which
for the present we will consider illumi- Fig. 188.

1 Gilbert, Ann., 1837.
2 Ai^v^ Pog']. Ann., liii.-lviii. ; PhUos. Trans., 1840, vol. ii. ; 1842, vol. i.
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nated with monochromatic hght), bordered by faint maxima and
minima. For the present we consider the prism removed, and the

telescope directed in Une with the coUimator. The intensity curve,

which represents the image of the sht diagrammatically, is shown
at/.
The first diffraction minima to the right and left of the central

maximum \\all lie in directions such that the path-difference between

the disturbances coming from the edges of the aperture is a whole

wave-length. If the right-hand half of the aperture is covered with

a transparent plate which retards the wave-train one-half wave-

length, we shall have zero illumination at the centre, and two
bright maxima of equal intensity in the position previously occupied

by the first minima, as shown at /'. It is clear that the path-differ-

ence for the left-hand maximum is one wave-length, and for the

right-hand one zero. We may therefore call the former the spec-

trum of the first order, and the latter the spectrum of zero order,

considering the aperture as a grating of two elements. If we con-

sider the change as taking place progressively, starting with a trans-

parent lamina of infinite thinness which gradually thickens, it is

clear that the central maximum moves to the right, decreasing in

intensity, while its neighboring maximum to the left increases in

brightness moving in the same direction. When the thickness

corresponds to a half-wave retardation these two maxima are of

equal intensity, and occupy the positions previously occupied by
the minima to the right and left of the central maximum. If we
increase further the thickness of the plate the maxima drift further

to the right, the left-hand one increasing in brilliancy, the right-hand

one decreasing. WTien the retardation becomes one whole wave-
length, we again have a single bright maximum at the centre, as with

the uncovered aperture. In this case, however, it is the spectrum

of the first order which is at the centre. As we go on increasing

the thickness of the plate the march of the fringes continues, new
ones coming into view on the left and disappearing on the right, and
the order of spectrmn increasing. The condition when we have a

pair of bright maxima will be recognized as the condition which

obtains when an echelon grating is set for the position of double

order, the single order position corresponding to the case when we
have a single bright maximum at the centre.

Suppose now that we have a thick retarding plate and gradually

decrease the wave-length of the light which illuminates the slit from

which the plane waves are eomhig. We shall have the same march
of the fringes as before, the gradual increase in retardation resulting

from the decrease in wave-length. If our source emits two wave-
trains of different wave-length, and the retardation for one of the

trains is an odd, and for the other an even number of half wave-
lengths, it is clear that the single and doulMe maxima exist simulta-

neously, and all trace of the maxima and minima will disapi^ear

owing to the form of the intensity curve ; in other words, the lines

are not resolved.

If, however, we increase the number of retarding plates, placing

them so as to divide the aperture into a nimiber of vertical strips
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of equal width, the width of the maxima decreases in proportion

to the distance between them, as in the case of the orcUnary dif-

fraction-grating when we increase the number of hues, and we have
resolution of the lines. Our aperture is now acting as an echelon

grating, set in position of single order for one train of waves and
double order for the other. With very thick plates, as in the case

of echelons such as are actually used, it is evident that a very minute
change in wave-length will be sufficient to change the retardation

by the amount necessary for resolution. We are now in a position

to discuss the effect of the thickness of the plates, their number,
and the width of the steps. Decreasing the width of the steps in-

creases the width of the space between the spectra, in other words,

forms the system of maxima and minima on a larger scale. In-

creasing the thickness decreases the cliange in wave-length neces-

sary in passing from the condition of single order to that of double
order, in other words the greater the thickness the greater will be

the shift of a maximum for a very minute change in A, and in con-

sequence the greater the resolving power. An increase in the

number of plates merely reduces the width of the maxima, without

affecting the distance between them,
or the amount of shift produced by a
given change of A. This then is the

whole theory of the echelon in a nut-

shell (a coco-nut perhaps).

We are now ready for the Talbot
fringes.

Consider the sUt of a spectrometer

illuminated with monochromatic light,

the prism, aperture, and retarding plate

arranged as shown in Fig. 189. If the

plate retards the stream an even number
of half wave-lengths, we shall see in the

instrument a single bright hne with ac-

compan\ing faint maxima and minima. /<^/ =:j
\'%

If we now decrease the wave-length a ^^^^ • •

trifle the line will move a little to the yig. 189.

right, if we disregard the action of the

prism. We can verify this experimentally by removing the prism

and viewing the slit directly with the telescope. The slit can be
illuminated with a monochromatic illuminator (spectroscope with

narrow slit in place of the eye-piece), the sht of the instrument be-

ing substituted for the slit of the first spectroscope.

As we gradually decrease the wave-length by turning the prisms

of the illuminator, we shall see the hne become double and single in

succession, the doubling being accomplished by the march of the

fringes to the right and their fluctuating intensity in the manner
already described. It is a Uttle difficult to put into words the

changes which accompany the alteration of wave-length. The
appearance is much like that presented by a picket fence in motion
viewed through a narrow vertical aperture, i.e. the pickets are only

visible as they pass across a narrow vertical region. If we imagine
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the visibility of the pickets to be a maximum as they cross the centre

of the aperture and least when at the edges, we shall have a fairly

accurate conception of the appearance of the moving maxima.
Suppose that a change of 100 Angstrom units in the wave-length is

sufficient to change the single line to the double line. The changes
which take place in the focal plane of the telescope (prism removed)
as we decrease the wave-length over this range are indicated in

Fig. 189 a. To avoid confusion I have represented each successive

appearance a Httle lower down in the figure.

Now consider the prism in place, turning the telescope so as to

view the deviated image. As we decrease the wave-length there

will be a shift to the right as before, resulting from the retardation of

the plate, and a shift to the left, due to the increasing deviation pro-

duced by the prism. If the compensation is perfect, the prismatic

dispersion will shut up the picket-fence arrangement of lines in the

diagram into single lines ; in other words, if we illuminate the slit

simultaneously wdth all of the wave-lengths in the given range of

100 Angstrom units, we shall not see a short continuous spectrum,

but single bright lines, to the intensity of which all the waves
contribute. These lines are of course much narrower than the

corresponding range of the continuous spectrum which would be
formed in the absence of the plate. We thus see that the re-

tardation has the effect of compressing a narrow region of the

spectrum into a much narrower one which constitutes one of the

bright Talbot bands. If we consider what happens to the entire

spectrum, we can perhaps obtain a still clearer idea of how the

bands are formed.

Consider a large number of equidistant monochromatic con-

stituents of the spectrum : call these the Hues A. Midway between
them is another set of lines B. The distance from a hne A to B is

such that the cUfference in the retardation for the two Hues is half a
wave-length. If the retardation for the A lines is an even number
of half-waves, they will remain single and fixed in position. The
lines B will, however, double and fall upon the neighboring Unes A.
The regions previously occupied by the Unes B are the dark Talbot
fringes. It may at first sight appear as if the same result would be
obtained regardless of the side on which the retarding plate was
introduced. It obviously would for the wave-lengths A and B

;

but if we consider the elements of the spectrum between the A
and B lines, we shall see that in one case they are shifted so as to

fall upon the statioijary lines ^4 , while in the other they are moved
into th(^ region between. In the latter case we have a continuous

spectrum if we consider the widths of the regions A and B infinitely

narrow. In the foregoing treatment we have considered the con-

dition as that of the " best thickness " which obtains when shifts

due to retardation and prismatic disjiersion exactly compensate.

It is clear also that to obtain the bamls the aperture nuist be some-
what restricted so as to obtain an appreciable doubling of the lines

for which the retardation is an odd number of half-waves.

In this treatment we have considcM-cnl white ligiit as made up of

an infinite number of monochromatic constituents, the older view.
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Professor Schuster has given a ver.y neat explanation of the failure

of the bands to appear, when the plate is introduced from the

AATong side, considering white light as consisting of irregular pulses

without periodicity, the periodicity or reg-

ularity of light in the spectrum result-

ing from the dispersing apparatus which
produces it. This idea was first ad-

vanced by Lord Rayleigh in considering

the action of the diffraction grating when
analyzing white light ; a matter which
we shall investigate more in detail when
we come to the chapter on White Light. • ^^^^''

Suppose we have a source of white light • ^^'^

at 8 (Fig. 190) which is emitting non- Fig. 190.

periodic impulses.

Let one of these impulses fall upon the grating. If our source is

at a great distance, or if we use a coUimating lens, secondary waves
will leave the various elements of the grating at the same moment.
Obviously we can choose three points, designated " Blue," " Green,"
and " Red," respectively, such that the separate unpulses from the

grating elements will pass through them (in succession) with the
periodicity of blue, green, and red light. We thus see why the red,

with its slow periodic impulses, is further removed from the normal
to the grating than the blue, or, in other words, why the grating con-

structs red light at a point further removed.
Our light will not be monochromatic at the three points unless

we add a lens to the system, for the inclination of different parts

of the grating to the Unes joining them with the points will be
different ; that is, different parts of the grating construct different

colors at a given point. With the lens added, we have, however,
monochromatic light at points lying in the focal plane of the lens.

If now we retard the impulses coming from one-half of the grat-

ing half a wave-length, they will destroy the impulses coming from
the other half, provided the two sets traverse the point simultane-

ously. Clearly we must introduce our plate on the red side if we
are to accomplish this, for if we introduce it on the other side, we
retard a set of impulses which is already behind the set with which
we wish to make it interfere. This is equivalent to introducing it

on the blue side, if we put the plate between the spectrmn and the

eye, as can be easily seen by constructing a diagram illustrating the

formation of the image of the spectrum. The rays cross at the

point, and the bundle which we must retard, which was originally

on the red side, is now found on the opposite side. If the retard-

ing plate is placed between the grating and the telescope lens of the

spectroscope, it must be introduced from the red side, instead of

the blue, as is easily proved by experiment. The best thickness

of the plate is such as will divide the whole series of impulses into

two equal portions, which arrive at the point in pairs ; i.e. an im-

pulse from the near edge of the grating and one from the central

element should reach the point simultaneously. If A'' be the total

number of lines of the grating, the best retardation is therefore \ N\,
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and the plate should intercept exactly one-half of the beam. The
value X here means the wave-length of the light which the grating
constructs at the point. If the retardation is greater or less, some
of the impulses arrive either too soon or too late to interfere with
others, and the bands are not as clearly defined. The impulses
coming from the various elements of the grating need not even be
considered as " to-and-fro " to account for interference in the man-
ner supposed. Consider them all in one direction, i.e. half-waves,
and let the retardation be such as to cause one set to fit exactly
halfway between those belonging to the second set. The resulting

disturbance at the point would have a periodicity twice as great as

it had before ; there is therefore light at the point, but it is light

which belongs to the overlapping spectrinn of the second order.

As regards the wave-length A under consideration there is darkness.

It will be remembered that, in the previous treatment, we saw
that the bands were most distinct when the interference maxima
were the same distance apart as the diffraction maxima. The
same thing can be shown by Schuster's treatment. Quoting from
his paper

:

"If at a certain point of the spectrum corresponding to wave-
length A there is a rnaximum of light, the relative retardation of the

two interfering impulses must be equal to mX, m being an integer,

the next adjoining band towards the violet ^^^ll appear at wave-
length X.' such that ^ /

, i \ > /

" Hence for the distance between the bands

A' m

with the best thickness of the interposed plate in = \.N, and hence

A-A^ ^ 2

A' N'

where A' in the denominator may wath sufficient accuracy be replaced

by A. If A" be that wave-length nearest to A at which there is a

minimum of light, it follows that

A-A^^l „

A .V

This equation shows us that, under the conditions of " best thick-

ness " the difference between the wave-lengths of a maximmn and

its neighboring minimum, divided by A, is equal to — . We shall

find the same to be true for the diffraction maxima and minima.
" If a Unear homogeneous source of light of wave-lengtli A be

examined by means of a grating, the central unage extends to

wave-length A, such that \_\ i

where N as before is the total number of lines on the grating."
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In this expression X— X^ is the distance of the first minimum
from the central maximum, of the diffraction pattern of a Unear
source of monochromatic light seen with a grating of A'' lines, which
we have fully considered.

Schuster also shows that if we are using a plate which is not of

the " best thickness," we may restore the original contrast between
the maxima, by screening off the portions of the beam which are not
interfering.

In the case when the spectrum is formed by a prism, the method
is not so obvious, as there is apparently no periodic structure to

build up the colored Hght. There is, however, no especial diffi-

culty in this case, as we shall see when we take up the subject of

White Light.

Anomalous Propagation of Waves in the Vicinity of Foci. —
The curious discovery was made by Gouy in 1890, that in its passage
through a focus a wave gained a half wave-length, as if its velocity

of propagation was accelerated in the vicinity of the focus. ^ He
employed a pair of Fresnel mirrors, one of which was concave, the
light falling upon them at nearly normal incidence.

The arrangement of the apparatus is shown in Fig. 191 a. An
illuminated pin-hole at S sends light to the two mirrors at C and D.
C is a concave silvered mirror made by q q
cutting a small square from a spectacle »—mi^^H x^^>i
lens, D is a plane silvered mirror of the \, n ; \fsS^^

*^

same size. The distance of the source S \\
i\

/ /-\h
from the mirrors is 1.5 metres and the \\ i \ '

^^
mirror C brings the rays to a focus at F, \

\ j j
/

about 35 or 40 cms. from C. The fringes \ \ i

/

are observed at with an eye-piece, or \ l\ i / /
'*

better with a microscope of low power p »'

\ 1 / (^
(30-40 diameters). If there were no ad- i\ \

i

/ /J
vance of the wave in its passage through

j \ \ \

',
^^-^ e

the focus, we should have a fringe system /

\
\1,'

with a white centre bordered on each side / \ 4& S

by colored fringes, as with the ordinary / o ^
'"'

^^
mirrors. What we see is system with a

'

[7 /
black centre, with lateral fringes of colors l^
complementary to those usually observed. ^ 6 B ^

The fringes are circular since the two ^
sources, one at F, the other at distance ^ .

SD behind the plane mirror, are prac-

tically in line. Gouy's experiments were repeated by Fabry ^ and
later by Zeeman, who used a lens made of Iceland spar, placed be-

tween two Nicol prisms. This lens was doubly refracting and gave
two real images of the source, at different distances. A similar

arrangement subsequently used by Sagnac and by Reiche is shown
in Fig. 191 6. The light of a mercury lamp a is focussed upon a
small aperture c, traversing the Nicol d and the doubly refracting

lens e. The latter has focal lengths of 304 and 412 cms., and the

' Gouy, Ann. de Chim. et de Phys., 6' Serie, 24, pp. 145-213.
* Fabry, Journ. de Phys., 3d series, 2, p. 22 (1892).
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distance between c and e was about 7 metres. The Nicols are
crossed and the lens turned until its principal section makes an angle

of .45° with the planes of the Nicols. The circular fringes are ob-
served with a powerful eye-piece. With this arrangement we can
see the fringes, not only between the foci, but in front of and behind
them. If the diaphragm in front of the lens e has a diameter of 3
cms., we observe a system with a white centre about .5 m. in front

of the first focus, i.e. between the focus and the lens ; on moving
the Nicol eye-piece back the fringes become indistinct until we ar-

rive at a point about .5 m. behind the focus, when they again appear,

this time A\ith a dark centre, owing to the change of phase produced
by the passage of the waves through the first focus. Behind the

second focus we again find rings with a white centre. If the dia-

phragm is contracted to a diameter of 1 cm., it is found that as

the focus is approached periodic changes of the centre of the system
occur, and the fringe system can be followed through the foci, where
no sudden change occurs. Sagnac explains the apparent anomalous
propagation as a result of diffraction, and shows that we may have
a somewhat sunilar phenomenon, when plane waves pass through
a circular aperture, without passing through a focus.^

We remember from our study of Huygens's principle that the
resultant of the disturbances from a circular zone in the aperture

at a point on the axis is retarded in phase "with respect to a dis-

turbance travelling from the centre of the aperture along the axis.

The phase-difference between the two becomes less as we move
the point awaj^ from the aperture. It is as if the phase of the re-

sultant vibration from the circular zone was propagated along the

axis with a velocity greater than that of a plane-wave, or greater

than that of a disturbance from the centre of the aperture, for if

it lags less and less upon the phase of the axial disturbance it must
be travelling faster. This does not mean, however, that we are

actually dealing uith an abnormal velocity of light, for the di-

rection of the axis does not coincide ^vith the direction of propaga-
tion of the elementary' waves from the circular zone. If we have a
spherical wave starting from the circmnference of the aperture we
can regard the velocity with which its point of intersection with

the axis travels, as the velocity of the resultant phase. It will jje

greater than the velocity of light in the vicinity of the aperture and
equal to it at a great distance. Now the phase of the resultant at

any given instant on the axis, of all of the disturbances coming
from the aperture, depends upon the size of the aperture. The
same is true of the illumination, which is zero for points so situated

that the aperture contains 2, 4, 6, etc., Fresnel zones. If now we
define the velocity of light as the velocity w\th which a given phase

of vibration travels along the axis, it is clear that if we restrict the

wave to the portion passed by the aperture, the velocity as defined

above may be modified ])v diffraction.

We will now investigate exactly what happens in the case of a
small aperture, and in the case of a wave passing through a focus.

Take first the case of a circular aperture, through which a wave-

' Sagnac, Journ. de Phys., 2, page 721 (1903).
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train has passed. If we are at a great distance from the aperture

the resultant phase due to all of the disturbances will agree with

that due to the one coming from the centre, since the path-differ-

ences are practically zero. This resultant phase Avill be accelerated
90° on the phase which we should have if the wave had not been
restricted by the screen ^\^th its small aperture, as we saw in the

Chapter on Huygens's Principle, for we must consider the secondary
wavelets as starting with a phase one-quarter period in advance
of the phase on the wave-front. If the phase which we should

have at the point if the wave were unrestricted be represented by
an arrow pointing vertically, the phase which we have with the

small circular aperture can be represented by an arrow pointing

to the right, retardations of phase being represented by counter-

clockwise rotations of the vector.

If now we approach the aperture along the axis the illumination

will increase, reaching its maximum value when we reach a point

such that the aperture contains one Fresnel zone. The phase will

drift back 90°, however, as a result of the ^path-difference between

the disturbances coming from the edge and centre elements, so

that it agrees with the phase given by the unrestricted wave (ver-

tical arrow). Moving still nearer to the aperture, the illmnina-

tion decreases, reaching the value zero when the aperture contains

two zones : the phase suffers a further retardation of 90°, as we
can easily see by compounding the resultant by the graphical

method, the elementary vector arrows forming a closed circle at

this point. This first arrow, representing the effect from the cen-

tral element, points to the right. Succeeding ones, with increasing

phase retardations, represent resultant effects from circular zones

surrouncUng the central element. Just before we reach the point

of zero illumination, the vector which gives us the resultant phase
and amplitude is a short arrow pointing to the left. Passing the

zero point, the phase springs back suddenly to the value which it

had at the most cUstant point, that is, it is accelerated 180°. This

same thing occurs over and over again as we approach the aperture.

We find, however, that as we approach the aperture the minima
are no longer equal to zero, that is the vectors do not form a closed

circle, but a portion of a spiral. The phase at these points is the

same as at the maxima, that is it is represented by the short ver-

tical arrow joining the beginning and end of the turn of the spiral.

The maxima and minima gradually die out and we end up with a

phase represented by a vertical arrow, that is retarded 90° on that

of the distant point.

We thus see that as we pass from the aperture to the distant

point we gain 90° in phase, the phase, however, oscillating back
and forth through 180° a number of times, as was found in the ex-

periment with the lens of Iceland spar.

This same thing takes place in the case of a wave passing through

a focus. At the focus the path-difference between disturbances

coming from the centre and edge of the wave becomes zero; that

is, the focus corresponds to the distant point in the previous case,



264 PHYSICAL OPTICS

and we have the phase represented by an arrow pointing to the
right. As we pass through the focus the phase arrow begins to
turn doTVTi and we have similar oscillations, ending up with an
arrow pointing downwards when we get so far from the focus that
the maxima and minima have disappeared. The passage of the
wave through a focus is thus seen to result in an acceleration of
phase of 180° ; we can regard the decrease in area of the wave-
front as we approach the focus as analogous to restricting it by a
small circular aperture.

It is difficult to give a clear exposition of the subject in a limited
space, and the reader is advised to refer to Sagnac's paper, and
the more recent ones by Reiche {Amialen der Physik, 1909).



CHAWER VIII

INTERFERENCE SPECTROSCOPES AND THE
RESOLUTION OF SPECTRAL LINES

In the Chapter on Diffraction we have discussed the action of the
diffraction grating, and we will now take up the subject of the more
recently devised spectroscopes, which should have been treated in

the Chapter on Interference, but which has been postponed for

the reason that certain points cannot be well understood without
previously considering the theory of the grating. We will begin
with the Michelson interferometer, which is, perhaps, the best-
known type.

Michelson' s Interferometer. — The essential parts of this in-

strument are four plates of glass arranged as shown in Fig. 192.

Plates A and B are cut from the same piece of glass accurately

plane parallel. Both may be transparent or A may be half sil-

vered on the surface opposed to B. Plates C and D are heavily

silvered on their front surfaces. Plate D is mounted on a carriage

arranged so that it can be moved along parallel ways by means of

a screw. The action of the apparatus is as follows : Light from a

source S made parallel by a lens falls upon the plate A, the beam
being divided into two portions by the half-silvered surface. One
portion is reflected to the mirror D, the other transmitted through
B to the mirror at C, which is fixed in position. The mirror D re-

turns the light to A, a portion of it escaping through the half-

265
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silvered film and entering the observer's eye, which is located at 0.
The light reflected back from C is in part reflected from the silver

film and enters the eye over the same path. If the path-difference

is an odd number of half Avave-lengths. these two streams ^^^ll inter-

tere destructively "and we shall have darkness. The path-difference

between the two rays can be altered by moving the mirror D by
means of the screw. Consequently the point in question upon
the half-silvered surface will appear alternately bright and dark
as the carriage is moved along the ways. The plate B is not essen-

tial, and its object wall be explained presently. We can get a better

idea, perhaps, of the action of the instrument in the following way :

The mirror C is seen by reflection in the half-silvered film in coin-

cidence with the mirror D, if the optical paths are the same. The
instrmnent is thus the equivalent of two parallel reflecting surfaces,

the distance between which can be varied. The phenomena pre-

sented by the interferometer are thus similar to those shown by
thin films, the difference l^ing in the fact that in the present case

we maj^ make the distance between the reflecting surfaces as great

or as small as we please.

If our source of light is a point or narrow fine, e.g. a vacuum tube,

a lens must be employed as shown in the diagram. If, however,
we use a broad source, such as a sodium flame, the lens may be dis-

pensed with.

The plate B is called the compensator, and is introduced to make
the two optical paths S3anmetrical. In its absence it is ob\ious
from the diagram that one of the interfering beams which enters

the eye has traversed the plate A three times, while the other has
passed through it but once ; the double transit of the latter ray
through the compensator makes the two paths optically equivalent.

The compensator has also another use, for by turning it slightly

we can increase or diminish the optical path, thus compensating
for and measuring a "change produced in the other path, as, for

example, bj- the introduction of a thin film, the refractive index of

which we wish to determine.

Use of the Interferometer. — The following \Qvy explicit direc-

tions for using the interferometer are taken from Mann's Manual
of Advanced Optics, in which various experiments with the instru-

ment are described in detail.

Adjustment. — " Measure roughly the distance from the silver

half-film upon the rear of the plate A to the front of the mirror C.

Set the mirror D, by turning the worm wheel, so that its distance

from the rear of A is the same as that of C from A. This need
not be done accurately. It is suggested because it is easier to find

the fringes when the distance between the mirror D and the vir-

tual image of the mirror C is small. This distance will hereafter

be called the distance between the mirrors.
" Now place a sodium burner, or some other source of monochro-

matic light, at .S, in the princiixd focus of a lens of short focus. It

is not necessary that the incident beam be strictly parallel. Hold
some small ol^ject, such as a pin or the point of a pencil, between
Land .4."
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A pin-hole in a card is preferred by the author, as the vertical

and horizontal adjustments can be made with greater precision.
" On looking into the instrument from 0, three images of the

small object \vill be seen. One image is formed by reflection at

the front surfaces of A and D ; the second is formed by the reflec-

tion at the rear surface of A and the front surface of D ; the third

is formed by reflection from the front surface of C and the rear

surface of A . Interference fringes in the mAochromatic light are

found by bringing this third image into comcidence with either

of the other two by means of the adjusting screws upon which the

mirror C rests. If, however, it is desired to find the images in white
light, the second and third of these images should be l)rought into

coincidence, because then the two paths of the light in the instru-

ment are symmetrical, i.e. each is made up of a given distance in

air and a given thickness of glass. When the paths are sym-
metrical, the fringes are always approximately arcs of circles as

described above. If, however, the first and third images are made
to coincide, then the two optical paths are unsymmetrical, i.e. the

path from ^ to C has more glass in it than from A to Z), and in this

case the fringes may be ellipses or equilateral hyperbolae, because
of the astigmatism which is introduced by the two plates A and B.

It is quite probable that the fringes will not appear when the two
images of the small objects seem to have been brought in to coin-

cidence. This is simply due to the fact that the eye cannot judge
with sufficient accuracy for this purpose when the two are really

superposed. To find the fringes, then, it is only necessary to move
the adjusting screws sHghtly back and forth. As the instrument

has here been described, the second image Hes to the right of the

first.

\ " Having found the fringes the student should practise adjust-

\ ment until he can produce at will the various forms of fringes.

Thus the circles appear when the distance between the mirrors is

not zero, and when the mirror D is strictly parallel to the virtual

image of C. The accuracy of this adjustment may be tested by
moving the eye sideways and up and down while looking at the

circles. If the adjustment is correct, any given circle will not

change its diameter, as the eye is thus moved. To be sure, the

circles appear to move across the plates because their centre is at

the foot of the perpendicular dropped from the eye to the mirror D,

but their apparent diameters are independent of the lateral motion

of the eye. For this reason it is advisable to use the circular fringes

whenever possible.
'' To find the fringes in white light, adjust so that the mono-

chromatic fringes are arcs of circles. Move the carriage rapidly

by intervals of a quarter turn or so of the worm wheel. When the

region of the white-fight fringes has been passed, the curvature of

the fringes ^vill have changed sign, i.e., if the fringes were convex

toward the right, they will now be convex toward the left. Having
thus located within rather narrow limits the position of the mirror

D, which corresponds to zero difference of path, it is only necessary

to replace the sodium light by a source of white fight, and move
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the mirror D by means of the worm slowly through this region

until the fringes appear."

A better control of the motion can be ol^tained by placing a small

white gas flame behind the sodium flame. This gives us a white
spot in the centre of the field, across which the fringes push when
we reach the centre of the system.

" These white-light fringes are strongly colored vnih the colors of

Newton's rings. T^ central fringe— the one which indicates

exactly the position of zero difference of path — is, as in the case

of Newton's rings, black. This black fringe will be entirely free

from color, i.e. perfectly achromatic, if the plates .4 and B are of

the same piece of glass, are equally thick, and are strictly parallel.

If they are matched plates, i.e. if they are made of the same piece

of glass and have the same thickness, their parallelism should be
adjusted, until the central fringe of the system is perfectly achro-

matic. When this is correctly done, the colors of the bands on
either side of the central one will be synametrically arranged with
respect to the central black fringe."

If the instrument is illuminated with sodium light it will be found
that the fringes become invisible periodically as the mirror is moved,
for reasons which have been given in the Chapter on Interference.

It \vill be found instructive to illuminate the instrument \\\i\i a
lithium flame containing a little sodium, and note the shortness

of the periods of indistinctness. In using the instrument to meas-
ure the refractive index or dispersion of a gas, the tube containing

the gas can be closed with plates of thin plate glass, which, if of

good quality, do not much affect the appearance of the fringes.

The tube is highly exhausted and the gas then slowly admitted, the

shift in the fringe system being determined by counting the number
of bands which cross the hair in the telescope used to \dew them.

The interesting investigation by Johonnott {Phil. Mag., 47, page
501, 1899) on the thickness of the " black spot " on soap films, is

an example of the many interesting applications of the interferom-

eter. If we know the thickness of a transparent plate we can meas-
ure its refractive index by inserting it in one of the optical paths of

the instrument and measuring the fringe displacement. The white

system must be used of course in conjunction ^^^th the sodium or

other monochromatic system, as the central fringe is the only one
that can be identified. The abnormal displacement of the central

band referred to in the Chapter on Interference must also be re-

membered.
It is evident now that if the refractive index of a film is known

the thickness can be determined. Johonnott found that, by em-
ploying a battery of 54 soap films mounted on frames, it was pos-

sible to get a measurable shift of the fringes even when the films

were so thin that they refused to reflect light, i.e. showed the

Newton })lack.

The thickness was found to vary between .00006 mm. and .0004

mm.
Determination of Refractive Index and Dispersion with the

Interferometer. — The refractive index of a transparent plate and
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its dispersion can be obtained by means of white light in combi-
nation with monochromatic Ught of a single wave-length. The
determination of the dispersion is based upon the shift between the

true and the apparent position of the centre of the system of fringes

formed by white light, which we have just studied. The plate

should be sensibly plane-parallel, and should be cut in two, the two
portions placed in the paths of the interfering beams in such posi-

tions that they cover the same portion of th^field. We may illu-

minate the instrument with a sodium flame backed by a candle

flame. The two pieces of the plate should be so arranged that

they can be rotated about vertical axes, one of them very slowly and
uniformly, the angles of rotation being measured with a mirror and
scale. We can set them normal to the rays, by turning them to the

point where the direction of motion of the fringes resulting from
the increase of path \vith increasing incidence angle reverses.

Adjust the instrument so that both the white-light fringes and
the sodium fringes appear in the field. Then turn one plate through

a convenient angle, which is read from the scale. Turn the other

plate very slowly, counting the sodium fringes as they pass over

the cross hair of the observing telescope until the white fringes again

appear and occupy their former position. Let the angle through

which the plates have been turned be i, the fringe count 2 .V, the

thiclaiess of the glass t, its refractive index /j., and the wave-length of

the sodium light X, it can be shown that

(t-NX)(l-cosi) +^
t(l-cosi)-N\

iV2A2
in which the term —— is negligible. We now restore one plate

^ t

to its original position, and move the interferometer mirror until

the white-light fringes appear in their former position, counting
the sodium fringes as they cross the hair. The number will be
greater than 2N, the difference, which we will call 2N', being due
to the dispersion.

The Cauchy dispersion formula can be assumed, /u,= A +

and we have iV' = 2Bt'

X3
'

in which t' is the thickness of the glass introduced by the rotation/

as was shown in the Chapter on Interference.

Light-Waves as Standards of Length. — Probably the most im-

portant use to which the interferometer has been put was the de-

termination of the length of the standard metre in wave-lengths. of

the monochromatic radiations from cadmium. The invariableness

of the wave-length of the radiation sent out from the atoms of a

metal, brought to a state of luminescence by electrical discharges

' Mann's Manual of Optics.
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in a high vacuum, suggests their adoption as a standard of length.

This proposition was first made by Lamont in 1823, and subsequently

by Dr. Gould about thirty years ago. At that time the interferom-

eter in its present form was unknown, and the method proposed in-

volved the use of the diffraction grating, the measurement of its

width, and the determination of angles, all of which measurements
would have entailed no very inconsiderable errors. Michelson
suggested the use oftl^iis interferometer, and through the efforts of

Dr. Gould, who represented the United States in the International

Committee of Weights and Measures, was asked to carry out the

experiments at the International Bureau at Sevres in collaboration

with. Benoit. A verj- complete description of the method ^vill be
found in Prof. ]VIichelson's book, Light-Waves and their Uses
(Chicago University Press, 1903).

The general principle of the method can be briefly outlined as

follows :
—

-

The problem is to measure the distance between the two marks on
the standard meter bar in terms of the wave-length of light, or, in

other words, find out how manj^ light-waves there are in a beam a

meter long.

A bronze bar 10 cms. in length, of the form shown in Fig. 193, was
prepared, on the ends of which

^Y^ two silvered-glass mirrors were
mounted which could be made
accurately parallel by observing
the interference fringes, formed
in the manner to be described

presently. The principle con-

sisted in finding the number of

light-waves in a beam whose length was equal to the distance be-
tween the planes of the two mirrors, and then to find how
many times this distance was contained in the meter. In a
length of 10 cms., there are, however, roughly 300,000 light-

waves, and the direct determination of this number by actual
count would have involved too much labor and too great a
risk of accidental mistakes. Nine other standards similar to

the above were therefore prepared, each half as long as its

predecessor, i.e. of lengths 10, 5, 2.5, 1.25, etc., cms. ; the smallest
unit had mirrors with reflecting planes only .39 mm. apart. The
number of light-waves in this distance was first determined for the
red, green, and blue radiations from a vacuum tube containing
cadmium vapor. This was accomplished bj^ putting the bar with
its two mirrors in the place of one of the mirrors of the interferom-
eter ; the other mirror was then brought into such a position that
the central fringe (white light) appeared in the field of, we ^^^ll say,

the lower mirror. By moving the mirror back the centre of the
sj^tem could be made to appear in the upjier mirror, and by count-
ing the number of fringes which pas.sed during this operation the
number of wave-lengths in the distance through which the mirror
moved could l)e determined.

This first " etalon," as it was called, was next compared with the

^
Fig. 193.
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second by mounting the two side by side, in place of the moval)le
mirror of the interferometer. The field of view now consisted of

four square areas corresponding to the four mirrors of the etalons.

The longer of the two (No. II.) was fixed in position, while the
shorter (No. I.) could be moved by turning the screw of the instru-

ment. The reference plane (image of the interferometer mirror
seen in the plate) was then brought into coincidence with the front
surface of the lower mirrors of the two etalons, the plane R (Fig. 194,

.4), by moving the interferometer mirror until the colored fringes

appeared. This mirror, which is usually fixed, in the present type
of instrument could be moved along parallel ways. It was then
moved back until the reference plane coincided with the upper mir-
ror D of etalon I., the plane R'. The fringes passing during this

motion of the mirror were counted, the number of course correspond-
ing with the number previously determined. Etalon I. was now
moved back until C came into coincidence with the reference plane

R' (Fig. 194, b). The reference plane was now moved to R", until

it coincided with D' in its new position, and was within a few wave-
lengths of the plane of B, the number being found by turning the
compensating plate. The second etalon was then compared with
the third, and so on, until finally the number of wave-lengths in

the 10 cm. etalon had been determined. A mark on this etalon

was then brought into coincidence with one of the end marks on the
metre bar under the microscope, and the etalon was then pro-
gressively advanced, its front mirror being brought into coincidence

with the plane previously occupied by the rear mirror, the reference

plane then moved back and the process repeated. In this way the

CMS
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Fig. 194.

total number of waves in a length equal to the standard metre was
determined. The final results were as follows, for 15° C. and 760
mms. pressure

:

Red line 1 m. = 15531 63.5 A, i.e. X= 6438.4722 A^,
Green line 1 m. = 1900249.7 A, i.e. A = 5085.8240 A^,
Blue Une 1 m. = 2083372. 1 A, i.e. A= 4799.9107 AE.

The values given by Rowland for these same lines are

6438.680, 5086.001, and 4800.097.

An idea of the accuracy of the work can be obtained by comparing
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three independent observations, the first two by Michelson, the
third by Benoit

:

1553162.7, 1553164.3, 1553163.6.

In addition to recording the length of the standard metre in
terms of an invariable unit, this remarkable piece of work has given
absolute determinations of three standard lines, which wall doubt-
less stand for a long time, if not forever, as the standards from which
all other lines wall be measured.

It may be well to point out here that it has been recently show^n
by Michelson, and proven experimentally by Kayser, that Row-
land's coincidence method is not accurate. As a result of small
errors of ruling, the second order ultra-violet Une of wave-length 2
may not fall exactly upon a first order line of wave-length 4. The
use of the grating is thus restricted to obtaining the wave-lengths of
fines between fixed standard lines, by interpolation, at least if the
greatest accuracy is required. Revision of the standard wave-
lengths is in progress at the present time by interferometer methods.
The Visibility Curves.— As we saw in the Chapter on Interference,

the fringe system formed with Newton's combination of a lens and
flat plate, illuminated with sodium fight, is not continuous. There
are periocfic regions of invisibifity as we proceed outward from the
centre, due to the fact that when the maxima of Da coincide with
the minima of Di, uniform illumination results. If now^ Di and D2
were infinitely narrow lines and single, the fringes would be equally
distinct when " in-step," regardless of the path-difference. If, how-
ever, this is not the case, the visibility wiU vary at the different

points of maximum distinctness. Suppose, for example, that each
line is a close double ; with a sufficiently large path-difference, the
two components of Di will get out-of-step, and we shaU have uniform
illumination and in\asibifity entirely independent of the fight from
D2. Fizeau and Foucault, who may be regarded as the founders of

interference spectroscopy, only recorded the successive recurrences
of the fringes as the path-difference increased. Michelson went a
step further, and measured the distinctness of the fringes at each
reappearance. From these observations he was able to compute
the natm-e of the lines, i.e. whether they were single or double, broad
or narrow, etc. If J2 denotes the maximum brightness of a fringe,

and J- the intensity of the dark region between, Michelson calls

the " Visibility" a quantity which represents the distinctness with
which the fringes appear to the eye.

If we know the nature of the distribution of the light in the source,

I.e. whether the lines are single or double, accompanied or not by
fainter companions, etc., it is possible to construct a visibifity curve
in which the values of V are plotted as ordinates and the path-dif-
ferences as abscissae.

Michelson commenced by calculating the \'isibility curves which
would result from various types of single, double, and multiple lines.
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Examples of such curves are shown in Fig. 195, the intensity curves
of the spectrum hues being shown to the left of each. The curves
shown are resultant curves formed by the superposition of wave-
trains such as would emanate from sources having a distribution of

intensity as figured. The visibility curves are obviously the enve-
lopes of the al)Ove curves. Michelson next took up the subject of

the construction of an intensity curve from a visibility curve, a
nmch more difficult problem. His work in this line was much
aided by the invention of his harmonic analyzer, a machine which
separates out of a complex curve the simple harmonic curves of

which it is formed ; in other words, makes a Fourier analysis of it.

As Lord Rayleigh has shown {Phil. Mag., 34, page 407, 1892), the

rigorous solution of the problem is not possible, for, except in cases

where there is symmetry in the group of lines, we may have a large

number of different distributions of intensity, all of which give the

same visibility curve. It is impossible, moreover, to decide from
the visibility curve on which side of the principal fine a fainter com-
ponent lies. Michelson's predictions regarding the structure of

many fines have been subsequently verified, however, and he is to

be regarded as the pioneer in the field of investigations devoted to

the minute study of spectrum lines.

The method has not been used to any great extent by other

observers, partly from the great difficulty of estimating " visibili-

ties" of the fringes, and partly from the difficulty in interpreting the
results. Michelson's results were due to his great skill in this respect^

Intensity
Curve. Visibility Curve.
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Fig. 195.

which resulted from long experience and familiarity with his instru-
ment. The more modern interferometers show objectively what
before could only be guessed at, that is, they actually separate the
line into its components just as the prism and grating separate the
originally composite fight into a spectrum of fines.

Michelson's genius gave us the next instrument in the series which



274 PHYSICAL OPTICS

U

we are considering, and we will now take up the subject of one of the
most curious and interesting optical instruments ever devised, the
echelon grating.

The Echelon Grating. — A remarkable type of grating was con-
structed by Michelson.i

As we have seen in the Chapter on Diffraction the resolving power
of a grating is represented by mn, the product of the order of the
spectrum and the number of lines. High resolving power had been

secured previously by ruhng a very large number
of hues ; Michelson attacked the problem in a new
direction and constructed a grating for which m
instead of n had a large value. The order of the

spectrum is measured by the number of wave-
lengths in the path-difference of disturbances com-
ing from adj acent elements. If the path-difference

can be made 1000 wave-lengths, we have a spec-

trum of 1000th order. Michelson accomphshed
this by building up a flight of steps of glass plates,

all of exactly the same thickness and plane-parallel

to within 2V of a wave-length of sodium light.

The plates were cut from a single disk, which was
figured with the greatest care by Mr. Petitdidier,

and mounted as shown in Fig 196. If light is sent

through the series of plates in the direction in-

dicated by the arrows, it is obvious that the

streams emerging from the steps are retarded on
each other by amounts depending on the thickness

traversed, and the refractive index of the glass.

Now the retardation by a plate 2 cms. in thick-

ness is considerably over 20,000 wave-lengths

;

Fig. 196. consequently we are deahng with a spectrum cff

the 20,000th order, if the plates have this thick-

ness. The number of the plates cannot be increased above 30 to

advantage, owing to the loss of light by absorption and reflection

from the surfaces. Our resohing power is thus about 30 X 20,000

or roughly 600,000, or the grating should separate lines only ^^ of

the distance between the D lines apart.

The echelon throws all its light into one, or at most two, spectra
;

consequently it is well adapted for the minute structure of faint

spectrum hues. Its great disadvantage is the difficulty of interpret-

ing the results obtained \vith it, and the impossil)ility of seeing more
than a single line at a time. Even if sodium light is used nothing

can be seen which can be interpreted. With certain thickness of

plates the Dx and D^ spectrum lines may coincide, one being seen

in, say, the 2000th order, and the other in the 2030th, owing to the

difference of retardation. With piatt^s of a different thickness the

Di spectra may fall midway between thos(> due to D^. As the spec-

tra of succeeding orders are very close together, it is obvious that,

except when employing extremely homogeneous radiation, we shall

have a confused jumble of lines.

" "The Echelon Spectroscope," Astrophys. J., 8, page 36, 1898.
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•
Only three different orders can be seen at one time, but by turning

the echelon slightly others may be brought into view. We can set

the echelon so as to have two adjacent

orders of equal intensity, as in the first

diagram of Fig. 197, or so as to have
one bright hne bordered by two faint

ones. The latter condition is usually

preferable.

The light must undergo previous Fig. 197.

prismatic analysis before it enters

the collimator slit of the echelon spectroscope, or we may illu-

minate the sht with the heterogeneous light and place a prism
between the echelon and the telescope. The instrument is espe--

cially well adapted for the exhibition of the Zeeman effect, as it is

compact, and extremely saving of Hght, and requires practically no
adjustment if the plates are properly mounted in a metal case. The
writer has had no difficulty in showing Zeeman effect with an im-
provised echelon made by standing four interferometer plates on the
table of a small spectroscope. A five-element grating is secured in

this way, since a stream of unretarded Hght can be passed by the
edge of the first plate. The width of the steps should not exceed
one or two mms. and a cardboard screen should be so arranged as to

cut off all the light except that which comes through the steps, a
clear space of equal width to one side of the first plate, and a strip

of the same width at the edge of the last plate, i.e. the top step. In
other words, when looking at the echelon from the direction of the
telescope the screen should hide everything except five vertical

elements of equal width, four of them glass and one air. A direct

vision prism can be put between the plates and the telescope to

separate the echelon spectra of the different lines in the spectrum
under investigation. A mercury vacuum tube between the conical

poles of a powerful electromagnet is a suitable source of hght to work
with, the green hne spUtting up as soon as

I
the current is turned on.

[
i Theory of Echelon. — An elementary

j i
treatment has been given under Talbot's
bands in the Chapter on Diffraction.

The theory as worked out by Michelson
is as follows

:

Let s be the width and t the height of each
step, and 6 the angle of diffraction (Fig.— l*^- If ^he order of the spectrum is desig-

nated by m, and the ref. index of the glass

by /A, we have for the path-difference be-
tween the diffracted rays indicated,by the
arrows, mX = fji.t— ac. >^V^

Now ac= ^ cos ^— .5 sin ^;

.'. mX = ixt—t cos ^ + .s sin 6.

(1) m\^(,j.-l)t + se,

C;.

^-i.
It

&l

I

t
Fig. 198.

since Q is very small, sin^ = ^, cos^=l.
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do
To find the dispersion which is represented by — , we differen-

d\
tiate 9 wath respect to \ in the above equation, remembering that

fi is also a function of A,

M _ rn_ tdjx

d\ s sdX.

Substituting for m its approximate value (/u.— 1) , we obtain
A

(2) Xf = ^

d\ s
'(^-i)-xf"

dX

if we represent the bracketed term by b.

s

d\
The resolving power, which we define by — , is by equation

A

(2).^. If d6 is the increment in the angle of diffraction nec-

essary for resolution (Fig. 199),

i.e. the angle between the princi-

pal maximum and the first mini-

mum, we can write dO = — , as is
ns

-^^^//yi made clear by the figure, in which
we have

— = sm 6, ^ '— = sm(^

+

dff),

ns

Fig. 199. in which N is some number depend-
ing on /u. and t. It corresponds to

the product mn used previously. (In Fig. 181 it is designated by
a small n.)

Owing to the small value of 9, we get by subtraction of the first

equation from the second

^\nd6 = d9=~,
ns

in which ns is the total width of the grating.

This gives us for the resolving power,

/q\ d\ _ X

A hnt

To find the distance between the spectra of succeeding orders, we
differentiate equation (1) ^vith respect to m,

rf^^A
dm s

'

or if we put dm = 1 to obtain the change in 9, in passing from order
7n to order tn ± 1

,

(4) d9,= ^,
s

in which d9i is the angle of diffraction between adjacent spectra.
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We will now determine the change in the wave-length which gives
dO the same value as dOi, that is, we ^ill derive an expression which
will enable us to compare the distance between the components of
a double line, with the distance between the spectra. This we can
easily do by substituting (4) in (2), which gives

in which d\ is the increment of wave-length necessary to produce the
increment d6^, that is the components of a double Une, with a wave-
length difference d\ (as defined by (5)), will be separated by a
distance exactly equal to the distance between the spectra of suc-
ceeding orders. Comparison of (3) with (5) shows us that the limit

of resolution is - of the distance between the spectra. " This," says

Professor Michelson, " is a rather serious objection to this form of

spectroscope. Thus in observing the effect of increasing density
on the breadth of the sodium Unes, if the broadeniriglJeof the order

J-
the two contiguous spectra of the same line will overlap. As a

particular case let us take t = l nmis.,then — = -, and it will
ht 17000

be impossible to examine hnes whose breadth is greater than -^^ of

the distance between the D lines. It is evidently advantageous on
this account to make t as small as possible."

Obviously t has its smallest possible value (zero) in the case of
the ordinary diffraction grating, ruled on glass.

To get high resolving power, however, we must make either n or t

large. The former quantity cannot be increased to advantage
above 25 or 30, for reasons already specified, consequently t must be
made large.

Michelson constructed three echelons, with plates 7, 18, and 30
mms. in thickness, having resolving powers equal to 210,000, 540,000,
and 900,000 respectively, the smallest value surpassing that of the
largest gratings ruled on speculum metal.

The distribution of intensity is deduced from the formula

=/, cos pxdx, where p=— 0.
A

Hence I=A''
A

H'
which vanishes for ^= ± - = dO, the distance between the spectra,

s

Two spectra will thus in general be visible, of unequal intensity, as

shown in Fig. 200, but by inclining the echelon a trifle one of them
can be brought into the position ^ = 0, when it reaches its maximum
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intensity, and the two adjacent spectra, falling at tt, practically

disappear. Or we can so adjust the echelon as to have two spectra
of equal intensity sjTnmetrically

placed. These two positions have
been named positions of single and
double order.

We can perhaps arrive at a bet-

ter conception of the action of the
echelon if we consider a type in which
t, the thickness of the plates, is made
very small. Such a grating can be
constructed of mica films, .05 mm. or

so in thickness. We can in this way
obtain a tyipe intermediate between

the ordinary grating and the thick plate echelon of Michelson.
With a grating of this description, the distance between two fairly

close lines ^dll not be greater than the distance between the
spectra.

An echelon grating of 8 or 10 elements can be made of mica,
which illustrates the principle, though of no use as a piece of optical

apparatus. It is useful as coming midway between the ordinary
grating and the echelon as usually constructed. By its aid lines can
be separated which, \\ith an ordinary grating of the same number
of elements, would appear single. It shows spectra of the same gen-
eral appearance as in the more powerful instruments, can be set for

single and double order, and though useless as a tool for research,

is almost as satisfactory for purposes of demonstration as the costly

batteries of thick plates.

The very best quality of mica must be used, a sheet about .05 mm,
thick being split off. This must be examined \v\ih an interfer-

ometer, and a portion picked out of uniform thickness, that is, an
area must be found, across which the fringes run straight and un-
broken. Possibly a simple examination of the fihn with a sodium
flame would answer as well. A fuller description of the mica eche-

lon constructed by the author will be found in the Philosophical

Magazine for June, 1901, and may be helpful to those who wish to

undertake the task of constructing a similar piece of demonstra-
tion apparatus.

The Interferometer of Fabry and Perot. — In the Michelson in-

strument, as we have s(H^n. the fringes due to a double line disappear
completely when out-of-step. It is ob\'ious that if the ratio between
the widths of the bright and dark l^ands could be decreased this dis-

appearance would not occur, the brigiit fringes due to one line falling

midway between those due to the other. An interferometer has
been devised by Fabry and Perot in which the width of the bright band
has been made many times smaller than the width of the dark band.
To understand how this has l)eon accom))lished we must go back to

the theory of the diffraction grating. It will he rcMnemljered that
the intensity curve, in the system of fringes formed by light passing
through two parall<>l slits, is similar to the curve which \\c have with
the Michelson interferometer. Increasing the number of slits in-
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creases the steepness of the curve, i.e. the maxima become narrower
and the minima wider. Regarding the shts as similar sources of

Hght, we see that an increase in the number of the sources results in

a narrowing of the bright fringes. In the case of thin films or the
Michelson interferometer, we are dealing essentially with light

coming from two virtual sources, one immediately behind the other.

If Ave can by any device increase the number of these sources, we
shall in consequence decrease the width of the bright maxima
without altering their distance apart. This can be done by avail-

ing ourselves of multiple reflections. We can illustrate the prin-

ciple very easily by half-silvering two small squares of thin plate

glass, by the process which will be presently described.

If they are placed with their silvered sides together, but sepa-
rated by two narrow strips of thick writing paper, and held in front

of a sodium flame, they will resolve the D lines, i.e. show a double
set of fringes. By varying the thickness of the paper strips, com-

FiG. 201.

mencing with thin tissue, the process can be followed. The fringes

appear at their best when the eye is normal to the plates. This
can be accomplished by bringing the reflected image of the

pupil of the eye over the sodium flame. The Fabry and Perot in-

strument is based upon this principle. It consists of two plates

of plane-parallel glass, one stationary, the other movable in a direc-

tion perpendicular to its surface by a device similar to that employed
by Michelson. The general arrangement of the apparatus is shown
in Fig. 201. The paths of the rays through the half-silvered fihns are

shown in Fig. 202, in which the source of the light is located at S
and the eye at 0. The opposed surfaces of the glass plates are half-

silvered, and the distance between them can be varied from zero

to 30 or 40 cms. Consider now a ray of light leaving the source and
passing through the first silver film. A portion of it will be trans-

mitted through the second fiilm and a portion reflected back upon the
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first, from which it will be returned, the same sequence of events

occurring again. Owing to these multiple reflections we shall have a

number of beams of light of decreasing intensity emerging parallel

to one another from the second silvered

5 ^
surface, the beams coming from a number

';

! of virtual sources situated in a Une behind
• the actual source. The distance between

\ \ the sources will be double the distance be-

tween the silvered films, which a^iU con-

sequently be the path-difference between
two streams of light coming from adjacent

sources. The case maj^ be regarded as

analogous in some respects to a number of

slits situated in a line behind one another.

Starting with the plates close together and
accurately parallel, we shall observe in the

case of sodium Hght a sj'stem of circular

fringes similar to those seen with Newi;on's

glasses, except that the maxima are ex-

tremely narrow circles of light with broad
dark regions between them. On increas-

ing the distance between the mirrors the

rings due to the two components of the
sodium Hght will graduall^v get out-of-step

;

but instead of disappearing, as they do in

the Michelson instrument, they merely become double in the present

case. In other words, we can observe the separation of the Di
fringes from the D2 ones, the number of circles of light doubling.

On further increasing the path the fringes will again coincide.

It is clear that in the present

case we can observe directly that

which we were obliged to infer from
the visibility curves in the case of

the Michelson interferometer. Faint

components l}nng close to a bright

line can be observed directly with

this instrument by making the dis-

tance between theplates sufficiently

great. Fabry and Perot have
studied the minute structure of a

large number of spectrum lines,

and have obtained results which
the Michelson instrument is inca-

pable of yielding.

The resolving power of th(>

Fabry and Porot instrument de-

pends upon the number of reflec-

tions. It is thus imiiortant to have
the thin silver films liighly polished,

and quite free from the yellow (lo|M)sit which covers them when
they come from the silvering solution. As a result of considerable

Fio. 20.3.
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experimenting it was found by A. H. Pfund that it was possible to

polish the thin, semitransparent films so highly that forty images
could be counted when the source of light was very bright. If the
plates are placed in opposition at a small angle the images lie side

l\y side and can be counted. They are white at first, but speedily

become reddish owing to the lower reflecting power of silver for

the blue. If the row of images is viewed through a prism, the fall-

ing off of the blue end of the spectrum by repeated reflection is

easily seen. A photograph of the phenomenon is reproduced in

Fig. 203. The blue has practically disappeared at the 8th image
and the green at the 10th. On this account the resolving power
is greatest in the red and falls off rapidly with decreasing wave-
length.

Silvering the Plates. — The simplest method is the one in which
formaldehyde is used as a reducing agent.

Prepare the two following stock solutions.

A B
5 grs. Silver nitrate. 50 cc. Formaldehyde (40 per

500 cc. Dist. water. cent solution).

500 cc. Dist. water.

The glass plates are placed in a small glass dish, and cleaned first

b}^ strong nitric acid, then by caustic potash, swabbed over the sur-

face by small wads of cotton twisted around the end of a glass rod.

Rinse them thoroughly by a stream of running water, lifting the edges
^vith a rod, to allow the potash to escape from beneath them.
Take about 50 cc. of Solution A in a beaker and add ammonia to

it drop b}^ drop, until the precipitate which forms is almost, but not

quite, redissolved, the liquid having a light straw color. If too much
is added the solution becomes clear, in which case add A until a

slight permanent turbidity is produced.
Next mix equal parts of this solution and Solution B in a clean

beaker, and pour them at once over the plates (first pouring off the
water). The dish should be shaken gently and the process watched.
Usually with the proportions given a pinkish film forms, which is

remarkably uniform, and serves as a substratum for the thicker

deposit. If this is the case, pour off the solution at once, rinse the
plates, and then flow over a solution made up of three parts of the
anmionia solution to one of B. This will give the required blue

deposit.

In a minute or two the silvering will be complete, and the plates

can be rinsed off with distilled water and dried. Pfund recom-
mends following the water with alcohol and ether. He has found
that to polish these thin films it is essential that they should be dried

for an hour in a warm place. They can be polished by brushing them
with a feather " powder-puff " charged slightly with opticians' rouge,

or even with a piece of a clean kid glove, covered with rouge.

Chamois skin should not be used. The polishing removes the

yellow deposit. If it is desired to produce a thick opaque deposit,
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the silvering process shoMld be repeated several times. Thick
deposits can be polished with less danger of damaging them.
A photograph by Fabry and Perot of the fringe system of the green

line of mercury as seen in their instrmiient is shown in Fig. 204.
The fainter companion lines are distinctly shown. The narro\\Tiess

of the bright rings is to be noticed. Compare these photographs
with the rings seen wdth Newton's arrangement of a plate and lens.

Fig. 204.

The Interferometer of Lummer and Gehrcke. — An extremely

ingenious device for obtaining narrow interference fringes under
conditions of large retardation of path was originated by 0. Lummer
and E. Gehrcke.^ It resembles in some respects the echelon

grating, but is in reality a Fabry and Perot plate in principle, the

difference being that the angle of incidence, instead of being normal,

is very nearly 90°, and the multiple reflections result from the ray
being incident upon the inner surfaces at iu;aj'ly tlj^e critical angle

instead of from thin silver films. The light from a slit is rendered

parallel by a lens and passed through a ])rism and a Nicol falling upon
a ^vide sHt at .S, Fig. 20.").

After passage through this slit, the plane waves enter a long slab

of plane-parallel glass at such an angle that they meet the second
surface at very nearly the critical angle. To prevent the large loss

by reflection at the first surface which would occur at the very
oblique incidence necessary, a small right-angle jirism p is cemented
to the upper surface.

> Annalen der Physik, 10, page 457, 1903.
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Owing to the large angle of incidence only a small portion of

the energy escapes along the path 1, the remainder being re-

flected to-and-fro within the plate. The function of the Nicol is

to polarize the light in such a plane that it is most copiously re-

flected at the inner surfaces.

In the case of the echelon and the ordinary diffraction grating
the width of the interference maxima increases as the slit is

opened, and the spectrum Unes are eventually obliterated by
fusion if they are close together. We obtain the extended inter-

ference system by diffraction. With the Lummer and Gehrcke
plate the width of the slit plays no part in the sharpness of the inter-

ference maxima. Diffraction plays no part here, and we must have
a collection of plane waves of varying inclination to obtain an ex-

tended interference system. As a matter of fact the plate can be
considered as a Fabry and Perot interferometer with the incidence

angle very large.

After two internal reflections a second portion emerges along
path 2. The path-difference between these two streams is evidently
very large, for it is represented by fJi.(AB + BC) — AD. Owing to

the small amount of energy which escapes at each reflection a large

'^V

Fig. 205.

number of parallel beams, 1, 2, 3, 4, 5, etc., are obtained with path-
differences increasing in arithmetical progression.

Lummer and Gehrcke studied the structure of the mercury lines

with this instrument, obtaining results which have given rise to a

good deal of discussion. The yellow line (A.=579) was found to

consist of 12 components, the other yellow Hne (A.=577) of 11.

The green line, A.=546, had 21, and the blue Une (X=492), 3 com-
ponents.

These results have been- criticised by Fabry and Perot,^ on the

ground that they do not agree with the results obtained with other

instruments of equal power. Though Lummer and Gehrcke do not

give the wave-lengths of the component lines, Fabry and Perot

^ Journ. de Phys., Jan. 1904.

s
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estimate that the three brightest components of the green Une, as
figured by Lmnmer, ought to be easily visible -with a small grating.

They appear to be of nearly equal intensity, while other observers,

working with instruments of different t\'pes, all agree upon one
bright line with two faint companions. Lummer and Gehrcke state

that the resolving power of their instrument is 400,000. The dis-

tance between the extreme bright Unes in the set is about twenty
times the distance between the closest pair, from which Fabry and

Perot estimate that for them — must be owro > or in other words,
A

that if they had a real existence, the distance between them would
be only oV of the distance between the D lines.

The multiple lines observed by Lummer they regard as optical
" ghosts," due to slight imperfections in the glass plates.

Interference Points. — Gehrcke then devised a method of ascer-

taining which of the lines were real and which ghosts. The light

was reflected from two interference plates in succession, the plates
being mounted in perpendicular planes, as sho"UTi in Fig. 206. This
is the method of crossed gratings described in the section on
" Ghosts " in the Chapter on Diffraction. The second plate intro-

duces a set of parallel interference minima at right angles to the
maxima and minima due to the first. The illumination is thus re-

duced to a series of points arranged in rectangular order. The
companion points due to real lines will lie along the diagonals as

,

described in the method of crossed gratings. Suppose we have a
source of light emitting a strong Une accompanied by a group of

three close fines on one side.
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Fig. 206.

Suppose further that one of the interference plates is free from
ghosts, while the other exhibits a faint one on each side of the strong
line. The appearance of the maxima and minima due to this second
plate acting alone will be as shown in Fig. 206, A, the ghosts being
represented by dotted lines. Three different orders are shown.
^Vllen the second plate is crossed with this one, it will introduce a
second series of minima at right angles to the first. These hori-
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zontal minima will have the same width in proportion to the maxima
as the vertical minima; that is, they will break up the vertical lines

into dots or interference points. They will have the same position

for the primary line and its ghosts since A is the same for all, but
not for the three companion lines, as shown in P'ig. 206, B. The
result is that the " points " (short lines in the figure) representing

the true companion lines lie in an oblique direction. The actual

appearance of the interference points for the green mercury line

546 as photographed bj' Gehrcke is shown in Fig. 207. The com-
panion lines, or satellites, as they are called, are represented by
the oblique lines of dots. The principal dot is somewhat elongated,

showing the finite width of the line. It is apparent that a true

satellite dot may happen to fall both on the diagonal and on the

vertical line of the next order, and be mistaken for a ghost of the
principal line. By using a plate of a different thickness we can tell

whether this is the case or not.
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Fig. 207.

Resolving Power and Spectral Range.—^The spectral range of an
interference spectroscope is the range of wave-lengths which can be
analyzed with it. This is always very small, and as has already been
pointed out, the light must be previously analyzed with a prism and
each line studied separately. If we call the spectral range AA , we have

AA=-.

in which q is the path-diflference measured in wave-lengths or the
" order " of the spectrum.
For example, the D lines of sodium form a fringe system which is

in dissonance (out-of-step) with a path-difference of 500 waves, as

we^ have seen. This means that a change of wave-length equal to

6 Angstrom units causes a line seen in an interference spectroscope
with path-difference of 500 waves to move a distance equal to

one-half of the distance to the next fringe (order). If we have a path-
difference equal to 1000 waves, the same change of wave-length will
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cause it to move to the position of the fringe of next higher order.

The spectrum range is therefore equal only to the range of wave-
lengths represented by that change of wave-length necessary to
cause a fringe to shift over one order.

For sodium light the wave-length is approximately .0006 mm.
With a path-difference of 1000 waves we have

., .0006 ^ ?—rr— , or 6 Angstrom units,

the distance between the D lines. For a plane-parallel glass plate

.5 cm. in thickness of refractive index
surface, we have at normal incidence a

waves for green light, and
.0005

1.5, half-silvered on each
path-difference of 30,000

AA.=
30000'

a range equal to gV o^ the distance between the D Hnes. The re-

solving power — expresses the wave-length difference 8A capable of
oA

separation by the instrument. To resolve the D Unes ^ = 1000.

From the analogy of the plate to the echelon we see that the re-

solving power will be the product of the order of spectrum {i.e. path
difference between two adjacent emergent beams, and the total

number of emergent beams) corresponding to elements of the grat-

ing. If the length of the plate is / and the thickness d, and we send
in the Ught in such a direction as would correspond to an angle of

refraction r in the absence "of the small prism, we have for p, the

number of emergent beams, = p, as can be easily seen by
2 a tan r

drawdng a diagram of the plate. In Fig. 205 the distance AC = 2 d
tan r, r being the angle between the ray AB and the normal. The

order of spectrum or the retardation is — , as we have seen.

The resolving power is therefore pq.

Gehrcke has given the following table for the resolving power of

various echelons and plane-parallel plates.

Echelon Grating (Miehelson)

d{mm)
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CHAPTER IX

POLARIZATION OF LIGHT

In the preceding chapters we have considered rays of light as sym-
metrical around their direction of propagation; this amounts to

saying that the rotation of the ray about its line of propagation is

wholly wdthout influence upon the optical phenomena exhibited

by it. Rays of light exist, however, which possess a one-sidedness

and behave differently when differently orientated. For example,

it is possible to obtain light which a glass or w^ater surface refuses

to reflect at a certain angle of incidence. Such Ught is said to be
polarized, and is distinguished from ordinary hght in that its vi-

brations are of a fixed tj^pe; that is, the ether particle travels in a
fixed orbit. If the motion is back and forth along a Hne, the light

is said to be plane-polarized, and it is with this tj^pe of polarization

that we are concerned in the present chapter. Elliptically polarized

light, when the ether particle moves in an elliptical orbit of fixed

eccentricity and orientation in space, and circularh' polarized lights

where the orbit is a circle, w\\\ be subsequently dealt with.

The fact that light can be obtained having a lack of s^nnmetry
around the direction of propagation is one of the most direct and
convincing proofs which we have of the transverse nature of the
waves, for we cannot very well conceive of a pressural or longitu-

dinal wave, ha\dng different properties in the different directions

perpendicular to the Hne of propagation.

Discovery of Polarization. — The polarization of light was dis-

covered by Huygens in 1690, while experimenting with Iceland spar.

He found that a ray of light was, by passage through the crystal,

divided into two separate rays of equal intensity, except when the

light traversed the crystal in a direction parallel to the crystal-

lographic axis. He found furthermore that if one of these emer-
gent rays was passed through a second crystal, it was divided into

tw'o rays of equal or unequal intensitj^ or not divided at all, accord-

ing to the orientation of the crystal. Though this single experi-

ment was sufficient to establish the existence of light which was
asymmetrical around its line of propagation, and though many
other crystals exist having similar properties, Huygens was igno-

rant of the nature of the phenomenon, and the discovery remained
an isolated fact for more than a century. The polarization is in

this case i)ro(hi('ed by double refraction, which we shall study in

detail in a subsequent ('ha))ter.

Polarization by Reflection. — The discovery was made by Mains
in 1810 that light, which had suffered reflection at a certain angle

288
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Fig. 209.

from a surface of water or glass, exhibited the same peeuUarities,

which had previously only been observed in the case of Ught after

its passage through a crystal of

Iceland spar. The polarization

of light by reflection can be ex-

hibited by means of the easily im-
provised apparatus shown in Fig.

209. The reflectors A and B are

made of ordinary plate-glass, the

backs being coated with black

paint or asphalt varnish. The
polarizing plate A is mounted on
an iron stand on a hinged support
so that it can be set at the polariz-

ing angle. The other reflector is

mounted on the vertical axis of an ordinary turn table, in such a
way that the hght reflected down from the polarizer meets the sur-

face of the glass at an angle of 57° with the normal, i.e. the plate

must make an angle of 33° with the axis. A cyhndrical ring of

parchment paper or other translucent medium surrounds the re-

volving plate, and receives the light reflected from it. The upper
plate is so adjusted that its plane is parallel to the plane of the lower

plate, in which position it will be found to reflect Hght capable of

reflection from the latter : if, however, the lower plate is turned

through an angle of 90°, it will be found that the light is no longer

reflected from it, while in intermediate positions of the plate the

reflection is partial. If the plate be set in rapid revolution, a ring

of light is seen on the translucent screen with two maxima and two
minima, corresponding to the positions in which the light is most
and least copiously reflected.

Angle of Polarization. Brewster's Law. — If the angle of the

upper mirror is varied, it will be found that the reflected hght is less

completely polarized, and the maxima and minima obtained by
revolving the lower plate are less marked. In general, as we in-

crease the angle of incidence from normal to grazing, the polari-

zation increases, passes through a maximum, and then decreases.

The angle at which the polarization is most complete varies with

the nature of the substance, and is known as the polarizing angle.

Jamin found that only a few substances with a refractive index of

about L46 completely polarize the reflected light. For all other

substances the polarizing angle is merely the angle at which the

polarization is a maximum.
The relation between this angle and the refractive index of the

substance was investigated by Brewster, who discovered the re-

markable law that the index of refraction was the tangent of the

angle of maximum polarization. When the light is incident at this

angle, the refracted ray makes an angle of 90° %vith the reflected ray,

for

sm I
n = tan i = smi

sm r cos i

cos i = sin r and i + r^ 90°.
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If this law is true, the angle of maximum polarization will be dif-

ferent for the different colors owing to dispersion. In the case of

most transparent media the dispersion is too small greatly to affect

the angle, as can be shown by examining the image of the sun re-

flected in a glass plate through a Nicol prism so orientated as to

cut off most completely the reflected light. The image of the sun
appears uncolored, which would not be the case if the angle of polari-

zation was very different for cUfferent parts of the spectrum. The
Nicol prism, which, will be presently described, takes the place of

the second reflector, having the property of completely cutting off

light polarized in a certain plane, and transmitting with greater or

less facility hght polarized in all other planes. In the case of sub-

stances having very high dispersion, the variation of the angle with
change of wave-length becomes very marked.
The organic compound nitroso-dimethyl aniline, which has been

found by the author to have the highest dispersion, in the brighter

parts of the visible spectrum, of any
known substance, is admirably adapted
for the exhibition of what may be
termed the dispersion of the angle of

polarization. A little of the substance

is fused on a glass or metal plate, or

better in a small brass cell heated by

Fig. 210.
^team (Fig. 210).i

A briUiant source of light of small

dimensions— nothing is better than a Nernst lamp — is arranged

so that its light is reflected from the liquid surface at an angle which

can be varied.

On examining the light reflected at a fairly large angle with a

Nicol prism, it will be found to vary from light blue to deep violet

and purple, as the angle of incidence is increased, the Nicol being

held in such a position as to refuse transmission to the light polar-

ized by reflection. If a small direct-vision spectroscope is placed

behind the Nicol, a dark band will be seen crossing the spectrum,

which shifts its position as the incidence angle varies. The centre

of this dark band evidently marks the wave-length for which the

angle of incidence happens to be the angle of maximum polariza-

tion, or in other words the refractive index of the substance for this

wave-length is the tangent of the angle of incidence. In the case of

glass and substances of low dispersion, the different colors are

polarized at nearly the same angle, i.e. very little color effect is

observed when the reflected light is examined with the Nicol. In

these cases the dark band is so broad as to occupy practically the

entire visible spectrum. In the case of a sul)stance iv'ith as high a

dispersion as that of the nitroso, the angle of maximum i)olariza-

tion is quite different for the different colors; consequently the

Nicol prism only extinguishes a portion of the sjx'ctrum for a given

angle of incidence. This gives us a reflection metiiod of tlotermin-

' Nitroso-benzyl aethyl aniliiu-, which pan he ohtaiiunl from tho Borliii Aniline

Co., is better than tho iiitroso-dimothyl compound, as aftor fusion it remains
liquid for some hours at ordinary temperatures.
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ing the refractive index of a substance, for by determining the

angle of incidence for which the centre of the dark band is at a given

point in the spectrum, we have only to look up the tangent of the

angle in order to get the refractive index for the wave-length in

question. The band will be found to be very sharp and quite nar-

row when it occupies a position in the green and greenish blue, but

on attempting to drive it into the red, we shall find that it broad-

ens and becomes much less sharply defined. This is of course due

to the fact that the dispersion is much less in the red and orange

portion of the spectrum. If the nitroso cannot be obtained, sele-

nium plates, made by pressing the molten'substance between glass

plates, which are to be separated by a blow from a hammer when
cold, can be used for the exhibition of the dark band in the spectrum.

Plane of Polarization. — The plane of polarization is defined as;

the particular plane of incidence in which the polarized light is most
copiously reflected. Referring to Fig. 209, we will determine the

plane of polarization of a ray reflected from the upper mirror. The
ray meets the lower mirror at the polarizing angle, but as the mirror

turns the plane of incidence changes, and the particular plane of

incidence which we have when the light on the translucent screen

is a maximum, is the plane of polarization of the ray. Since the

mirrors are parallel (or turned through 180° from the parallel

position) when this occurs, the plane of polarization of light polar-

ized by reflection is obviously the plane of reflection. In the case

of light polarized by some other method, we can determine its plane
of polarization by reflecting it at the polarizing angle from a glass

plate so oriented as to give maximum reflection. The plane of

polarization of the ray is then the plane of incidence.

This definition of the plane of polarization is rather unfortunate,

for, as we shall see later on, the vibrations of plane polarized light

are in a direction at right angles to this plane, and the plane of

vibration is the one in which we are chiefly interested, for it is the

one in which something is taking place. It would have been pref-

erable if what we now believe to be the plane of vibration had been
called the plane of polarization, but the definition was given before

any very definite ideas were held regarding the direction of the

vibration.

Norrenberg's Reflecting Polariscope. — The reflecting polari-

scope of Norrenberg is a convenient and very easily constructed piece

of apparatus for the study of polarized light. It consists of a
wooden base (Fig. 211) with two vertical supports which carry the
hinged polarizing mirror Ai made of plate glass, and the two cir-

cular collars C and R, the latter fitted with a glass plate, upon which
the object to be examined is laid. The upper collar carries the

analyzing mirror, Ao, which is mounted on a revolving collar fitting

concentrically into the other. This mirror is made of plate glass,

backed with black varnish, and is hinged like the polarizer. If the

upper collar is roughly graduated, the utility of the apparatus is

increased, for it may then be used for measuring the rotation of the

pla.ne of polarization, which occurs when light passes through cer-

tain substances. On the base of the instrument, between the two
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vertical supports, a small circular mirror of silvered glass is ce-

mented. The entire apparatus can be made of wood, if facilities

for metal turning are not available.

A beam of sunlight, coming in a direction a'a such that it makes
an angle of 66° with the vertical, is reflected from the mirror at an
incidence angle of 57°, the mirror being adjusted at an angle of 33°

with the vertical, so thac the reflected ray is throwai dovn\ normally
upon the silvered reflector. It is then reflected back, and for the

most part passes through the mirror Ai
and the circular glass table, falling upon
the upper mirror A2, which is also set at

an angle of 33° with the vertical. The
upper mirror we shall call the analyzer,

since it is used for the study of the light

which comes from the polarizer. On
looking dowii into this mirror at an
angle of 66°, we see the reflected image of

the sun or other source of light, the in-

tensity, depending on the position of the

revolving collar, being greatest when the

mirrors are parallel or turned through
180° with respect to this position, and
practically zero when the planes of re-

flection are perpendicular to each other.

The proper angles can be found by
making smaU adjustments of the mirrors

when they are in the latter position, until

the reflected image disappears entirely.

The instrument will be found useful in

the study of the colors of thin crystalline

plates, and the phenomena of circular

and elliptical polarization, which we shall

take up in subsequent chapters.

The polarized light from the reflector

passes through the object under exami-

nation once or twice, according as it is

laid on the glass table or the silver mirror
;

placing the object in

the latter position is equivalent to doubling its thickness. On this

account the instrument is sometimes called the Norrenberg doubler.

Polarization by Refraction. — If we examine the light transmitted

through a plate of glass placed at the polarizing angle, we shall find

that the light is partially polarized ; i.e. its intensity varies slightly

when examined by means of an analyzer. Arago discovered that

the reflected and refracted portions of the light contained equal

quantities of polarized light, and that the planes of polarization

were at right angles.

The greater intensity of the transmitted light is responsible for

the incompleteness of the polarization. If the light transmitted

through a plate placed at the polarizing angle is received upon a

second plate, the unpolarized portion suff"ers a further resolution

into two polarized components, one of which is reflected out through

Fig. 211.
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the upper plate and the other transmitted. By increasing the

number of plates we can increase the intensity of the reflected

polarized light, and consequently the completeness of the polari-

zation of the transmitted light, seven or eight being sufficient to

give us nearly complete polarization in the transmitted, as well as

in the reflected beams.

A simple polariscope can be constructed on this principle, which
has an advantage over the reflecting instrument in that it can be
directed towards the source of Ught, and requires no adjustment.

The glass plates used should be as thin as possible, in order to avoid

loss of Ught by absorption. The large sized rectangular cover

glasses used for microscopical preparations are best for the purpose,

though the thin glass employed for lantern slides is almost as good.

The plates should be carefully cleaned and freed from dust, and
mounted in two piles, of eight plates each, in tubes of wood or

pasteboard at an angle of about 33° with the axis of the tube. It

is best to determine the angle experimentally, as it varies shghtly

"with the nature of the glass. The two piles of plates should almost

completely cut off light when the planes of incidence are at right

angles. If this is not the case, a few more plates can be added,

Bundles of plates thus mounted form very fair substitutes for

the more expensive Nicol prisms, and are well adapted to lantern ex-

periments. It may appear at first sight as if each successive plate

in the pile would diminish the intensity of the polarized portion

coming through the one next to it by reflection, but it must be re-

membered that transmitted polarized Ught is polarized in a plane

at right angles to the plane of the reflected portion, and conse-

quently is incapable of reflection. After passage through a suffi-

cient number of plates the Ught is completely polarized, and the

addition of more plates does not decrease the intensity except by
absorption. This is of importance in coimection with the calcu-

lation of the loss of Ught by reflection from the surfaces of prism-

trains in spectroscopes. Transmission through the obUque surfaces

polarizes the Ught, and we must take this into account in calculat-

ing the loss at each surface, the amount reflected decreasing as the

polarization becomes more complete. After passage through five

prisms there is practically no further loss by surface reflection, and
the spectrmn is almost completely polarized.

Law of Malus. — The law which governs the decrease in the

intensity of the Ught, as the upper mirror of the Norrenberg po-

lariscope is revolved, was formulated by Malus. It may be stated

thus : When a beam of Ught, polarized by reflection at one plane

surface, is aUowed to faU upon a second, at the polarizing angle,

the intensity of the twice reflected beam varies as the square of

the cosine of the angle between the two planes of reflection. The
assumption was made that the incident vibration, polarized in a

plane making, say, an angle vnth the plane of incidence, was re-

solved into two components, one perpendicular, the other paraUel

to the plane of incidence, the former being partially reflected, and
the latter wholly transmitted. This wiU make th£ reflected am-
pUtude a cos 0, if a is the reflected ampUtude when ^ = 0, and the
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^
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Fig. 212.

intensity will be a'cos* ^, or the maximum reflected intensity mul-
tiplied by the cos^ of the angle between the plane of polarization

and the plane of incidence.

The law of Malus is therefore simply a statement of the resolu-

tion of a vibration into two rectangular components, the direction

of the vibration being considered perpendicular to the plane of

polarization.

It is important to distinguish between the behavior of vibrations

parallel to the plane of incidence, and vibrations perpendicular to the
plane, when they meet a reflecting

surface at the polarizing angle. If

the light is so polarized that the vi-

brations are perpendicular to the
incidence plane, i.e. parallel to the
reflecting surface, a portion of the
energy will be reflected, and a much
larger part transmitted, the direc-

tions of the vibrations remaining
parallel to the incident vibration

(Fig. 212, a) . If, on the other hand,
the direction of vibration is parallel

to the incidence plane, practically

no energy is reflected, the light being refracted without loss of in-

tensity (Fig. 212, h). If now the vibration takes place in a direc-

tion making, say, an angle of 45° with the plane of incidence, it will

be resolved into two components, one parallel to the reflecting sur-

face and the other parallel to the plane of incidence.

Let ABCD (Fig. 213) represent a portion of the wave-front of the
incident beam, which is coming towards us, the direction of vibration
being AC. We have resolution
into the components ^5 parallel

to the incidence plane, and AD
parallel to the reflecting surface.

The former is wholly transmitted
(A'B'), the latter in part reflected

and in part transmitted (A'D').
The reflected hght is therefore
polarized with its vibration par-
allel to the surface, since only this

component is reflected; the re-

fracted light is made up of the
completely transmitted compo-
nent A'B', and the partially trans-
mitted component A'D', their

resultant being A'C, a polarized
vibration, rotated counter clock-
wise with respect to the incident vibration AC. If now the re-

sultant A'C be received on a second reflecting surface, the same
resolution will take place, and there will be a furtlier rotation of the
plane. The off"ect of a pile of plates will therefore lie to l)ring the
plane of vibration of tlie transmittetl light into coincidence with

A^-r^P"^

Fig. 213.
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the plane of incidence, since A'B' is transmitted each time without
loss, while A'D' is reduced in intensity by the partial reflection.

This rotation of the plane of polarization is clearly the result of the
reduction in the intensity of one of the rectangular components,
"and ma}^ be shown best by means of a pair of Nicol prisms, so

^riented as to refuse transmission. If a glass plate, or better, a
"pile of three plates, be placed between the prisms at the polarizing

angle and so oriented that the plane of incidence is inclined at 45°

to the principal planes of the Nicols, there will be a partial restitu-

tion of light, and the analyzing Nicol will have to be turned counter
clockwise to produce complete extinction.

It is clear now why the transmitted light is only partially polar-

ized, when a ray is refracted at a single surface, and completely

polarized by refraction at a large number of parallel surfaces. We
may consider orchnary light as consisting of vibrations polarized

in all possible planes. Each vibration is therefore transmitted

with a sUght rotation towards the plane of incidence, and the Ught
will not differ greatly in its properties from ordinary light. By
every succeeding surface there is a further rotation, and eventually

all are brought into the plane of incidence and the transmitted light

is plane-polarized. If the vibrations of the incident Ught be rep-

resented by A (Fig. 214), the effect

of successive refractions may be
represented by the succeeding dia-

grams B, C, D, E, the transmitted

light being plane-polarized in the

latter case. As we shall see in a sub- Fig. 214.

sequent chapter, the probable condi-

tion in ordinary hght can be more nearly represented by consider-

ing it plane-polarized hght, the plane of poplarization changing

with great rapidity. This conception will not alter the above

representation when the condition present during a finite time

is under consideration. The foregoingelement ary treatment of

polarization by reflection will suffice for the present. The theo-

retical treatment of the subject will be given in a subsequent

chapter. We will now consider some of the other methods by which
polarized vibrations can be obtained.

Polarization by Double Refraction. — The double refraction of

light ])y crystals of Iceland spar was first noticed by Erasmus
Barthoiinus, and subsequently more completely investigated by
Huygens. It occurs whenever light enters the crystal in a direction

not parallel to the optic axis, and is due to the fact that the incident

vibration is decomposed into two mutually perpendicular com-

ponents w^hich travel through the crystal with different velocities.

One of the two rays obeys the ordinary laws of refraction and is

called the ordinary ray, while the other behaves in a most peculiar

manner and is called the extraorcUnary ray, for it is bent away from

the normal even at perpendicular incidence. At first sight this ap-

pears impossible, for even if the two rays have different velocities

there seems to be no reason why there should be a change of direc-

tion for normal incidence. As we shall see when we come to the
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Chapter on Double Refraction, this is due to the fact that the wave-
front of the extraordinarj' disturbance is not spherical but ellip-

soidal. For the present, however, we are not concerned with
this question, and merely consider the crystal as a means of re-

solving ordinary light into two polarized beams. One of these may
be cut off by any suitable device, lea\'ing us plane-polarized hght.
Crystals of tourmaline have the remarkable property of absorbing
the ordinary ray and transmitting the extraorcUnary, consequently
a thin section of a crystal transmits only polarized light, and may
be used either as a polarizer or analyzer. The sections are cut
parallel to the optic axis, and when superposed vrith their axes
parallel transmit Ught quite freely. If one is rotated through a right

angle, the combination becomes opaque, since the polarized vibra-
tions transmitted by one are absorbed by the other. The tour-
mahne polariscope is a very simple instrument, consisting of a pair
of crystal sections mounted in a pair of wdre tongs in such a way that
one of them can be rotated in front of the other. The object to be
examined, for example, a mica or selenite film, is placed between
the two tourmahnes, and the instrument directed towards a bright
light ; owing to the deep color of the tourmaUne crystals, this form
of polarizer and analyzer is very inferior to the Nicol prism, which
only cuts doT\^l the intensity of the original light one-half.

The Nicol Prism. — Iceland spar, on account of the large size in

which the crj^stals occur, and their great transparency, is especially

suitable for the construction of polarizing prisms. Since
both the ordinarj^ and extraordinary rays are transmitted
with equal facihty, it becomes necessary to eliminate the
one or the other by some optical contrivance. The
method emplo3'ed by Nicol was to stop the ordinary ray
^^^thin the crystal by total reflection. A rhomb of spar
is cut in two along a plane, as indicated in Fig. 215, and
the two halves cemented together with Canada balsam,
the two oblique surfaces ha^^ng first been polished.

The refractive index of the balsam is intermediate be-

tween that of the spar for the ordinary and extraordinary
rays, and the former meeting the balsam film at an angle
greater than the critical angle is totally reflected to one
side and absorbed by a coating of black paint.

The prism therefore only transmits the extraordinary

Fig. 215. ray, which is plane-polarized, the direction of the vibra-

tion being parallel to the short diagonal of the prism, i.e.

perpendicular to the balsam surface. In some prisms it is impos-
sible to tell by mere inspection in which direction the emergent light

vibrates, owing to the way in which the crystal has been cut. It is

always possible, however, to determine in a moment the direction

in question. We have only to reflect ordinary light from a glass

surface in the neighborhood of the polarizing angle and examine it

through our prism, holding it in such a position that the trans-

mitted light has its maximum intensity. The vibrations of the
light are parallel to the glass surface, consequently the diagonal of

the prism which is parallel to this surface is the direction in which
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the transmitted light vibrates. If any difficulty is experienced in

fixing in the mind the direction of vibration in the case of reflected

and transmitted light, the following analogy may prove useful. If

a cylindrical wooden rod is thrown in an oblique direction and with
great force upon the surface of water, it will bounce off if parallel

to the surface, the rod being supposed to move in a direction per-

pendicular to its length. If, however, the rod is perpendicular to

the surface, the lower end will enter the water first and the rod
" cut down " into the fluid, ^vithout suffering reflection. Consider
our polarized vibrations as parallel to the rod, and we have the

optical analogy, which is only of use, however, in enabling us to

remember the direction of the vibration in the reflected and re-

fracted components.
The Nicol prism is sometimes made with end surfaces perpen-

dicular to the axis. This necessitates a more oblique section, and
consequently a greater length in proportion to the width, the ratio

being nearly 4:1. The Foucault prism is similar to the Nicol, ex-

cept that the balsam film is replaced with an air film. This device

reduces the ratio of length to width to 1.5 : 1, but the prism is less

efficient than the Nicol, owing to multiple reflections in the air film.

It is useful for work in the ultra-violet region, for balsam absorbs
these rays.

Angular Aperture of Polarizing Prisms. — Since many experi-

ments require the passage of a convergent or divergent beam through
the prism, it is of some interest to consider the maximum angular

aperture of the prism, or maximum divergence which a cone of rays
may have, and still be completely polarized by passage through a
prism of given type. If the divergence exceeds a certain amount,
it is obvious that some of the ordinary rays Mali not suffer total

reflection. The type of prism originally designed by Nicol was
made by grinding down and polishing the ends of the rhomb, by
an amount sufficient to reduce the angle between the end surfaces

and the sides from 72° to 68°, and make the section in a plane per-

pendicular to the end surfaces and the plane containing the optic

axis and long axis of the crystal. The angular aperture of a prism
of this type is about 30°, while that of the Foucault prism is only
8°. A prism was devised by S. P. Thompson ^ in which the optic

axis was perpendicular to the long axis of the prism, which had an
aperture of 39°. Glazebrook ^ constructed one along similar lines,

but with end surfaces perpendicular to the long axis.

The question of the best construction Tor a prism with large aper-
ture and end surfaces perpendicular to the long axis was investi-

gated by Feussner,^ who found that the optic axis should be per-

pendicular to the section, and the refractive index of the cementing
film the same as that of the crystal for the extraordinary ray. Such
a prism has an aperture of 42° and a ratio of length to width, of 4 : 1.

In another and quite different type of polarizing prism, the doubly
refracting substance acts as the rarer medium, the extraordinary
ray being totaUy reflected from a thin plate of Iceland spar im-

1 Phil. Mag., 5, 12, page .349, 1881. 2 Phil. Mag., 5, 15, page 352, 1883.
' Zeitsch. fiir Instrkde, 4, page 41, 1884.
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mersed in a liquid of higher refractive index. The first prism con-
structed on this principle was made by Jamin, who immersed a thin

plate of spar in a glass trough filled A\ith carbon bisulphide. Zenker
improved the device by substituting prisms of flint glass for the
liquid, while Feussner suggested the use of a plate of sodium salt-

petre instead of Iceland spar, on account of the greater difference

between the ordinary and extraordinary refractive index. Such
a prism would have an aperture of 56°.

Detection of Polarized Light. — If the amount of polarized light

present in a lieam is too small to be detected by the slight changes in

intensity produced by passing it through a slowly revolving Nicol^

some more delicate method must be adopted.

The Nicol used alone w\\\ not give e\adence of the presence of less

than about 20% of polarization, consequently in cases where the
polarization is not considerable (the solar corona, for example), we
cannot rely upon its testimony. By the use of the so-called " bi-

quartz," which is described in the Chapter on Rotatory Polarization,

the presence of 5 or 10% of polarization may be detected bj^the
sUght coloration of the two segments of the plate when it is placed
in front of a Nicol and directed towards the light.

^

Savart's plate and Babinet's compensator are still more sensitive

detectors of small amounts of polarization, and are generally em-
ployed in the study of the polarization of the sun's corona during
total eclipses. The presence of polarized light is shown by a sys-

tem of colored fringes which appear when the plate is used in the
same manner as the bi-quartz. Savart's plate is made by cutting a
plane-parallel plate from a quartz crystal at an angle of 45° wdth the
optic axis. The plate is then cut into two halves, which are mounted
the one above the other, but rotated through 90° with respect to

each other. The sensitiveness is at a maximum, i.e. the fringes are

most distinct when the direction of the polarized vibration is per-

pendicular to the fringes, the instrument then being capable of

sho\\ang the presence of 1% of polarization.

Determination of the Percentage of Polarized Light. — In the
case of light partially polarized it is often of importance to deter-

mine the percentage polarized. This may be accomplished in a
number of ways. A method frequently used in stud^ang the polar-

ization of the solar corona consists in compensating the polarization

by means of one or more inclined glass plates. The same method
was used by the author in studying the polarized fluorescence of

sodium and potassium vapor. One or more glass plates are placed

between the partially polarized source of light and the Savart plate

with its analyzing Nicol. The plates are rotated until the Savart
fringes disappear, i.e. until the polarization produced by trans-

mission through the oliliciue plates exactly compensates the op-
posite polarization originally present in the source. The angle
through which the plates have been turned is read.

If the angle of incidence upon the inclined plate is ^, and the

' An oxcpllcnt account of various methods of dotoctiiin polarized light and
mcasurinK the pcrccntaKe will be found in the " Report of the U.8. Naval Obs. of

the Total Eclipse of July 29, 1878."
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refractive index of the glass is n, we can calculate x, the angle of

r ,• r sin^
reiraction irom -; = n.

sin X
From the theory of reflection, we have for the ratio of the ampli-

tude of the vibration perpendicular to the plane of incidence to
that in the plane, for transmission through the two surfaces of a
plate,

cos-(/I>-x)-

The intensity ratio will be the square of this, or cos* (^— x).

If we use m plates, we raise cos' (•!>— x) to the mth power. For
two plates at angle * = 52°, which was the angle found in the case
of the sodium vapor polarization, x = 31°10',

and cos=(^-x) = .873.

We square this again for the intensity ratio, and again since we have
two plates and obtain for our ratio .58, that is, 58 parts of the light

may be regarded as polarized perpendicular to the plane of inci-

dence, and 100 parts in the plane. The percentage of polarization

is the difference between these quantities (total light) divided by
their sum,

or = .27.
158

Therefore we have 27 % of polarization.

The following method is due to Cornu. It cannot be used, how-
ever, unless the percentage of polarization is above 25. A screen

perforated with a rectangular opening measuring about 2X4 mms.
is placed in front of the source of light, and a double image prism
oriented in such an azimuth that one of its planes of vibration is

parallel to the polarized vibration which is to be measured. It

frequently happens that we know the position of this plane before-

hand ; for example, if we are studying light reflected from trans-

parent media, we know that the plane of vibration of the polarized

portion of the reflected light is parallel to the reflecting surface.

The screen and prism are to be placed at such a distance apart that

the two images of the aperture just touch one another. One of

these images will be found to be brighter than the other, since all

of the polarized light is present in it, while the unpolarized light is

divided equally between the two. We now compensate the inten-

sities by means of a Nicol prism mounted on a graduated circle.

In Fig. 194, let AB l)e the plane of vibration of the polarized por-

tion of the light. Then the right-hand image of the aperture will

be the brighter, if the planes of vibration of the double image are as

indicated by the arrows a and h. Let a and h equal the amplitudes
of the vibrations, a^ and b- the intensities. The proportion of

polarized light will then be given by

a- -6-
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Call o) the angle between the transmission plane (short-diagonal)

of the Nicol and the plane of the vibration a. Then
the intensities of the two images seen through the >*

Nicol uall, by the law of Malus, be a? cos- <o and h- sin- w. ^^
If we orient the Nicol so that equahty is established,

we can equate these two quantities

7 -, • -, a sm-w
a" COS" to = o-sm-w or - = .

cos-w

-^ q^

The proportion of polarization is given by Fig. 216.

(v — b- sin- w — cos- w cos- o> — sin^ oi n
p = — = -, = = — cos 2 0).

a- + 0- snv w + cos- w 1

It \x\\\ be at once seen that 2w will be over 90°, since w=45°
when a and b are originally equal, i.e. when the light contains no
traces of polarization. If the plane of partial polarization is not

known, we may take a reading with the double image prism in any
position, and then rotate the whole instrument through 90° and
take a second reading. The proportion of polarized light will then

be given by
p = sin (a)2 - wi)

.

The Eye as an Analyzer : Haidinger's Brush. — The polariza-

tion of light can sometimes be detected by the eye alone. If we
look through a Nicol prism at a white cloud, and slowly revolve the

prism, a faint blue and yellow double brush appears at the point

upon which the eye is fixed, which revolves with the prism. It is

not easy to see it at the first attempt, but once noticed, it is easily

recognized on subsequent occasions. It consists of four quadrants,

colored blue and yellow alternately, and is usually very faint.

Various explanations of the phenomena have been giv(!ii, most of

them based on the laminary structure of the lens of the eye. If this

were the case, however, the centre of the brush ought to appear a
little to one side of the point observed, since the point on the retina

which receives the image of the point upon which the eye is fixed

lies to one side of the axis of the eye. This fact led Helmholtz to

look for the cause of the phenomenon in the structure of the " yel-

low spot " of the retina, which is the point of the retina alluded to

above. He found that the brush was due to the fact that the yel-

low elements of the spot were doubly refracting, and that the ex-

traordinary rays of blue color were more strongly absorbed than,

the ordinary rays. For a more complete treatment of the subject
the reader is referred to Helmholtz's Physiological Optics.

Polarization by Oblique Emission. — Arago found that the light

emitted in an oblique direction from the white hot surface of a solid

or liquid was jiartially polarized in a plane perpendicular to the
plane of emission, i.e. it resembknl light refracted at an oblique sur-

face. From this we may infer that the emitted light comes not
only from the surface niolcH'uk^s, but also frt)m tliose lying below the

surface, and that the j)olarization is due to the refraction of this

light when it emerges into the air. The light from an incandes-
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cent gas is not usually polarized, owing doubtless to the low re-

fractive index, and the fact that we seldom have a sharply defined
surface.

The state of polarization of the hght coming from an oblique sur-

face of a body gives us a clew as to the origin of the light and the
state of the body. The light of the moon, for example, is partially

polarized in a plane passing through the sun, moon, and earth, which
shows us that the moon shines by reflected light.

If it shone by emission the light would be polarized sHghtly in

the opposite plane. The absence of polarization in the light coming
from near the edge of the sun led Arago to infer that it was emitted
by an incandescent gas, which is in accord with Schmidt's theory
of the solar disk. (See Chapter on Refraction.)

Stationary Polarized Waves. — Wiener found, in repeating his

experiments with plane-polarized light, that if the light was inci-

dent at an angle of 45° the effects of stationary waves were
obtained only when the plane of polarization was parallel to the
plane of incidence. Stationary waves can be formed only when the

effective vector in the reflected disturbance is parallel to the vector
of the incident light, from which we infer that the vector which is

effective in producing photographic action is perpendicular to the

plane of polarization. The same was found to hold true for fluo-

rescence action. Wiener having already determined that a node
of the stationary wave system occurred at the reflecting surface, the
inference to be drawn from the experiments with oblique light was
that the electric vector was the one concerned in photographic and
fluorescent action, and that it was perpendicular to the plane of

polarization. This will be made clearer in the Chapter on the

Theory of Reflection.

Landolt's Fringe. — If a brilliant source of light is viewed through
a pair of Nicol prisms, so oriented that their principal planes are at

right angles, it will be seen that the whole field does not become
absolutely dark when exact adjustment is reached, but that the

darkened field is crossed by a back fringe which changes its position

if either prism is rotated ever so sHghtly. This fringe, which was
first noticed by Landolt, was explained by Lippich,^ who showed that

it was due to the fact that the directions of vibration in the different

parts of the field were not
strictly parallel, a circumstance

resulting from the varying ob-

liquity of the rays. Lippich

showed further that in the case

of polarizing prisms with end

faces perpendicular to the prism

axis the direction of \'ibration

was represented by a sj'^stem of

converging lines which met in a

point outside of the prism, as

shown in Fig. 217, a. Complete darkness will occur with crossed

Nicols only in those parts of the field where the directions of vibra-

1 F. Lippich, Wien. Akad. Ber., III., Bd. Ixxxv., page 268, 1882.

Fig. 217.
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tion in the two prisms are perpendicular. If we draw two fields

similar to the one represented by a, at right angles to each other, we
shall find that the small areas formed by the intersection of the con-

verging lines are in general diamond shaped, but that thej^ are ap-

proximately rectangular along a curved line represented by the dark
band in Fig. 217, b. This is the region where the directions of vibra-

tion are strictly perpendicular, and it in consequence appears black.

A slight rotation of either field will ob\noush' change the position

of this locus, the squares becoming diamond shaped, and the adja-

cent diamonds straightening out into squares. Rotation of one
of the prisms through 180° will be found to give a locus of squares
perpendicular to the one shown in the figure, and since the fringe

moves broadside across the field, the directions of motion in the
two cases are perpendicular.

Lippich made use of the fringe in the construction of a polarim-

eter, in which the position of the fringe was determined wath refer-

ence to a pair of cross-hairs. It was possible in this way to set the
analyzing Nicol ^vnth an error not exceeding two or three seconds of

arc. A very brilliant source of light must be used, the sun for

example.



CHAPTER X

DOUBLE REFRACTION

We have seen in the Chapter on Polarization that crystals of Ice-

land spar have the property of dividing a ray of light into two plane-
polarized rays, the directions of polarization being at right angles

to each other. In the present chapter we shall study in detail

the propagation of light in crystalline media, and the laws which
govern it.

The di\asion of a ray of light by a crystal of Iceland spar, or double
refraction, was observed in 1669 by Erasmus Bartholinus, and the
polarization of the two rays was subsequently discovered by Huy-
gens, though he was unable to explain the phenomenon, since at the
time light was supposed to consist of waves in which the displace-

ment was parallel to the direction of propagation. It was not until

Young and Fresnel introduced the idea of transverse waves that the
true nature of polarization was understood. Double refraction can
be easily observed by laying a crystal of Iceland spar over an ink dot
on a sheet of paper. Two images are seen which can be quenched
in succession by the rotation of a pile of glass plates held at the po-
larizing angle. On revolving the crystal of spar, one of the images is

seen to remain stationary, while the other revolves around it. The
distance between the two images is independent of

the position of the eye, showing that the rays of light,
\

after refraction tlirough the crystal, emerge parallel i

to one another, as shown in Fig. 218. At first sight i

it may appear strange that rays of light, incident / }. 7
normally upon the refracting surface, should be de- / ; /
viated away from the normal, since we are some- ^ H

—

times accustomed to associate the bending due to i i

refraction with oblique incidence, the light-waves : j

turning through an angle as they enter the denser
i ;

medium. We shall see presently, however, that the Fig. 218.

phenomenon is easily explained by Huygens's prin-

ciple, when applied to the peculiar type of waves which we have in

doubly refracting media.
Experiments have shown that in crystals belonging to the hexag-

onal and tetragonal system one of the rays obeys the ordinary

laws of refraction, i.e. the refracted ray lies in the plane of incidence,

and the sine of the angle of incidence bears a constant ratio to the

sine of the angle of refraction. This ray is called the ordinary ray

;

the other ray in general conforms to neither of these two laws, though
in certain cases it may conform to one or to both of them. This ray
is called the extraordinary ray. In the case of all other crystals ex-

cept those of the cubic system, neither of the two refracted rays

303
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conforms of necessity to the ordinary laws of refraction. Crystals
belonging to the cubic system do not exhibit the phenomenon of

double refraction, the light being propagated as in isotropic media.
Physical Explanation of Double Refraction. — On the elastic solid

theory we can explain double refraction in crystalline media by
assuming that there are three directions called axes of elasticity,

which have the distinctive properties of the two planes of vibration
of Blackburn's pendulum, which consists of a weight suspended by
strings as showm in Fig. 219, a. If the weight is displaced either in, or
perpendicular to, the plane of the paper it will oscillate in a straight

line, the period being greater for vibrations perpendicular to this plane
than for those parallel to it. If, however, it is displaced in an oblique

direction, the force acting upon it will no longer

be directed towards the position of equilibrium,

and the weight will move in a curved orbit. In
the case of crystals a particle displaced parallel to

any one of the axes of elasticity will be acted
upon by a force directed towards the equilibrium

position, and the vibration mil be plane-polar-

ized. If displaced in any other direction and re-

FiG. 219. leased, it does not return to its original position,

but moves in a curved path in a manner analo-

gous to that of the pendulum. We require an explanation of the

splitting of a beam of light into two polarized components, and for

their unequal velocities of propagation. The vibrations of a

cylindrical rod form a useful analog\\ In this case the elasticity is

the same in all directions, and traverse vibrations in all planes are

transmitted with the same velocity. Suppose the rod to be struck

in a very brief time in every possible direction, then each particle

will move in an orbit which is the resultant of all these impulses.

The waves transmitted along the rod in this case are analogous to

the waves of light in isotropic media. Consider now that the rod

has an elliptical cross section (Fig. 219, 6). The elasticity is now
not the same in all directions, being greatest in the plane of the major
axis, and least in the plane of the minor. Wave-motion will trav-

erse it ^\^th greater velocity if the direction of vibration is parallel

to the longer diameter than if the direction is perpendicular. If an
attempt is made to transmit vibrations making an angle with the

axes of the elliptical cross section, by striking the end of the rod in a
direction other than that parallel or perpendicular to the major axis,

the vibration will be decomposed into two components which travel

along the rod with different velocities. The rod, in other words, is

incapable of transmitting vibrations which make an angle with the

axes.

We have in doubly refracting media a somewhat similar condition,

the elasticity being different in different directions. Luminous
vibrations will be decomposed into two polarized components which
traverse the crystal with differtMit velocitic^s.

Wave-Surface in Uniaxal Crystals. — The fact was established by
Huygens that, in isotropic media, the form of the wave-surface was
spherical, and as one of the rays in Iceland spar was found to obey
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the ordinary laws of refraction, he assumed that the corresponding

w ave was a sphere. In the case of the extraordinary ray, which does

not obey such simple laws, he made the assumption that the wave-
surface was a spheroid, i.e. an ellipsoid of revolution. The velocity

of the extraordinary ray in any direction is therefore given by
the foUomng construction :

" Let an ellipsoid of revolution be de-

scribed around the optic axis, having its centre at the point of in-

cidence, and let the greater axis of the generating ellipse be to the

lesser, in the ratio of the greater to the lesser index of refraction.

Then the velocity of any ray will be represented by the radius vector

of the ellipsoid which coincides with it in direction."

The optic axis may be defined as the direction in the crystal in

which a ray of light may be propagated without double refraction.

The law just given was found to apply to Iceland spar and many
other crystals, but in all of these there was but a single optic axis.

Brewster, however, discovered that in many crystals there were two
directions in which Ught could be propagated without double re-

fraction. Such crystals are termed biaxal, and the law of Huygens
was found not to apply in these cases. Fresnel then established a
theory which not only conformed to all of the known facts, but
made possible predictions which were afterwards verified by experi-

ment. This theory we shall take up a little later.

According to the theory of Huygens the wave-surface in uniaxal

crystals consists of two sheets, one a sphere, the other a spheroid,

which touch each other at two points. The direction of the line

joining these points of contact is called the optic axis of the crystal.

This conception apphes, however, only to uniaxal crystals. In the

case of Iceland spar and all so-called negative crystals, the sphere
lies within the spheroid. In such crystals the angle of refraction of

the extraordinary is greater than that of the ordinary ray. In the
case of quartz and other positive crystals, the spheroid lies within
the sphere, and the angle of refraction of the extraordinary ray is

less than that of the ordinary. This will be clearer when we come
to the construction of the refracted ray.

Huygens's Construction. — Suppose a luminous disturbance to

start within a uniaxal crystal. The wave will spread out in two
sheets, a sphere and a spheroid, which touch each other at two
points. In the direction of the Une joining these two points both
waves travel with the same velocity. If we apply Huygens's
construction to crystalline refraction, giving to the secondary
wavelets, which originate on the refracting surface, the forms of

spheres and ellipsoids, we can account for, and calculate the position

of the two refracted rays. In all other directions the velocities will

be unequal and we shall have a division of the ray, as may be seen
by Huygens's construction. Consider a wave-front ^4 B incident in

an oblique direction upon the surface of a uniaxal crystal (Fig. 220).

The direction of the optic axis is represented l),y the dotted fine.

The point A becomes the centre of two secondary wavelets which
are propagated ^vith different velocities. Making use of the same
construction which we appHed in the case of isotropic media (see

Chapter IV.), we draw tangent planes from the point C to the two
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Fig. 220.

wave-surfaces ; the directions of the refracted rays are given by join-

ing the point A with the points of tangency. In the case of the
ordinary wave the refracted ray
hes in the plane of incidence.

This is also the case with the
extraordinary ray, provided the

optic axis lies in the plane of the

paper. If, however, the optic

axis is not in the plane of the
paper, the point of tangency for

the extraordinary wave wdll he
above or below the plane of the
paper, and the refracted ray will

no longer be in the plane of inci-

dence. In the latter case neither of the ordinary laws of refraction

is obeyed, for the sine relation only holds when the section of the

secondary wave is circular. If the optic axis is perpendicular to the
plane of incidence, the section of the spheroid is equatorial and
therefore circular, the extraordinary refracted ray in this case lying

in the plane of incidence and obe>ang the sine law. The ratio of

the sines of the angles of incidence and refraction in this case is

termed the extraordinary index of refraction.

We uill next consider the case in which rays of Hght are incident

in a normal direction upon the crystal. As we have seen, double
refraction occurs in this case, one of the raj-s passing straight

through, while the other is deflected away from the normal. It is

obvious that we cannot apply in this case the simple explanation of

refraction which assumes successive portions of the wave-front
retarded upon entrance into the refracting medium. For the wave-
fronts originally parallel to the surface must remain so after refrac-

tion. \Yhat we have actually, if our original waves be plane, are

two plane-waves traveUing through the crystal ^N-ith unequal
velocities but parallel alwaj^s to the surface,

extraordinary ray is ob\'ious if

we apply Huygens's construction

to the present case. Assume that

the points on the surface of the

crystal become simultaneously ^

the centres of ellipsoidal wavelets

as indicated in Fig. 221. If the

incident wave-front is limited to

the region AB, the refracted

wave-front \vill be the tangent
plane of the ellipsoidal wavelets,

and the refracted rays will be
the Hues A A', BB'. What ac-

tually hapiicncd may be dcscril)cd

as follows : The refracted wave-front travels in the medium in a

direction normal to its surface, but any limited portion of it bears

away constantly to one side, and the ray is defined as the direction

in which a limited portion of the wave-front travels. We see in this

The deflection of the

FiQ. 221.
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case that the ray is not perpendicular to the wave-front, which is,

in general, the case in doubly refracting media.
Verification of Huygens's Construction. — The assumptions made

by Huygens rc^garding the form of the wave-surfaces in uniaxal
crystals were speedily verified by experiment. That the ordinary
wave-front is a sphere, was shown by constructing a prism formed of
pieces cut in all possible directions from a crystal of Iceland spar
and cemented together. The spectra formed by the extraordinary
rays were deviated by different amounts, whereas a single spectrum
onlj' was formed by the ordinary rays which
traversed the different elements of the prism.

To verify the construction of the extraordi-

nary wave-front we will consider several cases.

(1) The refracting face is parallel to the
optic axis, and the plane of incidence perpen-
dicular to it (see Fig. 222).— In this case the

axis is perpendicular to the plane of the paper.

The sections of the two wave-surfaces will in this case be circles,

as we have seen. The tangent planes touch the sphere and spheroid
at C and C. Let the velocity in air be 1, then the velocity of the
ordinary and the extraordinary rays will be proportional to b and a
the radii, and the refractive index of the extraordinary ray will be

sin i 1-— = - = /*..

sm r a

Fig. 222.

By cutting a prism of Iceland spar with its refracting edge parallel to

the optic axis we obtain two spectra, and by measuring the deviation
with a spectrometer we can calculate in the usual manner the re-

fractive indices /*„ and fx^ for the ordinary and extraordinary rays. It

can easily be shown that both rays are propagated through the prism
according to the same law which holds in the case of a glass prism.
This indicates that the section of the wave-surface is a circle for both

rays, the radius for the extraordinary ray being — and for the or-

dinary —
Ho

The extraordinary wave is therefore a surface of rev-

Fro. 223.

olution around the optic axis, and to determine
the form of the generating curve we shall con-

sider the refraction which takes place under dif-

ferent conditions.

(2) Optic axis parallel to the surface of the

crystal and to the plane of incidence.— The
sections of the wave-surfaces in this case are

shown in Fig. 223. Assume the extraordinary

wave-section to be an ellipse, the minor axis of which lies in the

surface. The section of the sphere will be a circle touching the

ellipse at the extremities of the minor axis. Drawing tangent

planes from A', as before, to the two wave-surfaces, and joining

the points of tangency with A, we obtain the refracted rays. A line

joining the two points of contact and produced will cut the minor
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axis at a right angle, since the polar of any point in the chord

of contact of a circle and ellipse having double contact is the same
with regard to both curves. We have then

tanr ^ AD CD ^ CD ^ a ^ jk

tan/ CD AD CD h /^

'

or the ratio of the tangents of the angles of refraction is equal to the

ratio of the two indices of refraction.

This relation, which was deduced on the assumption that the

wave-section was an ellipse, was verified by Malus in the following

manner: Two scales AC and BC (Fig. 224) were engraved on a

Fig. 224.

plate of polished steel, and a thick plate of crystal with its faces par-

allel to the optic axis was laid on the scale and viewed through a
telescope mounted on a graduated vertical circle. The crystal was
brought into the horizontal position by means of levelling screws,

the correct position being that in which tiie image of a distant point

of light was not changed by rotation of the platform. Two images

of the scale were seen in the telescope, and if we denote these by
AC, A'C,' BC, B'C, there \\i\\ be some point of BC coinciding ^^^th

some point of A'C. We call this point h. If the axis of the tele-

scope is directed towards this point it \Anll cut the surface of the crys-

tal at h, the position of which can be determined with reference to

the scales. Th(> divisions at E and D which appear to coincide

can be read off and the distance ED determined by actual measure-
ment. If e is the thickness of the crystal, we have

ED=EP-DP= e (tan r' - tan r)

,
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in which tan r is known, for the angle of incidence (considering the
ray reversed) is equal to the angle which the axis of the telescope

makes with the vertical. Moreover, sin i = /*„ sin r (since the or-

dinary ray obeys both laws of refraction for all conditions), therefore

r is known, and r' may be determined by the above formula. If

the value of r' thus found agrees with the value determined by the

formula ^re^ ^^^ experiment will have proved that the
tan r fx^

section of the extraordinary wave is, in the present case, an ellipse.

Inasmuch as we have already proven that the wave front is a surface

of revolution, the experiment vnW prove that it is a spheroid of axes

A and B. The experunents made by Malus completely verified

this theory.

The method employed by Malus was not very accurate. A
method based upon prismatic refraction was used by Stokes, which,

gave results correct to the fourth place of the decimal, verifying

Huygens's construction, and completely disproving the law result-

ing from the theory that the double refraction results from a differ-

ence of inertia in different directions.

In Fresnel's theory it is the elasticity which is supposed to be vari-

able. Lord Rayleigh many years ago suggested that the inertia

might vary with the direction. It is hard to see how the actual

density could vary with the direction, but the same difficulty does

not hold in the case of the effective density or inertia.

Lord Rayleigh takes, as an analogy, the vibration of a disk held

in position by springs and immersed in water ; its period would be

very slow when vibrating in a direction perpendicular to its plane.

As Stokes pointed out, however, experiment disproves this theory.

We 'will now take up Fresnel's theory.

Fresnel's Theory of Double Refraction.— In the foregoing discus-

sion we have considered only uniaxal crystals, making certain as-

sumptions regarding the form of the wave-surfaces, and showing
that certain relations deduced from them were verified by experi-

ment.
We will now consider the phenomenon of double refraction in its

more general aspect, foUo^ving the treatment of Fresnel.

As we have seen, the velocity of a transverse wave in an iso-

tropic medium is proportional to A/-;, in which e is the elasticity of
d

the medium.
In doubly refracting media e is assumed to vary with the direction

of the displacement, and there will be two directions in every pos-

sible plane for which e has its maximum and minimum values. The

corresponding velocities of propagations -yj-r' 'sj-r are for vibrations

parallel to these two directions. If the displacement is in any other

direction, the wave is not propagated with an intermediate velocity,

as might at first be supposed, but is decomposed into two waves,

which travel with the above velocities, the directions of their vibra-

tions being perpendicular to each other. If we are deahng with
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trains of waves, as is always the case, the actual motions of the

vibrating particles will not be along straight hnes, for they are the

resultants of the two sets of disturbances which are travelling with

different velocities. Until the rays become completely separated

by the double refraction, we must regard the vibration as changing

its type from point to point, changing from plane to elliptical and
circular, and then back again to plane, as the relative phases of the

two perpendicularly polarized disturbances alter.

If the direction of displacement coincides ^^^th one or the other of

the two directions of maximum or minimum elasticit}', a single

plane-polarized wave will be propagated in the medium. From this

it is clear that in the case of the changing type of vibration alluded

to above, the \'ibration along a line will never occur in either one of

these directions, for if it did, it would be propagated from that point

on, as a plane-polarized vibration without further change.

Fresnel arrived at a conception of the wave-surface by consider-

ing it as the envelope of an infinite number of plane-waves, which

have passed simultaneously in all possible directions, through a
given point in the doubly refracting medium.

Consider now the following construction. Through the point in

question imagine an infinite number of planes, in all possible orienta-

tions, and draw through the point, on each plane, two lines at right

angles to each other, and coinciding with the directions of maximum
and minimum elasticity, and of lengths proportional to velocities

of propagation of disturbances vibrating parallel to the lines in

question.

If the two lines are made to bisect each other at the point, the
terminal points of the lines for all the planes taken collectively will

lie upon an ellipsoid. This fact can be deduced theoretically, by
making certain specifications regarding the medium, but as the de-
duction will not help us much in understanding the phenomena, we
will simply consider it as representing experimental facts. Having
the ellipsoid given, it is possible to find the direction of vibration

and the velocities of propagation of a plane-wave, b}' drawing a cen-

tral section of the ellipsoid parallel to the plane wave-front.

The ellipsoid is called the ellipsoid of elasticity.

Let its equation be a'^x^ +h-y- + c^z^=V^, in which V is the

velocity of light in vacuo.

The constants, a, b, and c, are related to the elastic properties of the

medium, and represent the velocities of waves vibrating parallel to

the axes of elasticity, which may be defined as the three directions

at any point, along which we can displace the ether, and have the

force of restitution parallel to the dis]:)lacenient. In any given plane

there are but two such directions; in space, however, there are three.

If we take as our unit of time the time occupied by a wave in

travelling unit distance in vacuo, then V=l. If we put x = in

our equation, we obtain the equation of the intersection of the ellip-

soid with the 7/2 pl;ui(\ whi'li is an (>llips(> liaving and - as semi-
h c

axes, and a plane-polarized wave will be propagated along the x
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axis with a velocity b if the direction of vibration is parallel to y,

or with a velocity c if it is parallel to z.

The reciprocals -, -, - correspond to refractive indices, and are
a b c

called the principal refractive indices. If we designate them by

Ml) H-2, H-3, we can write the equation of the ellipsoid in the form

fJ-i' fJ-2' Ms"

The deduction of the equation of the ellipsoid from a considera-

tion of the elastic properties of the medium is generally accomplished

by considering the potential of the medium. The following simple

method is taken from Schuster's Optics :

" Fresnel's method of treating double refraction which led him to

the discovery of the laws of wave-propagation in crystalline media,

though not free from objection, is very instructive, and deserves

consideration as presenting in a simple manner some of the essential

features of a more complete investigation. Consider a particle P
attracted to a centre with a force a^x when the particle Hes along

OX, and a force bhj when it hes along OY. The time of oscillation,

if the particle has unit mass, is 27r/a or 27r/b according as the oscil-

lation takes place along the axis of X or along the axis of Y. When
the displacement has components both along OX and OY, the com-
ponents of the force are a^x and h^y, and the resultant force is

R=Va'x- + bY.
" The cosines of the angles which the resultant makes with the

coordinate axes are a^x/R and b^y/R. The direction of the result-

ant force is not the same as that of the displacement, the direction

cosines of which are x/r and y/r. The cosine of the angle included

between the radius vector and the force is found in the usual way to

be
a?x~ + 6"j/"

Rr
'

and the component of the force along the radius vector is

{a?x- + b'^y'^)

r

"If we draw an ellipse a^x^ + bh/ = k^ (Fig. 225), where k is a

constant having the dimensions of a velocity,

the normal to this ellipse at a point P, hav-
ing coordinates x and y, forms angles with
the axes, the cosines of which are in the ratio

arx to bhj, hence the force in the above prob-
lem acts in the direction of ON of the line

drawm from at right angles to the tangent
at P. The component of the force along the

radius vector is k'^/r, and the force per unit distance is k^/r^, so that

if the particle were constrained to move on the radius vector OP, its
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period would be 2 Trr'k. Since the ratio r k depends only on the

direction of OP, our result is independent of the particular value

we attach to k.

"If we extend our investigation to three dimensions, the compo-
nent of attraction along OZ being c-z, we obtain the same result, and
the component of force acting along any radius vector OP per unit

length is A:^/?--, where r is the radius drawm in the direction of OP to

the ellipsoid

For a plane-wave to be propagated without alteration it is essen-

tial that the effective force of restitution shall be parallel to the dis-

placement.
Though in general this force does not even lie in the plane of the

wave-front, we can always resolve it, however, into two components,
one in, the other perpendicular to the front. Fresnel neglected the

latter component, as it contributes nothing towards the propagation

of a transverse wave. The longitudinal disturbance which, in the

case of elastic solids, is produced by the normal component, is con-

sidered as non-existent in the case of light, owing to the incompres-

sibiUty of the medium.
The direction of the component of force parallel to the wave-front

is along the radius vector of the ellipsoid which is perpendicular to the

section conjugate to the direction of the displacement. This will be
made clearer by reference to Fig. 226. Let ahcd be a plane-wave
travelling within the crystal, the direction of the displacement being

parallel to ah. The eUipsoid is assumed constructed around a point

l>ing on the wave-front, which cuts it in the elhptical crCss-section as

indicated. The displacement is along AO, which we ^^'ill assume to

be the semi-major axis of the ellipse, while the direction of the force

of restitution is along the radius ON, perpendicular to the plane

BOC. If the projection of ON on the plane of the wave-front coin-

cides with the direction of

the displacement OA, the
plane AON must be per-

pendicular to the wave-
front, and since ON is per-

pendicular to OB. OB must
be perpendicular to OA ; in

other words, OA and OB
are the axes of the elliptical

section. This is the con-
dition which we assumed at

the start. If the direction

of the displacement is not along one of the axes, the effective force

of restitution will not l)e directed parallel to the displacement, and
two plane-i)olarized waves will result as we have seen. Two sec-

tions of the ellipsoid will be circular, and plane-waves jiarallel to

these sections will be propagated without alteration, whatever may
be the direction of the displacement, though there may he a division

of the ray, as we shall see presently. These circular sections of the

Fig. 226.
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ellipsoid of elasticity are perpendicular to the optic axes of the

crystal. We may sum up as follows :

In any given direction in the crystal two systems of plane-waves
can be propagated normally, the vibrations being along the axes of

the elliptical cross-section, and the velocities of normal propagation
inversely proportional to the lengths of the axes. Two directions

exist, however, in which but a single wave-front is propagated,

known as the axes of single wave-velocity or optic axes. In these

directions the velocity of normal propagation of a plane-wave is in-

dependent of the direction of vibration, although the direction in

which a limited portion of the wave-front travels (the ray direction)

depends upon the nature of the viliration, for the ray is not neces-

sarily perpendicular to the wave-front in crystalline media.

We will now investigate the form of the wave surface, which we
can do by considering a geometrical construction known as the nor-

mal velocit^y surface.

The Normal Velocity Surface.— Around any point within a crys-

tal construct the ellipsoid of elasticity, and consider a system of plane-

waves passing simultaneously through in all possible directions.

We have seen that, in general, a crystal has the property of transmit-

ting only vibrations polarized in a definite direction, and that all

other t3T3es of vibrations are resolved into two components which
travel with unequal velocities. We shall thus have two systems of

plane-waves passing through the point. To determine the veloci-

ties of these waves in different directions we proceed as follows.

Let an}" one of the plane-waves passing through cut the ellipsoid

in the section AOB (Fig. 227), of which the axes are OA and OB.
Draw a normal to the plane at and measure off on it distances ON
and ON', inversely proportional to the axes OA and OB. If now
planes are drawn through A^ and A^' parallel to the original plane of

the section, they will represent the positions of the two waves which
passed through the point simultaneously, the one having its vibra-

tions parallel to OA and the other parallel

to OB. If we rotate the plane AOB around /
,

;
^'

in every possible direction, the points A^

and N', as defined above, will trace out a
surface consisting- of two sheets termed the
surface of normal velocities, any radius

vector of Avhich determines the normal
velocity of the plane-wave propagated in Fig. 227.

that direction. Since for two positions of

the plane AOB the section of the ellipsoid is circular, it is obvious

that the points N and A^' will coincide, when the waves are parallel

to these sections. In other words, the inner sheet will touch the

outer at four points.

This surface is not, however, identical with the wave surface,

which is the surface enveloped by the plane-waves which we have
just considered. This family of planes is represented bj' the equa-

tion

lx+tny + nz= v,

Z7^

V
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in which /, m, n are the direction cosines of the direction in which the
wave travels with a velocity v, which is, however, a function of I, m,
and n. We require a relation connecting these quantities. The
follo\Wng treatment is taken from Rayleigh's Wave-Theory:

" If t' be the velocity of propagation in the direction I, m, n, the
wave-surface is the envelope of planes lx + my + nz = v, where y is a
function of /, m, n, the form of which is to be determined. If (A/xv)

be the corresponding direction of the \abration, then

l\ + tnfji+nv = 0."

According to the principles laid down by Fresnel, we see at once
that the force of restitution (a^A, 6V, c-v) corresponding to a dis-

placement unity is equivalent to a force v^ along (A/xv) together with
some force (P) along (Inui).

Resohdng parallel to the coordinate axes, we get

lP = a-X- v^X, mP^b-fx-v-ix, nP = c'^v-v'^v,

. IP mP nP
or A=——-, /x=

a^ —v^ h^ - v^ c^ — v^

Multiplying these by I, m, n respectively, and remembering the
relation ZA + m/j. +nv= 0, we obtain

a^ —v^ \p- — v^ & — v^

an equation which we shall use presently.

The Wave-Surface. — If for every possible position of the section

AOB in the construction which we have just considered, we con-

struct planes through .V and .V parallel to the section, these planes

will envelop a surface which consists of two sheets, and resembles in

its general appearance the normal velocity surface which we have
just considered. The surface thus defined is the true wave-surface,

representing the form of the wave which we should have if a lumi-

nous disturbance started wdthin the body of the crystal.

The equation which represents the system of plane-waves which
envelop the wave-surface is

Ix +my + nz= v,

in which I, m, n, and v are subject to the conditions

v^ — a^ ^"' — b^ v^ — c^

The equation of the wave-surface was found l)y Archibald Smith
{Phil. Mag., 1838, page 385), in tlie following manner :

I^y differentiation of the three equations above regarding/, m, n as

variables, we obtain

xdl + ydm + zdn = dv,

Idl
,
mdm j?jjrj__| P nP n^

,\vdv = 0,
i;2
_ a2

' y2 _ 52 y2 _ c2 [ (y2 _ ^2)2 (^,2 _ ^2)2 (j,2 _ ^2)

Idl +mdm 4- ndn= 0,
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whence by indeterminate multipliers we obtain

P i2

Multiplying the first three of these equations by I, m, and n, and
adding, we obtain

(5) v = A.

By transposing the third terms, squaring, and adding, we get,

since

r2 = X2 + 2/2+22^

r-'+A^ = 2vA+B^\-—^ + "^^
+

—

~— ),

which by (4) and (5) gives us

B = v{r''-v'').

We now substitute these values of A and B in equation (1) and
obtain

x — lv+lv— - = lv~ -; .. 1 =r^ — v^ 1 r^ — a- . 7 v^ — a^ x

v^ — a" v^ — a^ r^' — a^v
, . ., , v^ — b^y v^ — c^ z

and similarly w= — • -, n— — • -.

r^ — Or V r^ — c V

Substitution of these values in lx-\-my + nz= v, the equation of

the plane-wave system, gives us the equation of the wave-surface,

^ V^
— (^ 3

y2 _ 52 ^

^
y1 _ ^ ^ ^ ^ y2^ y2y2 ,,2^2

Mit _^_ n Y — hi T — {* Y Y Y

whence + -r—7^ + ——; = 0,
r- —(T r- —\y- j-2_g2

or (r^— 6^) (j"2 _ c2)a22;2 _|_ (^i _ ^2^ {yi _ ^2)52^2 _^ (^ _ ^2) (^ _ yi-'^f.iyt = q.

Multiplying out and dividing by r^, we obtain

r^{a^x^ ^W-y^ -\- c^z^) - a'^(¥+c^)x^ - b'^{c^+a'^)y'^

- c^{a^ +¥)z^ +a^b^c^ = 0.

We are now in a position to determine the general form of the

wave-surface, which we can do by studying its sections with the

planes xy, xz, yz. This we can do by making x= 0, y = 0, z= in

succession in the equation of the wave-surface, when we obtain the

equations of the curves of section. Assume a>b>c.
If we make z= 0, we get at once

(a;2 + ?/2) (a^x^ + bhf) - aH¥ + c2).t2 -&2(c2 + a^)yi + a%^c^ = 0,

or (x^ + y2 - c2) (a^x^ + b^y"" - a^¥) = 0,
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which is separately satisfied by

x^ + y- — (?, a circle of radius c,

and a-x^+6-y- = o'6", an ellipse of semi-axes a and 6.

The circle lies wholly within the ellipse, since we have assumed c

less than either a or h. Making x= 0, we find the section wdth the

yz plane to be

y^+z^^a^, a circle of radius a,

and ¥y'^+c'z^ = b~c-, an elHpse of semi-axes 6 and c.

In this case the ellipse lies within the circle.

For y= 0, the section with the xz plane.

x^ + 2^ = 6', a circle of radius h,

a^x'^+C'Z^ = a-c-, an elhpse of semi-axes a and c.

In this case the circle meets the elhpse at four points. The three

sections are shown in Fig. 228.

Fig. 228.

A model of the surface can be made b}^ cutting the sections out of

cardboard and fitting them together in three perpendicular planes,

which can easily be done by cutting them up in a suitable manner,

and fastening them together again by means of strips of gummed
paper. Such a model is shown in Fig. 229.

The inner surfaces should be blackened on both
sides of the section as indicated. By a little ex-

ercise of the imagination it is easy to see the

general form of the inner and outer sheets,

though a still better idea can be obtained from
the wire or plaster models, which can be procured
from dealers in physical apparatus. The outer

sheet has the general form of an ellipsoid witli

four depressions or pits similar to the pit found
on an apple around the point where the stem is

inserted, only much shallower. At these four

points the two sheets come in contact, and .some very remarkable
optical phenomena are associated with this pecuhar condition,

which we will now investigate.

The Optic Axes or Axes of Single Wave-Velocity. — Consider now
the XZ section of the wave-surface, in which the curves intersect at

Fig. 229.
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four points and have four common tangents, one of which is repre-

sented by MN (Fig. 230). Planes passing through
these tangents and perpendicular to the plane of the

section, are tangent planes to the wave-surface. They
touch the surface, moreover, not at two points, as was
imagined by Fresnel, but all around a circle of contact,

a condition which can be represented by pressing a flat

card against the dimple on an apple. This was first

proved by Sir William Hamilton, who predicted from
it the remarkable phenomena of internal conical refrac- Fig. 230.

lion, which we shall consider presently. The lines OM,
OM' perpendicular to the tangent planes are the directions in which
a single wave only is propagated, for the planes MN and M'N'
touch both sheets. These directions are therefore the optic axes of
the crystal.

Internal Conical Refraction. — Huygens's construction may be
appUed to determine the direction of the refracted rays, the points
on the surface of the crystal becoming centres of wave-surfaces of the
form which we have just studied. If light is incident upon the crys-

tal in such a direction that the refracted wave-front is parallel to
MN or M'N' (Fig. 230) any line joining the centre \\dth the
circle of contact of MN with the wave-surface is a possible direc-

tion of the refracted ray. The direction of the refracted ray will

depend on the direction of the vibration in the incident wave-front.
The type of the vibration will not be altered by the crystal, since the
wave-front is moving parallel to an optic axis, but the direction of

the ray will depend on the plane of polarization. If the incident
light is polarized in all possible planes, i.e. unpolarized, the ray upon
entering the crystal will open out into a cone, each elementary ray
of the cone being plane-polarized. This result was predicted from
theory by Sir Wilham Hamilton and verified by Lloyd ( Trans. Roy.
Irish Ac, vol. xvii., page 145, 1833) with a plate of aragonite cut so
that its faces were equally incHned to the two optic axes.

A divergent cone of light from a screen AB (Fig. 231) perforated
with a very small hole, upon which sunlight is concentrated by means

of a lens, is intercepted by a second per-

/X\ forated screen CD. This screen can be
:•:'-.' moved about over the surface of the crys-

-^ tal, and serves to isolate a narrow pencil

from the divergent cone. In general, if the
transmitted light is received upon a screen
at E, two spots of light appear, but by mov-
ing the screen CD about, it is possible to
find a position such that the two spots run

pijQ 231 together into a ring of light, the diameter of

which is independent of the distance of the
screen E from the lower face of the crystal plate. This proves
that the rays leave the plate in a parallel direction, notwithstand-
ing their strong divergence within the crystal. The angle of the
cone was found to be 1° 50', while the value calculated was 1°

55', a very close agreement between theory and experiment.
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Fig. 232.

Axes of Single Ray Velocity. External Conical Refraction. — The
directions determined b\' joining the point (Fig. 230) ^^ith the

points at which the two sheets of the wave-surface meet are termed
the axes of single ray velocity. At each one of the conical points or

pits an infinite number of tangent planes can be drawn to the sur-

face, which collectively form a tangent cone. A rough model of

such a cone can be made by cutting a paper circle along a radius

and then pasting the edges together, making them overlap a Httle.

This cone fits into the conical depressions of the wave-surface.

Suppose now that a ray is travelling within the crystal along the

axis of single ray velocity, and emerges from the surface of the crys-

tal. The direction of the ray after re-

fraction out into the air is determined
by the position of the plane tangent
to the element of wave-surface corre-

sponding to the ray. For example,
suppose we are dealing with a simple
spheroidal wave starting at \\dthin

the crystal (Fig. 231). We wish to

determine the direction of the ray OB
after emergence. This direction wall

be that traversed by a plane-wave CD
tangent to the spheroid at B. In

other words, the small element of the wave at B can be considered as

a portion of the tangent plane. The direction of the refracted ray

is thus seen to be determined by the position of the plane tangent

to the wave-front at the point where it intersects the surface.

Now a ray travelling along an axis of single ray velocity has an
infinite number of tangent planes which envelop a cone, and the

refracted ray may pursue a direction determined by any one of them.

It will therefore open out into a hollow cone, and if the light be
received upon a screen we shall see a ring

which increases in diameter as the dis-

tance from the crystal face is increased.

The phenomenon is exhibited by con-

centrating a pencil of rays upon the sur-

face of the crystal. This converging

system of rays contains the hollow cone

of rays which we should have if we
transmitted a ray up through the crj^stal

along the axis of the single ray velocity.

The cone is indicated by solid lines (Fig.

233), the superfluous rays which pursue

other paths in the crystal being indicated Iw dotted lines. A screen

perforated with a small hole limits the emergent light to the ray

wiiich has traversed the plate in the direction of the single ra.y axis,

and if the beam which issu(>s is received upon a white screen it is

seen to have the form of a hollow cone.

Crystal Plates in Convergent or Divergent Polarized Light. Colors

of Thin Crystal Plates. — In the Cliai)t(T on Polarization we have
seen that a heiuii of plane-polarized light falling upon a crystal plate
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cut perpendicular to the optic axis (for example, a film of mica or

selenite) is in general doubly refracted, that is, the incident vibration

is resolved into two mutually perpendicularly vibrations, one polar-

ized in, and the other at right angles to the principal plane. The
two disturbances traverse the crystal with different velocities, and
consequently^ emerge with a difference of phase depending upon the
thickness of the crystal plate. The plane vibration on entering the
medium becomes transformed into an elliptical vibration, owing to

the different velocities of the two rectangular components. As the
disturbance proceeds its type changes, becoming circular, elliptical,

and plane in succession, each plane phase being turned through 90°

with respect to the phase immediately preceding or following. It

is obvious that if the plate is thick, and the two rays become separated
by double refraction, each ray will be plane polarized, that is, we shall

no longer have a circular and an elliptical type. If white light falls

upon the plate the difference of phase at emergence of the two com-
ponents will vary with the wave-length, certain colors, for example,
emerging plane polarized parallel to the original plane of polariza-

tion ; other colors polarize at right angles to it. Certain colors will,

therefore, be absent when the emergent light is examined with Nicol
prism held with its principal plane parallel to the principal plane of

the polarizing Nicol. On rotating the Nicol through 90° each color

changes to its complementary tint for obvious reasons. The state of

polarization for waves of length intermediate between those specified

will, in general, be of the circular or elliptical type. We will now
derive an expression for the intensity of the illumination as a func-
tion of the position of the polarizer and analyzer and the phase-
difference between the two emerging
streams. Let the principal plane of

the polarizer be parallel to OD (Fig.

234), and the principal plane of the

analyzer parallel to OA. Since the

vibrations are parallel to the principal

plane of the Nicol it is clear that the
incident light will vibrate parallel to

OD. On entering the plate it is re-

solved into two components vibrating

at right angles along OX and OY,
where OX and OY are the two direc- Fig. 234.

tions in the crystal in which vibra-
tions may occur without change of type. Let the incident vibration
be represented by F= A sin w/. The vibrations in the crystal will

then be A cos a sin wf and A sin a sin w^, along OX and OY, where
DOX^a.
These two disturbances on emerging will have a difference of phase

which we will represent by 8. The vibrations, therefore, take the
form A cos « sin w^ and A sin a sin (W + 8). The analyzing Nicol re-

solves these vibrations parallel to its principal plane OA, trans-

mitting one component and suppressing the other. If AOX= fi

we have two vibrations parallel to the plane of the analyzer, one
along OA represented by

A cos a cos (3 sin wt,
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contributed bj' the OX component, and another also along OA repre-
sented by

A sin a sin /8 sin {at + 8)

.

These two combine into the resultant \dbration

y^A cos a cos /Ssin (jit-^-A sin a sin (i sin (W+S).

The intensity is represented by the sum of the squares of the coeffi-

cient of cos (xit and sin oit

I = .42
{
cos'-(rt -/3)- sin 2 « sin 2 /3 sin22

where «— y8 is the angle between the principal planes of the polarizer

and the analyzer.

If we are working with white Ught 8 will vary with the wave-
length, and if A also varies w\ih the wave-length the general expres-
sion for the intensity is

7= cos2(a - /S)2A2 - sin 2 a sin 2 fi'^A^ sin^-

.

The first term is seen to be independent of S the phase-difference,

and will therefore have no effect in producing color in the image

;

and the transmitted Ught will therefore consist of two parts, one of

which is white, depending on the first term, and the other colored to

a greater or less extent, depending on the second. If we rotate the
plate pvound its normal, the Nicols remaining fixed, the colors will be
affected in the same proportion, and the tint of the emerging Ught
therefore remain unaltered, except that it will be diluted to a greater

or less extent with white light arising from the first term. The col-

ors win be most intense when «— /3 = 90° and least intense when
«— ^ =0, the former case corresponding to crossed Nicols and the
latter to paraUel. In both cases the effects are most pronounced
when a= 45° ; in other words, when the principal plane of the
polarizer and analj^zer bisect the angle between the principal planes
of the plate.

Colors of Crystal Plates in Convergent and Divergent Polarized
Light. — A remarkable series of ]:)heii()mena arc presented when we
examine crj^stal plates, cut in various ways, in a beam of strongly

convergent or divergent light. Colored fringes of varied forms ap-
pear crossed by dark crosses and brushes, the variety being almost
as great as in the kaleidoscope. A complete investigation of the

forms which occur under all possible conditions is hardly profit-

able, and we will examine a few typical cases only.

The simplest form of polariscope for viewing the rings and
crosses in convergent light is the tourmaline tongs. ^Vhen the crys-

tal plate is placed between the tourmalines, and the eye brought
close to the apparatus, which is directed towards a brilliant light of.

large size, such as the sky, the rays which enter th(> pupil have trav-

ersed the crystal in the form of a cone of wide ajx^rture, as shown
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in Fig. 235. Tourmaline crystals are, however, usually so strongly
colored, that only an imperfect itlea of the color distribution can
be obtained in this way, though
the general form of the fringes can "-.

be made out. It is therefore cus- --'>"::-.

tomary to use some such arrange- - -"-~-A-;:>:'d]f).-N

raent as that shown in the lower --;;;.-:."^^| 1)
^

part of the figure. .--",'.'-''

Uniaxal Crystal Cut Perpen-
dicular to Axis. — Consider what
happens when a cone of plane-pol-

arized rays diverging from S' (left

hand, Fig. 236) passes through a
crystal plate, the central ray SO of

the cone coinciding with the op-
tic axis. Consider the source S' in

front of the plane of the paper,

and let the vibrations be vertical.

The ray incident at passes

through the plate in the direction

of the optic axis, and its vibration

plane remains unaltered. Other
rays in general will suffer double Fig. 235.

refraction, and emerge with a
phase-difference between the components of the vibration. This will

not be true, however, for certain rays. Consider the ray S'P. The
direction of vibration is in the principal plane S'OP, i.e. the plane

Fig. 236.

containing the ray and the optic axis, and it will therefore be trans-
mitted by the crystal without resolution. The same is true for the
ray OP', since in this case the vibration is perpendicular to the
principal plane. Hence all rays striking the crj^stal plate along OP
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Fig. 237.

or OP' or their prolongations, will not suffer double refraction, and
will be wholly transmitted or completely stopped by a Nicol held
behind the plate, according as its principal plane is vertical or

horizontal. Consider now a ray incident at some other point, say

Q (right hand Fig. 236). The \dbration a wall be resolved into two
components, h and c, one Ijdng in the principal plane SOQ and the
other perpendicular to it. The vibrations will traverse the crystal

with different velocities, and emerge vnXh. a difference of phase,

which vnW depend upon the thickness traversed, and also upon the
wave-length of the light. Now the thickness traversed wall increase

as we pass from to Q, o\\dng to the increasing obhquity of the raj^s.

The phase-difference of the emergent components will therefore

vary along the line OQ, and the emergent light

at some points on this line will be polarized in

the same plane as the incident light, at other

points in a plane perpendicular to it. The ana-
lyzing Nicol wall quench one or the other, accord-
ing to its position. By sjanmetry the conditions

of equal phase-difference ^dll occur along con-

centric circles \\ath a common centre at 0. We
shall accordingly see bright and dark circles sur-

rounding if the light is monochromatic, and
colored fringes if it is white. These circles mil, however, be inter-

rupted along the Unes OP and OQ (for reasons above specified) by a

cross w^hich appears bright or dark according to the position of the

analyzing Nicol (Fig. 237).

Isochromatic Surfaces. — The characteristic of a fringe is that the

retardation 8 is constant along its length, and the locus of points

in space for which S is constant is called an isochromatic surface.

For every value of 8 there will be a corresponding surface, and if

we describe these surfaces around S as an origin, with retardations

of 1, 2, 3, 4, etc., half wave-lengths, the intersections of these sur-

faces with the second surface of the crystal will determine the iso-

chromatic lines or fringes. The form of the surface was worked out

by Bertin ^ in the following way :

We may suppose the source from w^hich the rays diverge located

on the surface of the crystal.

Let be the source : then the time occupied by the two disturb-

OP OP
ances in traversing OP will be — and— for the ordinary and ex-

traordinary disturbances. The time retardation is therefore

to-t.= OP(---\

and the phase retardation

The wave-surface consists of a sphere of radius h, and a spheroid

• Ann. de Chim. ct de Phys., Ixiii., page 57, 1861.

Fio. 238.
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of which the generating curve is the eUipse

If r be a radius vector of this curve, we have Vq proportional to h,

and Ve proportional to r, and the time retardation is, for a thickness p,

J) r) V
" O

If we write the equation of the ellipse in the form

we have -- = )u,„2 cos^ 0+ ix.^ sin^ ^,

which, if we combine with the equation for 8, gives us

1
l^-o

-/*o [x.^ cos^ + /Ae" sin^ Q, Axis

Fig. 239.

and since p^ = x^+t/^,

{(/.,2 - /X„2)^2 _ 82
I

2 = 4 ;t.„282(a;2 +^2),

which is the generating curve of the isochromatic surface, which we
form by rotating the curve around the optic axis. Its general form
is shown in Fig. 239. Its sections with the surface of a plate cut

perpendicular to the axis are circles, with a plate parallel to the axis

hyperbolae.

Isochromatic Surfaces in Biaxal Crystals. — The form of the

surface in biaxal crystals is shown in Fig. 240. A section parallel to

Fig. 240.

the plane containing the axes gives us curves closely resembling
hyperbolae. A section perpendicular to the bi-

sector of the angle between the optic axis gives

us a family of lemniscates. Sections in planes

along a, 5, c, d give us fringes of the form shown
on the right hand side of the figure. These dif-

ferent curves correspond to successive values

of 8, and they may all be seen simultaneously,

as in Fig. 241.

The region of constant illumination, which in

the case of uniaxal crystals had the form of a
Fig. 241.
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cross, in the case of biaxal crystals presents the appearance of a
double brush of hyperbola form. The subject of the various modi-
fications which the fringes and brushes may undergo is a very large

one, but its study teaches us very little regarding the phenomenon of

double refraction, the problems fjeing purely geometrical. We shall

examine but one other case, the remarkable transformation of a
biaxal into a uniaxal cr\'stal resulting from an elevation of tem-
perature.

Position of Axes as a Function of Temperature. — A remarkable
phenomenon occurs when certain biaxal crystals are heated, for as

the temperature rises, the angle between the optic axes becomes de-

creased until the axes finally coalesce, the crystal becoming uniaxal.

An oblique section of selenite is usuall}^ used for exhibiting the phe-
nomenon. As the plate is warmed the lemniscates close in, the

centres approaching, and presently meeting, at which stage the iso-

chromatic fringes are circles crossed by a rectangular cross. A fur-

ther elevation of temperature causes the axes to cross one another,

so to speak, the crystal becoming again biaxal. The experiment

makes one of the most beautiful lantern demonstrations ever

devised.

Phenomena exhibited by Twin Crystals. — Calcite is sometimes
found with one or more layers crystallized in opposite directions.

Such crystals sometimes show the rings and crosses -uithout either

polarizer or analyzer, the front and back parts of the crystal taking

their place, and the oppositely crystallized plane ser\dng as the thin

film. A slice from a nitre crystal frequently exhibits four sj^stems of

rings.

If a crystal possesses rotating power still further complications

result, notable among which are the beautiful spirals described by
Airy and named after him. They appear when plates of right- and
left-handed quartz cut perpendicular to the axis are superposed and
viewed in convergent light. Or a single plate may be made to ex-

hibit them if it is placed on the lower mirror of the Norremberg
polariscope, on account of the reversal of the rotation.

Convergent Circular Light.— If a quarter-wave plate is interposed

between the first Nicol and the crystal plate in a converging polari-

scope, the appearances are com]:)letely al-

tered. As we should expect, the black cross

disappears almost completely, tiie arms be-

ing replaced by thin hues of nebulous gray,

which rotate with the analyzer without

changing in appearance. The rings in adja-

cent quadrants are dislocated as shown in

Fig. 242, the light rings in one quadrant
being opposite the dark ones in the next.

The explanation of this can easily be

found by working out the resolution of the

circular vil)ration in two opposite quadrants,

taking care to distinguish Ix^tween components parallel to the radii

and those perpendicular to them.

Double Refraction in Non-Crystal Media. — Many of the piie-
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Fig. 243.

nomona of double refraction can be observed in isotropic substances
sul)jected to strain, or to sudden differences of

temperature. Glass plates squeezed in a vise

(Fig. 243) and viewed l^etween crossed Nicols

exhibit most beautiful colored fringes, the

lines of strain being clearly indicated.

Tyndall found that a long strip of glass

thrown into sonorous vibration restored the

light when placed between crossed polarizing

prisms. The experunent has since been modi-
fied in a beautiful manner, the transmitted
light being examined in a revolving mirror and
found to be restored periodically, the band
appearing broken up into beads, showing that

the double refraction was coincident with the
vibration. On inserting a selenite plate the band was found to vary
in color.

A permanent strained condition can be established by heating a
block of glass nearly ito a red heat and cooling it suddenly. Polar-

ized light is an extremely sensitive test for imperfect annealing.

Prince Rupert drops make excellent objects. They can be easily

prepared by melting the end of a glass rod in a powerful blast-lamp,

and allowing the drop to fall into a bowl of water uath some filter

paper on the bottom. Four out of five fly to pieces, but with a little

practice a number can be prepared in a short time. They are best

\iewed by immersing them in a small rectangular cell of glass filled

with a mixture formed by dissolving about ten parts of chloral

hydrate in one part of hot glycerine. This mixture has the same
refractive index as the glass.



CHAPTER XI

CIRCULAR AND ELLIPTICAL POLARIZATION

In the case of plane-polarized'light the vibration of the ether is

linear, as we have seen. We will now consider another tj^^e of polari-

zation, in which the ether particle moves in a circular or elliptical

orbit. Such a vibration results when two rectangular vibrations,

of the same period, but differing in phase, are simultaneously im-
pressed upon a point.

If the amplitudes are the same and the phase-difference an odd
number of quarter periods, we shall have a circular vibration which is

right- or left-handed according to the circumstances. This can be
easily shown by means of the circular pendulum : suspend a weight
by a string and strike the weight /a blow in any direction : a Unear
vibration results. Strike a second blow, at right angles to the direc-

tion of the first, and a quarter period later, i.e. when the weight has
reached its position of greatest displacement, and the linear vibra-

tion will be replaced by a circular one. If we delay the second blow
until a half period has elapsed, the resultant motion wall be linear,

but in a direction making an angle of 45° with the original direction,

while if we wait until three quarters of a period have elapsed, we
again get the circular vibration, but in an opposite direction.

We have cases precisely similar to the above when plane-polarized

light is transmitted through a thin crystalline plate which is doubly
refracting. The incident vibration is in

general decomposed into two rectangular

vibrations which traverse the plate with

different velocities, and consequently

emerge with a phase-difference depending
on the thickness of the plate. If the plate

is very thick, the two components are com-
pletely separated and emerge plane-polar-

ized, but in the case of very thin plates the

components emerge A\ithout appreciable

separation, and compound into a vibration

which may be circular, elliptical, or linear

according to the path-difference within the plate, and the ami)litudes

of the two components. The circular vibration results only when

the amplitudes are equal and the path-ditTerence is (2n + l)--

Let the A' and }' axes (Fig. 244) represent th(> directions of the

vil)rations of the extraordinary and ordinary ray in tlie crystal jilate,

and let the incident vibration of amplitud(> a be represented l)y the

arrow making an angle i with the Y axis. Tlu> incident vibration is

represented by the equation <r= a sin 2 tt
—

, and the projections of o-,

326

Fig. 244.
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the displacements along theX and Y axes, by

^= asinisin 27r—

,

n= acostsin2 7r—

,

/ ^

The projections onX and Y after passage through the plate are given
by

^= a sin t sin 2tr
t__E\

T kj'

oftn = a cos I sin 2 TT —
\T X

in which E and are the reduced paths, i.e. the thicknesses of the

two air films which would be traversed in the same times by the ex-

traordinary and ordinary rays, as the times occupied by the rays in

traversing the crystal plate.

These equations can be written in the form

^= asinisin2.ri-2 +^^,
o fi 0\

w= acosism ztt — .

Plane Polarization of the Emergent Light. — The light on enter-

ing the plate is decomposed into the components parallel to x and y.

For the resultant to be plane-polarized ^ must be a constant, i.e. in-

dependent of the time. This occurs for any thickness of plate when
i = and when i = 90, the disturbance being propagated in these

two cases without change. For all other values of i we have the

condition for plane-polarized emergent Ught given by the equation

cy I t
,
0-E

sm 2 7r —
K,

• o ff 0\ o 0-E
, o ft 0\ . ^ 0-E

or sm 2 Trf — - — 1 cos 2 tt—

;

\- cos 2 7r( — - —
j sm 2

\ \T \y A.

This equation is satisfied for all values of t only when

sin27r^^=0 orO-E= n^,
A 2

the path-difference being a whole number of half wave-lengths.

If n is even ^ = cot i, and the emergent light is polarized in a plane

parallel to the original plane of vibration.
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If n is odd ^ = — cot i, and the emergent light is plane-polarized in

azimuth 2 i, the \abration being represented by the double-headed
arrow.

Circular Polarization of the Emergent Light. — This occurs when

2 = 45° and 0-E^{2n+l)^-
4

This makes

sin?:=:cosi= ^V2, cos 2 7rf-^— j = 0, and sin 2 7rf-^— J = l.

Substituting, w^e have

a ^ ft 0\
^=±2V2cos2Tr(^-^-^J,

a r . fi 0\
17= 2 v2sm 2 7rl

-^ ""X/

Squaring and adding, these two equations give us ^--f77- = Ya^.

— = projection of original ampli-

tude on X and Y

.

Intensity of Circularly Polarized Light. — The intensity of plane-

polarized Ught is as the square of the amplitude. We will now find

an expression for the intensity of circularly polarized light. As we
shall see presently, when plane-polarized light is transformed into

circular light the intensity remains unaltered. This means that the

intensity is measured by t\nce the square of the radius of the circle

as defined above, or by twice the square of the amphtude of one of

the plane-polarized components. When therefore we add two rec-

tangular disturbances together to produce circular hght we get

double illumination, exactly as when we add the effects of tAvo inde-

pendent sources of light.

Production and Properties of Circular Light. — The easiest

method of producing circularly polarized light is by means of a plate

of mica of such tiiickness that the path-difference between the ordi-

nary' and extraonUnary rays is a quarter of a wave-length, the

proper thickness for yellow light being .032 mm. Such a plate is

called a quarter-wave plate, which we shall hereafter speak of as a
A 4 plate. These plates can be prepared without difficulty by split-

ting a good quality of mica })y means of a needle into the thinnest

possible sheets, and selecting such 'as completely restore the light

when thej'^ are placed in the proper azimuth l)etween a pair of crossed

Nicols.

The thickness of the plates should be measured with a micrometer
caliper or si)herometer, as oth(M'wis(^ the mistake may be made of

getting the plate three times too thick, the ojitical edects produced
(with sodium light) by a \K plate being similar iu appearance.
The two directions on the j^late iiarallel to vibrations which are

]iropagatefl without change shouUl be marked. They can be easily

found l)y holding the plate between two crossed Nicols, in such an
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azimuth that the field appears dark. The directions in question will

then be parallel and perpendicular to the longer diagonal of the field

of the analyzing Nicol. It is also important to know Avliich of the
two directions corresponds to the greater retardation. Singularly

enough this point has been very generally neglected by text-books.

In fact I have failed to find any mention of it anywhere.
If the plate is mounted with its principal directions vertical and

horizontal respectively, in front of one of the silvered mirrors of a
Michelson interferometer and the fringes found with white light, it is

not diflftcult to determine the direction corresponding to the faster

propagation. The central black fringe is brought upon the cross-hair

of the telescope -in which the fringes are viewed, and the light passed
through a Nicol before it reaches the instrument. It will be found
that a shift of h a fringe width occurs when the vibration plane is

changed from horizontal to vertical. If this shift is in the same
direction as the shift originally produced by the introduction of the

mica plate, it means that the retardation has been increased by
changing the direction of the vibration from horizontal to vertical,

consequently the vertical direction in the plate is the direction in

Avhich the slower component vibrates. This direction should be
marked " Slow," the other " Fast."

As this method involves some trouble, the following, based on
observations made with a plate previously tested as above, will be
found simpler

:

A Nicol prism is mounted in front of a sodium flame with its short

diagonal turned in the direction in which the hands of a clock move,
through an angle of 45° from the vertical. The light polarized in

azimuth 45° is then reflected from a polished metal surface, e.g. silver

or speculum metal, at an angle of about 60°, which introduces a
phase-difference between the components of nearly a quarter of a
period (the component perpendicular to the plane of incidence being
retarded). If the light is then passed through the

quarter-wave plate and an analj^zing Nicol, it will be
found that it can be extinguished by the latter; that

is, the quarter-wave plate reduces the nearly circular

vibration into a plane vibration. The plane of this

vibration, which is given by the long diagonal of the

analyzing Nicol when set for complete darkness, makes Fig. 245.

an angle of 45° with the two directions of vibration

which we have marked on the A/4 plate ; this direction is indicated

b\^ the dotted arrow in Fig. 245, the directions of vibration of the

fast and slow disturbances being as shown. We have then merely
to fit this diagram to our A/4 plate, making the dotted arrow coin-

cide with the direction of vibration of the plane-polarized emergent
ray.

For the present we will not concern ourselves with the explanation
of why this method enables us to distinguish between the ordinary
and extraordinary raj^s. The reason will become clear after the

study of the direction of revolution of circularly polarized light. If

plane- polarized light is passed through the A/4 plate, with its plane of

vibration making an angle of 45° with the two principal directions, it
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wall be found to suffer very little change in intensity when examined
with a slowly rotating analyzer. In this respect it resembles ordi-

nary unpolarized light. It may be distinguished from the latter,

however, by passing it through a second A./4 plate, which, by bringing

the retardation between the components up to A/2, converts it into

plane-polarized Ught, which can be extinguished with a Nicol. It

also shows brilliant colors in the designs made up of thin flakes of

selenite, when the latter are viewed through a Nicol or other analyzer.

Circular Polarization by Total Reflection. Fresnel's Rhomb. —
"\Mien light polarized in a plane making an angle of 45° Avith the
plane of incidence is totally reflected at an angle of 54°, the two re-

flected components have a phase-difference of one-eighth of a period

(for glass-air reflection) . Two such reflections give the required A/4
difference, and produce circular polarization. In the case of total

internal reflection, the phase of the component of

vibration parallel to the plane of incidence is

retarded 135°, or a total retardation of 270° for

two reflections. This is virtually the equivalent

of an acceleration of 90°, and we can so consider

it in all experimental work. (See Lord Kel-
vin's Baltimore Lectures, page 40L)

This phenomenon will be more completely dis-

cussed in the article on the theor}^ of reflection,

and for the present we shall merely assume the

fact to be true. Fresnel constructed a rhomb
of glass to verif}' his calculations of the effect of

total reflection upon plane-polarized hght, and
found that after two internal reflections at an
angle of 54°, as showm in Fig. 246, the light

emerged circularly polarized.

A rhomb of this description can be easily made
out of a rectangular piece of thick plate glass, the

dimensions of which should be in about the pro-

portion 1:2:3. The plate glass employed should be as thick as

possible. It is usually possible to get strips of glass an inch or two
in width and an inch thick, which have been trimmed from large

plates. These make excellent rhombs, though equally good results

on a smaller scale can be obtained with pieces Cut from quarter-inch

plate. The ends of the block are to be ground down on a grindstone

to an angle of 54°, as shown by the dotted lines in Fig. 246. With
a quarter-inch plate this can be done in a short time, but if the very
thick plate is employed it is better to saw off the ends with a

mineralogist's saw, as the slow grinding is very tedious. Small

pieces of thin plate glass, cemented to the rougli ground ends of the

rhornl) with " l)oile(l-down " Canada balsam, make an excellent sub-

stitute for iiolislunl faces, and save several liours of lalior.

If the light entering one of the oblique faces of the rliomb is

l)olarized in a plane making an angle of 45° with the plane of inci-

dence, the emergent light will l)e freely transmitted by a Nicol in

every azimuth. If, however, thin mica or selenite films are inter-

posed between the rhomb and the analyzer, they will show brilliant

colors, which is not the case when ordinary ligiit is used.

Fig. 246.
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The Frcsnel rhomb has an advantage over the A/4 plate, for the
phase-difference between the rectangular components is nearlj' in-

dependent of the wave-length, which is not so in the case of the
mica fihn.

Elliptical Polarization of the Emergent Light. — Suppose i to have

some value l)etween and 45 °, and 0— E=(2 n + 1)-- This is the
4

case of the quarter-wave plate, with the light polarized in such a
plane as to give neither plane nor circularly polarized light.

The components of displacement along the x and y axes are then

i= ±asin ?'cos27r[ _ — _
j,

oft 0\
v = a cos I sm 2 tt „ — — ,

which gives by squaring and adding

: + jz!_-.2
sm' I COS'' t

the general equation, the two which we have already discussed being
special cases.

This equation shows us that the vibration is an elliptical one, the
axes of the ellipse being parallel to x and y, and proportional to sin i

and cos^ respectively.

Let i = 30°, then sint = | and cosz = .}V3, and we have

The major and minor are then \''-.cr and \/— respectively, and
4 4

since the sum of their squares is equal to a-, and the intensity of the

plan(;-polarized light is not changed by converting it into elliptical

light, we have the intensity represented by the sum of the squares of

the major and minor axes. The more general equation we obtain by
considering our plate of any thickness, in which case we have the
components

i - o fi 0\ r, 0-F
t=asmtsm2 7r — cos27r

\T \J A

, • • o ft 0\ . ^ 0-E+asm^cos2 7^ —— ]sm2 7r ,

\T A/ A

oftn = a COS I sm 2 tt —
' \T A

Eliminating t from this equation gives us

0-

r.+

4 cos i-r) sin i cos 2 tt-

V
a^cosH 9 9 •}• 9 n — E

a^ cos^ I sm^ i sm^ 2 tt
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Q 771

or ^- cos- i + rf sin- i — 2$rj sin i cos i cos 2 -n- .

A
— E= a^ sin-i' cos-i sin- 2 tt ,

the equation of an ellipse of which the axes are parallel and per-

2 n+l)-- The

use of a mica plate of some other thickness gives us an elliptical

vibration, the axes of which are inclined to the original cUrection

of \nbration.

Production and Properties of Elliptical Light.— Elliptically polar-

ized light can be produced in a number of ways : bj' the transmis-

sion of plane-polarized light through a quarter-wave jplate, the plane

of vibration making an angle of say 20° with the principal plane of

the plate; by decreasing this angle the eUipse becomes more eccentric,

degenerating into a line when i = 0. By increasing i the ellipse be-

comes less eccentric, and passes through the circular condition when
i = 45°. If we use a plate of some other thickness, we obtain an
eUipse with its axis inclined to the original direction of vibration.

EUiptically polarized light, when examined through a Nicol, shows
fluctuations in brilliancy as the prism is rotated, the change in inten-

sity becoming more marked as the eccentricity of the ellipse is in-

creased. It thus resembles partially polarized hght, but can be dis-

tinguished from it b}' introducing a retardation of a quarter of a
period by means of a A/4 plate, which converts it into plane-polar-

ized Ught. The directions of the axes can be determined l)y the

A/4 plate, for they are parallel and perpendicular to the principal

section of the plate when it is so oriented as to give plane-})olarized

light.

The ratio of the axes can be determined by observing the angle

between the principal plane of the analyzing Nicol when it extin-

guishes the light, and the principal plane of the A/4 plate. The
tangent of this angle is the ratio of the axes of the ellipse, for when
two rectangular vibrations compound into a linear vibration the

tangent of the angle which the resultant makes ^\^th one of the

components is the ratio of the components.

AMien the - plate and the Nicol are in such positions as to extm-
4

guish the light, we have the ar-

rangement sho^^^l in Fig. 247, in

which the elliptical disturl)ance A
/^ j-^ (with components a and h) ap-

.A...<—/--., proaches the observer, passing

through the - plate B, which de-

^"^" ~^^' composes it into its components.
On emerging, the resultant Hnear

vibration c is extinguished by a Nicol oriented as sho^^^^. the tangent

of the angle c giving us the ratio \ The constants of elliptical
a
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Fig. 248.

polarization cannot be very accurately determined with the -

4
plate, owing to the difficulty of making accurate settings of the
mica plate and Nicol. A better contrivance is Babinet's compen-
sator, which has been adapted by Jamin to the study of elli])tically

polarized light. It consists of two acute prisms of quartz, which,
when placed in contact, form a plate the thickness of which can be
varied by sliding the prisms. The optic axes are

parallel to the surfaces of the plate, but perpendi-

cular to each other, as shown in Fig. 248. If

plane-polarized light falls normally on the face of

the compensator, the plane of vibration not coin-

ciding with either of the principal planes, it will

be broken up into two components parallel and
perpendicular to the optic axis. When these vibrations enter the
second prism, their directions will remain unaltered, but they
will exchange velocities ; i.e. the ordinary ray in one becomes the
extraordinary ray in the other. If ju., and /Ao be the refractive

indices for the two polarized disturbances, and if a ray traverses a
thickness e in one prism, the relative retardation of the two dis-

turbances is e(/Ae — /Ao), and for a thickness e' in the second prism
it is — e'(/>ie — /to), for the disturbance which is the faster in the first

prism is the slower in the second. The retardation produced by
the plate as a whole at the point in question is obviously

(e-£')(/Ae— /io).

The retardation is zero for the central ray, for at this point e =£
',

and the light emerges polarized in the original plane. On either

side of this point we shall have points at which the relative retar-

dation is TT, 2 TT, 3 TT, etc. ; the plane of polarization of the light

emergent at the points at which the retardation is an even multiple
of TT is parallel to the original plane of the incident light. At inter-

mediate points, where the retardation is an odd multiple of tt, the
transmitted light will be polarized in a plane inclined to the original

plane by an amount 2 a, where a is the angle between the plane of

the original vibration and the plane of vibration of the retarded
component. There will thus be a system of lines across the face
of the compensator along which the light is polarized in the original

plane, and another system midway between them where the light

is polarized at angle 2 a with the original plane.

If the incident vibration makes an angle of 45° with the principal
planes of vibration of the compensator, the plane of vibration along

this second set of lines will be at right angles
to the vibration along the first system. At
points between the lines the light will be
elliptically or circularly polarized, the con-
dition over the surface of the compensator
being roughly represented in Fig. 249. If

the surface of the compensator be viewed
through a Nicol with its planes of vibration

parallel to the planes of the linear vibrations along the surface,

cefi/f^

Fig. 249.
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the light will be extinguished along one set of lines, and the field

will appear traversed by equidistant dark bands.

The bands of circular polarization may be detected by bringing a
quarter-wave plate between the compensator and the analyzing

Nicol ; this gives us plane polarization along the lines which were
previously circularly polarized, and a new system of dark bands
results. The mica plate should be so oriented as not to affect the

appearance of the systems of plane-polarized lines.

The dark bands previously alluded to are of course most distinct

when = 45°.

Determination of the Constants of Elliptical Polarization. —
"WTien the elliptical polarization is produced by a quarter-wave
plate we can calculate the position and ratio of the axes, but in

cases where the ellipticity is the result of reflection, it becomes
necessary to determine the constants experimentally. These deter-

minations are of importance in connection with the theory of reflec-

tion, as we shall see in a subsequent chapter.

The compensator in its original form was provided wath a fine

cross wire moved by a micrometer screw, by means of which the
distance between the bands could be measured, and the displace-

ment of the bands determined. As modified by Jamin for the study
of elliptically polarized light, the instrmuent has a fixed cross wire,

one of the quartz wedges being moved by the screw. The relative

retardation e— e' is increased or diminished at a given point ac-

cording to the direction of the motion of the wedge, consequently
the dark bands are displaced by a corresponding amount.
The wedge must, however, be moved through double the distance

moved by the wire in the old form of instrument, in order to displace

the system by the width of a band, since in this case e varies while e'

remains constant, while in the case of the movable ^vire both e and e'

vary, the one increasing and the other diminishing ; the difference

between e and e' consequently increases twice as rapidly with a
moving wire as it does with a fixed wire and moving wedge. Let
2 a be the distance between two dark bands as measured by the
wire, and 2 h the distance through which the wedge is moved in

order to produce the same shift — from the foregoing h = 2a.
The retardation 8 at distance x (measured by moving wedge)

from the central band is ^= t - , since moving the wedge a dis-

tance 6 changes the retardation by -. We have now the neces-

sary data for the study of an elliptical vibration, and will first deter-

mine the phase-difference between the two components. The
components into which the incident vibration is resolved at the
quartz surface will differ in phase by an amount «— /8, if we rep-

resent them by
x = A cos(wi + «) , y = Ti cos(ti)< + /3)

.

Transmission through the plate alters this phase-difference by an

amount 8= -(e— e') (/««— M,,), and there will be a system of lines
A
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along which the total phase-difference «— /8 + S will be multiples
of TT and the transmitted light plane polarized.

We first adjust the wedges so that with plane-polarized light to
start with the central dark band is bisected by the cross wire.

The phase-difference at this point is zero. Substituting elliptically

polarized light we find the central band shifted to a point, so sit-

uated that the phase-difTercnce between the components of the
elliptical vibration is compensated exactly by 8, the phase-difference
resulting from transmission through the plate. The quartz wedge
is now to be moved by the micrometer screw until the central band
is again bisected by the wire. If this distance is denoted by x, we
have

a— f3 X o X

TT b

h having been previously determined.
Position of the Axes. — The phase-difference of the component

vibrations along the axes is 90°. We set the compensator as before,

so that with plane-polarized light the central band falls under the
wire, and then move the wedge a distance \ h. There is now a phase-
difference of 90° along the line under the wire. Substituting the
elliptical light we rotate the compensator until the central band is

again bisected by the wire. The axes of the elliptical vibration
are now parallel to the axes of the quartz wedges.

Ratio of the Axes. — If the compensator is set so that its axes
are parallel to the axes of the elliptical vibration, the tangent of the
angle between one of its principal planes and the principal plane of

the analyzer is the measure of the ratio of the axes. The com-

pensator acts in this case in the same way as the - plate, the use of

w4iich in the determination of the ratio of the axes has already
been given.

Elliptical Polarization by Reflection. — We have seen that when
plane-polarized light is twice internally reflected at an angle of

54°, it emerges as circularly polarized light if the original plane of

polarization made an angle of 45° with the plane of incidence ; each
reflection in this case introduces a phase-difference of ^ tt between
the reflected components, consequently a single internal reflection

from glass will give us elliptically polarized light. This can be
shown with an ordinary right-angle prism. In general, when plane-
polarized light is reflected at an azimuth of 45°, i.e. with its plane of

vibration inclined at 45° to the plane of incidence, the reflected

light will be, to a greater or less extent, elliptically polarized. In
the case of glass and other transparent media the eccentricity of

the ellipse is very great ; in other words, the reflected light is very
nearly plane-polarized, but in the case of metals the elliptical polar-

ization is very marked. If plane-polarized light is reflected from a
silvered mirror it will be found to b'^ quite freely transmitted by a
Nicol prism in all positions, if the plane of polarization originally

made an angle of 45° with the plane of incidence. These cases will

be more fully discussed in the chapter on the Theory of Reflection.



336 PHYSICAL OPTICS
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Direction of Revolution in Circularly Polarized Light. — The
direction of revolution of the circular vibration depends on the thick-

ness of the crystalline plate, its

orientation, and its nature, i.e.

whether it is a positive or nega-
tive crystal. The positions of

the ordinary and extraordinary

ray, and the directions of vibra-

tion in each, are shown for posi-

tive and negative crystals in

Fig. 250. In the former the ex-

traordinary component travels

slower than, and consequently

lags behind, the ordinary ; in the latter the reverse is true. We will

now take the case of a - plate of mica, which is a negative crystal,

and determine the direction of revolution for two different orienta-

tions. First suppose the direction

of vibration of the incident light

to make an angle of +45° with

the principal section (optic axis

in Fig. 251). It is decomposed
into the components and E,

the former lagging behind the

latter by one quarter of a wave-
length. The E component conse-

quently carries the ether particle to the right, and when it is at its

point of greatest displacement, the component acts in a vertical

direction, consequently the direction of rotation is from right to

left, as sho^vn by the arrow. If we now rotate the plane of vibra-

tion of the incident light through 180°, making the angle between
it and the principal section — 45°, we have the condition shoA\Ti

in B, and applying the same reasoning we find that the direction

of rotation is now from left to right. In the case of positive crystals

we apply the same construction, considering, however, that the

component acts first, since it is in advance of the other. The
directions of revolution will be found to be the re-

verse of those in the former cases.

We can determine experimentally the direction of

revolution with the quarter-wave plate. Sui^pose the

light to be coming towards us, and the direction

of revolution clockwise. It can be decomposed
into two rectangular components A and B, B be-

ing a quarter of a period behind A. We will now

suppose it transmitted through the plate (placed as

shown in Fig. 252) and examined witli aii analyzer.

The component .4, which is a quarter period ahead,
will traverse the plate at th(> slower velocity and bo brought into

the same phase as the component B, the resultant pUu\e viliration

having the direction CD. If the direction of revolution be re-

Fio. 252.
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versed, component A will be a quarter period behind B, and will

experience a further quarter period relative retardation in travers-

ing the - plate, the resultant having the direction EF, The direc-

tion of revolution is thus determined by observing whether the
plane vibration makes an' angle of + or — 45° with the direction

designated "fast."

If we have a Nicol prism and quarter-wave plate so oriented as to
give us a right-handed circular vibration, by turning the Nicol
through 180° we reverse the direction of rotation. This can be
readily understood by constructing two diagrams representing the
two conditions.

Let us now return to the method which we use for determining

the " fast " and " slow " directions in our - plate. With the

arrangement of the Nicol and metallic reflector which we em-
ployed, we obtained a clockwise circular vibration. Obviously,
if the direction of rotation is known, the fast and slow directions of

the - plate can be determined by observing the direction in which

the plane-polarized disturbance vibrates on leaving the plate.

Direction of Revolution in the Case of Fresnel's Rhomb. — As
has been stated before in the case of total reflection, the compo-
nent perpendicular to the plane of incidence virtually lags behind
the other. If the rhomb is placed in a vertical position, and the
incident light polarized in a plane turned clockwise 45° from the
vertical, the direction of revolution will be clockwise. A conven-
ient way of determining the direction of revolution when the rhomb
is set for circular polarization is to notice the direction in which it

must be turned in order to bring the plane of incidence into coinci-

dence with the plane of vibration. This is the direction of revolu-
tion of the circularly polarized light.

Natural and Partially Polarized Light. — By natural light we
mean ordinary unpolarized light, which is characterized by showing

no change of intensity when passed through a - plate and Nicol

prism, no matter how oriented, and by being doubly refracted by
certain crystals, the intensities of the two refracted rays being
independent of the orientation of the crystal. Partially polarized
light, such as we obtain by reflection from a glass surface at some
other angle than the polarizing angle, is characterized by showing
fluctuations of intensity when it is examined through a rotating

Nicol, never being completely extinguished, however. In this

respect it resembles elliptically polarized light, but the difference

between the two can be shown with the — plate, which converts

the latter into plane-polarized light. Partially polarized light is

doubly refracted by crystals, the relative intensities of the two
rays varying with the orientation.

We have now to consider the simplest forms of vibration which
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are consistent with the above results, and we will begin with a dis-

cussion of natural or unpolarized light. Brewster explained natural
light by assuming it to be made up of two plane-polarized disturb-
ances perpendicular to each other and independently propagated.
A disturbance of this nature, if it could exist, would undoubtedly
have the properties of natural light, but there are mechanical
obj ections to the conception of a disturbance in which it is necessary
to assume that the adjacent ether particles on the wave-front move
in totally different directions. Fresnel accordingly, in 1821, ad-
vanced another h^^^othesis, namely, that natural light was in reality

plane-polarized light, the azimuth of which changed with exceeding
rapidity. Fresnel considered that a ray which came from a single

centre of disturbance was plane-polarized, but that the azimuth
varied rapidly. If we could isolate such a ray and experiment
with it, we should find that it was alternately transmitted and cut
off by a Nicol prism in a fixed azimuth. The isolation of a ray
coming from a single centre of disturbance is, however, impossible,

and even if it could be done there would l^e no way of verifying the
hypothesis experimentally unless the changes took place so slowly
that the fluctuations in the intensity of the light, after passage
through the Nicol, could be followed by the eye. In every source
of light we have a vast number of independent centres of disturb-

ance, and the joint effect of all at a given moment, on a given point
in the ether, will be a movement in a definite direction which will,

however, change from moment to

moment. Fresnel probably included
the ellipse and circle in his conception
of the motion of ordinary light,

though he does not mention them
specifically. The elliptical vibration

is the most general form, and we may,
Fig. 253. ' on Fresnel's hyi^othesis, consider nat-

ural light as an eUiptical vibration,

the form and orientation of which changes ^\^th great rapidity,

passing through the circle and straight line as special forms.

The change in the orientation of the ellipse cannot, for mechani-
cal considerations, be conceived as taking place suddenly. If it

takes place gradually, the curve ceases to be an ellipse and takes

the complicated form shown in Fig. 253a. If the ratio of the axes

changes as well as the orientation, we have a curve of the form
shown in Fig. 2536, except that the change from the straight line

to the circle is much more gradual, and the whole curve must be
conceived of as constantly changing its orientation.

CyUrves of this nature occur in acoustics as the resultants of har-

monic disturbances of different ]KM-io(ls, and as early as 1831 Airy
raised the o])jection that unless tlu> (^llipse changed its form and
orientation suddenly, tlie light could not be strictly monochromatic,
for a curv(> such as b can l)e considcTed as the resultant of two per-

pciKJicular ])laue-polarized coinponi^nts of diff(>rent periods. Dove,
in 1847, sliowed that light which had travenscd a Nicol prism rotat-

ing at high speed showed all the properties of natural light, the
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emergent beam being plane-polarized, the plane turning with the

same speed as the prism. If a mica plate was added and made to

revolve with the prism, the revolving elliptical vibration was found

to have the properties of circularly polarized hght. Airy pointed

out, however, that the revolving plane-polarized vibration could

be considered as the resultant of two oppositely polarized circular

components of different periods. This case will be more fully dealt

vnth presently.

Lippich^ came to the conclusion that unpolarized vibrations are

only possible with non-homogeneous light, and that only polarized

vibrations are possible with strictly monochromatic light. His

objections to the conception of unpolarized monochromatic vibra-

tions were the same as those raised by Airy, but they are not serious,

if we assume that the change in the orbit of the ether particle takes

place very slowly in comparison to the time of revolution, i.e. if it

executes several thousand revolutions in practically the same
orbit, the departure from strict homogeneity of the light will be

too slight to be detected.

Interference experiments under the condition of large difference

of path, point out that the form of the vibration remains constant

for many thousand periods, which makes the above assumption

seem very probable. Michelson has obtained with unpolarized

light, interference fringes, with a path-difference of 540,000 waves,

which indicates that the hght executes at least 540,000 vibrations

before changing its state of polarization. A million vibrations

take place in 2-10"^ sec, and it is therefore impossible for the eye

to detect traces of polarization in natural hght even if it remains

polarized for many million complete periods.

The lower hmit for the duration of a constant condition of polari-

zation is given by interference experiments, and is probably some-

where in the neighborhood of I -10"^ sec. The length of the path-

difference in this case is about 32.4 cms.

The only conceivable way in which an upper limit for the con-

stancy of the nature of the vibration might be obtained is by the

emplo>Tnent of flashes of light of very brief duration. By a suit-

able arrangement of apparatus it is possible to obtain electric sparks

the duration of which is as brief as 2-10"^ sec. ; the length of the

wave-train from such a spark would be about 72 cms.

If no very great change of form of the vibration in one of these

brief flashes took place, we might be able to discover traces of

polarization in the light providing all the radiating centres of

luminous energy in the spark vibrated in practically the same
plane. In this case the light, of the spark would vary with the

position of a Nicol prism through which it was viewed. It is quite

conceivable that an electric discharge might start vibrations of

similar form and orientation, but all experiments have failed to

show evidences of polarization in the hght of sparks and electric

discharges in vacuum tubes, the few positive results that have been

obtained having been subsequently shown to be due to the polariza-

J Sitzungsber. d. Wien. Akad., Bd. xh4ii., Abth. ii., page 146. 18G3.
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tion of the light by obhque transmission through the glass wall of

the tube.

If the individual luminous centres in the spark were vibrating in

different planes, the hght would not appear polarized even if no
change occurred in the states of vibration, for the smallest area of

the spark which the eye could recognize, even under the microscope,

would emit light from thousands of independent centres. The Hght

from some would be cut off by the Nicol, while that from others

would be transmitted; but the appearance would be the same as

with natural light.

Light-Beats. — Airy's conception that revolving plane-polarized

Ught was merely the resultant of two circularly polarized disturb-

ances, of different periods and opposite directions of rotation, was
tested experimentally by Righi.^

In the case of the interference between two sounds of nearly the

same pitch we have the famiUar phenomenon of beats. At a given

point the intensity of the disturbance is a function of the time, the

waves alternately reenforcing and destroying one another. The
optical analogy would be a moving system of interference fringes,

the illumination at a given point varying with the time.

Fig. 254

Righi arranged an optical system which effected interference be-

tween the two circularly polarized components of different periods,

which were first transformed into plane-polarized vibrations by

means of a - plate.
4

Light from a vertical slit A was passed through a Nicol prism

which made n revolutions per second, and then brought to a focus

by means of a lens. The revolving plane-polarized light was then

reflected from a pair of Fresnel mirrors B, and again brought to a

double focus by a second lens, the two images resulting from re-

flection from the incUned mirrors. By this device two similar

sources are obtained side by side, the light from each being plane-

polarized, the plane rotating A\ath the same speed as the Nicol.

Behind each image a - plate C was placed so oriented that the

optic axes were mutually perpendicular, and at an angle of 45°

with the vertical. We have seen that right and left-handed circular

vibrations are transformed by a - plate into plane vibrations which

make angles of + 45° and — 45° with the axes of the plate.

According to Airy's conception, if the light makes A^ vibrations

per second and the plane of polarization n revolutions per second,

it can be considered as the resultant of two circular vibrations, of

« Journal de Physique (2). p. 4:}7, 1883.
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periods N +n and N— n respectively. Tiie two circular component

from one source are resolved by the - plate into a vertical disturb-

ance with a period N + n and a horizontal disturbance with a period

N—n. The Ught from the other source, since the - plate behincl

it is differently oriented, is resolved into vertical vibrations of period

N—n and horizontal ones of period N + n. The vertical vibrations

of period N + n from one source interfere with the vertical vibra-

tions of period N— n which come from the other, and since the

number of beats per second is equal to the difference between the

frequencies of the interfering disturbances, a given point will

receive maximum illumination 2 n times per second. The fringe

system formed by the interference of the vertical vibrations was
separated from that formed by the horizontal components by means
of a doubly refracting prism D ; and the fringes were found to be

moving in opposite directions, passing a given point at the rate of

2 n per second.

Righi has also employed an arrangement, of apparatus in which

the Nicol prism remains at rest while a mica plate revolves. Cir-

cularly polarized light, obtained by means of a Nicol and -^ plate,

is brought to a double focus by means of a lens and bi-prism. A
stationary mica plate is placed in front of one image and a revolv-

ing plate in front of the other, moving fringes being formed as in

the previous experiment. These experiments are interesting chiefly

as showing that the frequency of the vibration can be altered by
allowing the disturbance to pass through revolving polarizing sys-

tems. It should be observed, however, that a statical treatment

can be given as well as a kinematical, the fringes occupying posi-

tions corresponding to the position of the Nicol. The moving
fringes seen in an interferometer are just as much an evidence of

light beats, the change in wave-length in this case resulting from

reflection from a moving mirror.



CHAPTER XII

METEOROLOGICAL OPTICS

The refraction and diffraction of light by water drops, ice crystals,

dust particles, etc., in the earth's atmosphere, give rise to a great
variety of optical phenomena, the study of which is of help in de-
termining the atmospheric conditions producing them.

Of these the commonest example is the rainbow, the complete
investigation of which is an extremely comphcated problem. The
elementary explanation given in 1637 by Descartes accounts for

the bow by the laws of geometrical optics; it is wholly inadequate,
however, for the explanation of the great diversity of color arrange-
ment, and the fainter secondary bows which are so often seen.

Other types of atmospheric halos, parhelia or mock suns, etc., are
due to ice crystals, which may or may not have a definite orienta-

tion. If the air is quiet, i.e. free from turbulent motion, the ice

spicules will lie for the most part with their long axes horizontal,

the position assumed by a spindle-shaded body falling through a
resisting medium. This orientation may give rise to concentra-
tions of light at definite points, as in the case of mock smis. Mirage,
scintillation, and related phenomena come under the head of

meteorological optics, but they have been sufficiently treated in

the Chapter on Refraction. A more comprehensive study of the
whole subject will be found in Pernter's Meteorologische Optik.

We Avill begin by a study of the rainbow.
The Rainbow. — The first theory of the rainbow was given by

Descartes in 1637. He calculated the paths of various rays which
together formed the parallel bundle incident upon the raindrop.
These rays after suffering one internal reflection emerge from the
underside of the drop in different directions. He made calcula-

tions, by the aid of Snell's law, of the paths of 10,000 rays incident

on different parts of one side of the drop, and discovered that the
angle between the extreme issuing rays, from the 8500th to the
8600th, is measured in minutes of arc. These are the so-called

least deviated rays, and they leave the drop in the direction RT,
Fig. 255, which is the direction followed by the ray figured in the
drop, incident at P. Rays incident above and below P leave the
drop in directions indicated by the dotted lines. There is thus a
concentration of energy, or increased illumination along the direc-

tion RT. This light which suffers minimum deviation by the
drop is the light by which the illuminated (lr()i)s in the bow are
seen. Its deviation is 137° 29' and the angle wliich it makes with
the incident rays is 42° 31'. All drops the-refore which lie on a
circle (more exactly a cone), the centre of which is opposite the sun,
and of which the radius is 42° 31', appear strongly illuminated.

342
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This fact, which was laboriously ascertained by Descartes, can be
easily found by the method of maxima and minima. We will make
the calculation for any number A' of internal reflections, which will

give us the position of other bows.

Fig. 255.

The deviation Dis equal to 2 (z— /) +7r— 2r for a single internal

reflection, or for k internal reflections

Differentiating,

D= 2 {i-r)+k{iT-2r).

dD =2di-2 ik + l)dr,

dD
and equating ^~ to zero gives

di

^^k + l.
dr

If fj. is the refractive index of water, we have

sin t = /u. sin r,

cos i di = fji cos rdr,

di cos r

.

dr cos I

cos r , . .

or /A
:
= /c + 1

.

Squaring,

Adding

gives us

cos I

fi^ cos^ r^(k + iy cos^ i.

fi^sin^ r = sin- i,

fjfi = l + (k''+2k)cosH

or cost=\i
-1

k^+2k
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A second differentiation gives us a positive quantity which shows
us that we are deahng ^\^th a minimum. Applying the last equa-

tion we find, since for water /x = | for ^- = 1,

t = 59°23', r = 40° 12'

Z)=^ +2r-4r=137°58'.
The radius of the bow 8= 180°- 137° 58 = 42°.

rorfc = 2, Z) = 232°30'.

In crDE}>n- fiAY

Fig. 256.

This gives us a bow radius 232° 30' -180° or 8= 52° 30'.

If we take dispersion into account it is clear from Fig. 256 that

for one internal reflection 8 will be larger for the red than for the

violet, consequently the bow will be red on the outside and violet

on the inside. Moreover the space between the bow and its centre

will be more or less luminous, for the drops in this region ^^^ll be
seen by the feebler rays for which D is greater and 8 consequently

less. The bow due to the two internal reflections will appear out-

side of this, the drops being seen l)y rays which enter on the under
side and leave on the upper side. The dispersion in this case will

make D, and consequently 8, largest for the violet. This bow will

accordingly be violet on the outside and red on the inside. Tlie

feebler rays will illuminate the region outside of tliis bow, the

region between the two bows lieing absolutely dark, so far as light

from the rain drops is concerned.

Three and four internal reflections give bows which are behind
us as we face the primary bow, i.e. we should have to face the sun
to see them. When the shower is ])etween us and the sun, we see

the drops powerfully illuminated by light which is refracted with-

out undergoing internal reflection. This light overpowers the

third and fourth bows; no bow corres]^o!ids to this tlirectly re-

fra(;t('d light, for tlie intensity falls off gradually as the angle be-

tween the drops and tlie sun increases. The fifth 1h)w coincides
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very nearly with the second, while the sixth falls inside the first.

They are never seen, however, owing to the diminution in the in-

tensity of the light by the refraction which accompanies each in-

ternal reflection.

The bow which is sometimes seen inside of the primary bow
must not be mistaken for the sixth bow, as it is formed in quite

another way, and cannot be accounted for by the elementary
theory.

We wall now take up the complete treatment which was first

given by Airy.

According to the elementary treatment, the succession of colors

in the rainbow should always be the same and the diameter and
width constant. This is not the case. Rainbows are frequently

seen which are not parts of true circles, and the succession of colors

is frequently seen to be different in different parts of the same bow.
This was showTi by Airy to depend upon the peculiar form of

the wave-front which emerges from the drop. A plane or flat wave,
incident upon a transparent sphere (rain drop), can be shown
by very elementary methods to acquire, after two refractions

and one reflection, the peculiar shape shown in h, Fig. 257, where
the curved line 1, 2, 3 represents the wave-
fronts, the elements of which are travelling

in the direction of the arrows. The portion

1, 2 is convex in the direction of propaga-
tion, and will of course go on expanding

;

the part 2, 3 is concave, and converges ^^
to a focus. The curvature varies as we
pass along the wave-front, being greatest

at 3, zero at 2 (where the front is plane), ^^^- "^'^•

and having a large value again at 1. The
element at 3 comes to a focus first, passes through it and becomes
convey instead of concave, forming a " cusp " on the wave as

shown at c. Successive elements of the wave-front above 3 pass

in turn through foci and build the rear front of the cusped wave.
A full treatment of the propagation of cusped waves has been
given in the Chapter on Reflection.

The caustic surfaces are always bordered by interference fringes,

for we are dealing with two sets of wave-trains, formed by the front

and rear surfaces of the cusped waves. If we draw the surfaces,

as in Fig. 257, representing the crests of the waves by solid lines,

and the troughs by dotted lines, we find that crests intersect

troughs along the arrows 1 and 3, consequently these represent the

positions of the interference minima. This method of looking at

the phenomenon is more elementary than that given by Airy, who
integrates the effect of the whole wave at a given point in front of

it, as in diffraction problems. We thus see that in addition to the

least deviated ray of Descartes, indicated by the arrow 0, there

will be other directions (arrows 2, 4, etc.) in which there is consider-

able illumination. With a monochromatic sun we should, there-

fore, have a number of concentric bows, as can be shown experi-

mentally with a spectrometer and glass cylinder or ball. The
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distance between these bows will vary with the size of the rain

drops, and since with white light we have, theoretically, an infinite

number of bows, it is clear that the color of the actual rainbow at

a given point can only be determined by computing the " mixed
color " due to the superposed bows.

This is merely a qualitative explanation. For a complete solu-

tion we require the distance between the successive maxima and
minima, and the position with reference to the least-deviated ray
of Descartes. Airy solved the problem by integrating the effect

of the wave-front at exterior points, and found that the first maxi-
mum, which gives the primary bow, fell a little inside of the Des-
cartes ray, which makes the diameter of the bow shghtly less than
that called for on the geometrical theory. The discrepancy in-

creases as the size of the drops diminishes. Very large drops give

a bow of practically the same size as predicted by the elementary
method ; very small drops, however, give a bow which may have
a diameter several degrees less. We thus see how it is possible

for the curvature of a bow to change, if the drops which form one
part of the bow are smaller than those which form another.

The successive maxima and minima give a series of so-called

supernumerary bows within and concentric to the primary bow.
With large drops they are closer together than with small. The
actual rainbow is therefore a superposition of a number of bows,
and the succession of colors will depend upon the spacing of the
supernumerary bows.
The color distribution was first worked out by Pemter, who

calculated the tints resulting from the mixtures of the primary
colors of the superposed bows. If the red of the second bow falls

upon the green of the first, we shall have a bow with an abnormally
broad yellow band, for red and green lights, when mixed, form
yellow. This is a very common tyj^e, a bow of red and yellow
with green and blue nearly absent. If the drops are smaller, the
red of the second may fall upon, or even within, the violet of the
first. In this case we see a second bow just within the first, and
perhaps a third and fourth.

It is not difficult to investigate these phenomena in the laboratorj\

Allow the light from an arc lamp to fall upon a vertical glass rod
one or two millimetres in diameter, and view the refracted light

with a telescope, placed close to the rod, covering the eye with a piece

of red glass. A large number of maxima and minima will be seen;

these are the fringes which border the caustic. Standing witli our
back to the arc, in a dark room, we see, if we throw the spray of an
atomizer in front of us, not only the primary and secondary l)ow,

but the first supernumerary bow, just inside of the primary.
By suspending a minute drop of water from the end of a very

small glass thread (previously greased) and holding it very close

to the eye, a little to one side, standing with our back to the arc,

the sun reflected in a mirror, we can see a j^ortion of both the pri-

mary and secondary liow niost intensely colored, with the very
dark region between them, and a set of supcM-numerary bows within
the primary, and outside of the secondary. The best nu-thod of
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getting the drop is to draw out a piece of small glass tubing into a
fine capillary, breaking it off at a point where its diameter is about
0.3 mm. Grease the end slightly, introduce a little water, and
blow a minute drop on the end of the capillary. This is the most
instructive experiment of all, as we can vary the size of the drop
and note the effect upon the spacing of the supernumerary bows.
The fact that we can see portions of a number of bows with a

single drop presents no difficulty, for the drop is so close to the eye
that most of the differently deviated rays enter the pupil. It is in-

teresting to compare this case with that of the halos to be described
presently, in which we see a bow resulting from the diffracted

rays of light, the drop acting as an obstacle.

Halos, Mock Suns, and Related Phenomena. -— The reflection

and refraction of the sunlight by small ice crystals in the air give rise

to a very complicated series of phenomena, which, unlike the rain-

bow, can be seen at all altitudes of the sun. They may be summed
up briefly as follows :

A colored circle, surrounding the sun, red on the inside and white
on the outside, having a radius of 22°, known as the 23° Halo.

A larger circle, similar in appearance, but fainter, called the 46°

Halo.

A white horizontal circle passing through the sun, and having
a constant height above the horizon, called the Parhelic Circle.

Concentrations of light on the parhelic circle, four colored ones
at the points where it intersects the halos, are called Parhelia or

mock suns. One white one at 180° from the sun is called the

Anthelio7i, and two at 120° the Paranthelia.

Two oval arcs, sometimes joined together forming an ellipse

which circumscribes the 22° halo, is known as the Circumscribing

Oval.

The Tangential Arcs touching the 46° halo.

The Oblique Arcs of Lorentz which are sometimes seen under the
parhefia when they extend beyond the 22° halo. These, the chief

'; ^x/^ /^

^
Axis

Fig. 258.

halo phenomena, can all be explained by the laws of reflection and
refraction in the hexagonal ice crystals which have the forms shown
in Fig. 258. In still air, these crystals will fall slowly in the position

shown, since bodies moving through a resisting medium set them-
selves in the position of greatest resistance. A mistake has been
made by several writers, Brevais and Pernter, for example, who
state that the crystals fall in the position of least resistance.

It must not be supposed, however, that this error invalidates in any
way Pernter's admirable treatment of the optical problems involved,
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for in each case we may substitute a horizontal hexagonal plate for

a vertical hexagonal prism, and vice versa, mthout affecting the
orientation of the angles. It is well to bear this in mind, as the for-

mation of plates or spiculae of ice seems to depend upon the tem-
perature, and it is possible that approximate estimates of the
temperatures of the clouds could be made by considering whether
the parhelia observed were of the type due to hexagonal crystals

with the principal axis vertical {i.e. flat plates), or with the axis

horizontal {i.e. spiculae). Erroneous conclusions would of course
be drawn if the mistake here pointed out were not corrected.

This orientation of the crystals taken into account, we can ex-

plain all of the above-mentioned phenomena. The hexagonal
prisms and plates can transmit light in various ways. The 120°

angles are too large of course to act as prisms, but the alternate

faces form 60° prisms, which transmit Hght at a minimum devia-
tion of 22°. It is this transmission that is responsible for the 22°

halo. The crystals are not considered as oriented in this case.

A crystal situated 22° from the sun can send light at minimum
deviation to the eye, and it can do this in six different positions.

Crystals nearer the sun can send no light to the eye by this type of

refraction and the inner edge of the halo is therefore sharply defined.

As we have seen in the Chapter on Refraction, the maximum
quantity of light is transmitted by a prism at minimum deviation,

hence the narrowTiess of the halo. The region outside the halo
is slightly luminous, due to the light transmitted bj' prisms not in

this position. The 46° halo is produced in a similar way by re-

fraction through the 90° angles of the crystals. A glass prism of
90° will not transmit light, but ice has a much lower refractive

index, and if the crystal is in just the right position, a small amount
gets through, which accounts for the faintness of the ring.

These two halos are the only phenomena which can be explained

by the action of crystals which have their axes directed in a fortui-

tous manner. All of the others require still air for their production.

The parhelic circle is white, and is due to reflection from the six

sides of the flat plates, and the flat end faces of the elongated ones,

the faces in question acting as vertical plane mirrors, which reflect

the light of the sun to the eye. The crystals which are at the same
elevation above the horizon as the sun are the ones which can send
light to the eye in this way. The light of the parhelic circle can
also come from rays which enter the upper surfaces of the flat plates,

and suffering total reflection at one of the sides emerge from the

under side. The two refractions in this case neutralize the dis-

persion, consequent^ no color is produced.
The parhelia are produced by refraction through the 60° and

90° prisms, which are oriented as descril^ed and for the moment
situated at position of minimum deviation.

When the sun is at a considerable altitude, the rays no longer

pass through these prisms parallel to th(>ir bases, and the effective

angle of the prism is increased, and with it the d(>viation, which
causes the parhelia to appear w(>ll outside of the halo, but always
on the parhelic circle. Parhelia of 46° have been observed, but
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only rarely. The 22° ones are frequently observed in winter, even
in our latitude. The anthelion is a rarely observed phenomenon,
only about thirty appearances of it having been recorded in the
past 250 years. The paranthelia are still rarer. Both are formed
by two internal reflections combined with two refractions. Pern-
ter's treatment is not very satisfactory in this case, as he makes an
erroneous assumption regarding the orientation of the crystals.

There are other phenomena too numerous to mention, such as the
vertical pillars of light, seen above or below the sun, formed by re-

flection from the under surfaces of the horizontal fiat plates. They
are most frequently seen when the sun is near or below the horizon.

Compare these with the parhelic circle. Crosses are sometimes seen,

as when the ice cloud is located only at the point of intersection of

a halo with the parhelic circle.

The reader is referred to Pernter's Meteorological Optics for a fuller

account of the almost innumerable phenomena of this sort. There
is another type of halo frequently seen surrounding the sun or moon,
which is due to diffraction. These are usually of comparatively
small diameter. The explanation of the manner in which they are

produced has been given in the Chapter on Diffraction, and they
can be distinguished from the halos just described from the cir-

cumstance that they always have the red light on the outside.



CHAPTER XIII

THEORY OF REFLECTION AND REFRACTION

A THEORY of reflection was worked out by Fresnel, based upon the
elastic-solid hypothesis, and equations were obtained which rep-

resented the relations between the intensities of the reflected and
refracted components, their states of polarization, etc.

This treatment, however, is only of historical interest, since it

has been supplanted by one based on the electromagnetic theory,

and we shall in the present chapter trace the derivation of the
fundamental equations of the more modern theory of luminous
disturbances, the foundations of which were laid do'^ii by Maxwell.
The luminous vibrations wall be regarded as rapidly alternating

displacement currents in the ether or in matter, as the case may be,

these currents giving rise to magnetic forces similar to those brought
into existence by currents flowing in conductors. On this theory
not only are the optical and electrical properties of matter being
rapidly harmonized, but predictions are being constantly made
which are subsequently verified by experiment. In certain cases,

however, the discussion from the elastic-solid standpoint is more
intelhgible, and we shall therefore make use of it from time to time,

regarding the older theory more as a convenience, however, than
as a true representation of what is actually going on. We will

begin by the derivation of the fundamental equations of Maxwell.
Derivation of Maxwell's Equations. — The current maj^ be de-

fined either in electrostatic or electromagnetic units, and will be
designated by i or i' accordingly-. As we shall have occasion to

pass from one system to the other frequentl}^, it is well to fix firmly

in the mind at the start that the accent is used to distinguish

quantities measured in electromagnetic units from those measured
in electrostatic. ,

The c.g.s. or electromagnetic system of units starts out with the
definition of unit magnetic pole, which is a pole of such strength
that, when placed at a distance of 1 cm. from an equal pole, it will

exert a force of one dyne upon it. The unit of magnetic field

strength is the " gauss," which is the strength of field wliich exerts

a force of one dyne upon unit pole, i.e. it is the strength of the field

at a distance of 1 cm. from unit pole.

The unit of current is the current which, when flowing in a wire,

across a magnetic field of unit strength, will cause 1 cm. of the
wire to be acted upon by a force of 1 dyne. It is roughly 10 am-
peres. The unit of quantity is the amount of such a current
which flows across a given section of the wire in one second. The
Faraday, or electrostatic, system of units starts out with unit
charge, as the charge which, when placed at a distance of 1 cm.
from an equal charge, exerts a force of one dyne upon it. Tlie

350
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electrostatic unit of current is the flow of one Faraday unit of charge

per second, and the unit of magnetic field is a field which will exert

a force of one djme on a centimeter of wire carrying unit current.

We may also measure the current in the c.g.s. system by the

work done in carrying unit magnetic pole once around the current

against the lines of magnetic force which surround the current.

The force exerted by a current of intensity i' in a straight wire

in a pole at distance r is 2 i' /r, and if the pole is carried once around
a circle of radius r it moves a distance of 2 ttt against this force

;

the work done upon it is therefore 4 iri'

.

If the current i' is of unit strength (c.g.s. system) the force will

be I dyne if r= 1

.

The current i which flows through cross section q is defined as the

number of electrostatic units which traverse q in unit time, so that

if the quantity of electricity de flows through q in the element of

time dt, we have
de /.x

»=S'
••(''

and if q is equal to unit cross section, i is equal to j, the current

density. The components of j along the x, y, z axes we will desig-

nate jx, jy, j^. We will now derive an expression for the current in

electromagnetic measure. The current is surrounded by a magnetic
field, the lines of force being circles in the case of a current flow-

ing along a cylindrical wire. An isolated magnetic pole will follow

these lines of force, travelling around the wire as long as the current

continues to flow.

If we carry the magnetic pole around the wire in the opposite

direction, we are obliged to do a certain amount of work on it ; and
if it is allowed to move under the influence of the magnetic force, the

current does work on it, de-

veloping a certain amount of

kinetic energy. We shall de-

fine the current i' measured
in electromagnetic units thus.

The work done will be pro-

portional to the strength of

the current, and for conven-
ience we make use of the pro-

portionaUty factor 47r. If A
represents the work done by
the current on unit magnetic /\\ > 1 J[
pole in driving it around one

"

complete turn, we write A =
4: iri'.

Now the work is repre- Fie. 259.

sented by the force multiplied

by the distance through which it acts. Assume that we have a rec-

tangle dx, dy, which is traversed normally by a current i' =jjdxdij,

jj being the z component measured in electro-magnetic units. If the

current flows towards the observer (Fig. 259), a plus magnetic pole

1
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will be carried around dx, dy in the direction indicated by the arrows.

The total work done by the current in moving unit pole around the

rectangle will be A =adx + fi'dy— a'dx— ftdy, (2) in which « and /3 are

the components of magnetic force along AB and AD, and a' and /B'

are the components along DC and BC. « may not be constant along

dx, but if we regard it as variable, for example having the value « at

A and A + da at B, the average value \\all be « +— > which, when

multiphed by dx, gives us adx+an infinitesimal of the second order.

The minus signs occur for the obvious reason that the forces along

DC and CB are oppositely directed from the forces along AB and
AD. «' differs from « since it works along a line, the y coordinate

of which is greater by an amount dy than that of AB. Under cer-

tain conditions of course « would be equal to «'.

If dy be taken sufficiently small ^"
,

"^ may be regarded as the

partial differential coefficient r- dy, and we have
dy

«' = « + ^dy and /S' = ^ + ^dx.
dy dx

We now have for the work, substituting these values in (2) and
cancelling,

and since ^ = 4 tti' = 4 irjjdxdy,

4 TTjV = -^ - -^
, and similarly, 4 ttjV = -^ - -

dx dy "^ dy d

Maxwell's differential equations of the magnetic field

4 .jV = f -^ , and similarly, 4 .j,'= ^ -f , 4 .jj ^f~p, (3)
dx dy dy dz dz dx

—ix=^-
C ' by
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They will suffice for the study of reflection, absorption and dis-

persion, but when we come to consider the behavior of media when
brought into a magnetic field, we shall require another set of similar

equations, which connect a magnetic current with the lines of

electric force which accompanies it.

The magnetic current or magnetic flux occurs when the strength

of a magnetic field changes, and the lines of flow will be surrounded
by lines of electric force just as the electric current is surrounded by
lines of magnetic force. By determining the work done by the

magnetic current in drawing unit charge once around the circuit,

expressions are obtained which connect the strength of the flux

with the accompanying electric field. The equations are similar

to those which we have already deduced, and, like them, hold for

all media

:

4 7r _dY BZ Att _dZ dX 4 7r _5Z dY .^.

C oz oy c ox dz c oy dx

Displacement Currents in Free Ether. — A displacement current

will occur in the ether whenever the density of the lines of electric

force changes, and the strength of the current will be proportional

to the rate at which the change takes place. It is not easy to form
a physical conception of the displacement current. We may per-

haps think it of as a lateral shift of the ether, which takes place

parallel to the lines of force ; in this case our picture of the wave
will not be unlike the conception of a wave in an elastic solid. A
different way of looking at the matter is that adopted by J. J.

Thomson in his Recent Researches in Electricity and Magnetism, the
first chapter of which will be found of great assistance in forming
a concrete picture of what may be taking place in the ether when it

is traversed by waves. Thomson represents the phenomena of the

electromagnetic field in terms of Faraday tubes (lines of electric

force). The motion of one of these tubes gives rise to a magnetic
force perpendicular to the direction of its motion, and an electro-

motive intensity (which we have spoken of as the electric force),

which is perpendicular to both of the specified directions. The dis-

placement current takes place in the direction of the electromotive
intensity, which is not constant, unless the density of the movng
tubes is constant.

Thomson showed that the equations which we have already
examined, and those which we are about to consider, could be
derived from the consideration of the motion of the Faraday
tubes.

We will now derive expressions which connect the displacement
current with the electromotive intensity (electric force). Since a
charge e sends out 4 ire lines of force, the product of the current
density and 4 -nr will be the change in the number of lines of force in

unit time. It is obvious that in the case of steady currents there
"^all be no change in the number of the lines, but in the case of dis-

placement currents, where the current strength is changing Avith

the time, the density of the lines of force changes. We can now
2a
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write

4.,.=— ,4.;, = ^%4.,..^ (6)

in which the expressions Nj., iVy, A^ represent the components of

the density of the Lines of electric force (polarization in free ether)

parallel to the three axes. Similarly for the magnetic current we
have

4.s.=— ,4.s. = ^,4... = -^. . . • (6)

We can form an idea of a magnetic current such as we have in the

case of light waves in the following way : Suppose that we have an
iron wire with a coil of insulated wire around one end of it, which is

traversed by an alternating current. The density of the magnetic
lines of force in the iron wire varies periodically, rising from zero

to a maximum, and then falling to zero during the first half period,

and then rising again to a maximum, with a reversal in the direction

of the force, however. The ware is thus traversed by a periodic

magnetic current, which is surrounded by circular lines of electric

force, which set up alternating induced currents in conductors
which are brought into the field.

In the free ether the electric force is considered as numerically
equal to the density of the lines of force, so that we may substitute

for iVx, Ny, N^ their equivalents X, Y, Z. Our equations now
become

^^j.^
dX , . dY , . dZ]

dt dt •' dt
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771 7Yi •

medium is represented by ,
/* being the magnetic permeability,

a quantity which differs only sUghtly from unity except in the case

of iron, and we shall see later on that we are justified in writing /u, = 1

in practically all optical problems. The change in the law of the

force which occurs in ponderable media makes it necessary to modify
our last equations, since with the same change in the current in-

tensity the electric force is weaker in the proportion - , the current
€

in dielectrics being represented by 4 7rj., = c---, etc., 4 7rs^= /A— , etc.
at ot

Equations (7) now become

edX^dy^_dg i^^da_dy € dZ ^ dg _ da

C dt dy dz' C dt dz dx^ C dt dx dy

lJa^dY_dZ ldi^d^_dX l§l^dX_dY
cdt dz dy' c dt dx dz' cdt dy dx.

(9)

which expressions completely determine all properties of the mag-
netic field in an isotropic dielectric.

A comparison of equations (6) with the equations preceding (9)

shows us that, if we consider the number of lines of force issuing

from given charge independent of the surrounding medium, we
have the condition within a medium of dielectric constant e, and
permeability /*,

. N.= €X, N,= eY, N,= eZ,

in other words, the densities of the lines of magnetic and electric

force are equal to the forces only in a vacuum, for which e and /u,

both equal unity.

If a charge e is contained in the cube dx, dy, dz, 4 tts lines of force

issue from its surface. We can also reckon the number of lines

issuing from the cube as the sum of the lines issuing from the six

surfaces.

The two squares perpendicular to x contribute the part

- {N,)idydz + {N,)odydz.

By Taylor's Theorem {N:),= {N,\+^-^dx
;

dx

the two squares therefore contribute

f(iVJi + ^-^dx^dydz - (NMydz= ^dx dydz.
\ dx J dx

The total contribution of all six faces is

—-^ + -^ +^ ]dxdydz.
\dx dy dz J •



356 PHYSICAL OPTICS

Equating this to 47re, and bearing in mind the expression for

N', M', etc., gives us, if we write
, , ,

= p the charge in unit vol-
dxdydz

. deX
,

deY
,
BeZ .^ .

ume, an equation which we shall not make use of for the present.

Boundary Conditions. — Since in optical problems we are con-
tinually dealing with cases where the waves pass across the boundary
which separates two media of different optical properties, it will be
necessary to determine what changes, if any, occur in the com-
ponents of the electric and magnetic forces at the surface of separa-

tion.

We will begin by considering that the transition is abrupt, i.e.

that the dielectric constant changes suddenly in crossing a mathe-
matical plane, which we will take parallel to the xy plane of our co-

ordinate system. Let the dielectric constant of the upper medium
be q, and that of the lower co, and let Ni equal the density of the
lines of force in the upper medium, that is, the nimiber which pass
in a normal direction through a plane of unit area. These lines of

force are incident on the boundary at an angle ^i with the normal.
We will first assume that the lines pass through into the second
medium without change of direction. The electric force in the

upper medium is i?i=
^^

\ that in the lower medium Ro = ^

,

the force due to a given density of the hnes of force decreasing as

the dielectric constant increases. If £2 > ^i, it is obvious that the
electric force is less below the boundary, assuming as we have done
that Ni = N2. Since R2 is less than Ri and the direction the same,
it is obvious that the components of Ro, viz. X2, Yo, Zo, will all be less

in the second medium. We shall see that this condition is contrary
to the principle of the conservation of energy, and that our original

assumption that the lines passed through the boundary without
change of direction was incorrect. If X2 is less than Xi, and the
boundary infinitely thin, we can derive an unlimited amount of

work by carrying a charged particle along the boundary in the lower
medium against the electric force, and then, carrying it across the
boundary (which requires no work unless the force is infinite),

allow it to move back in the upper medium through the same dis-

tance. It \\ill obviously yield more work than has been spent
upon it in the lower medium, since it is moving under the influence

of a stronger force. We are thus forced to the conclusion that the

X component has the same value on both sides of the boundary,
otherwise a perpetual motion would be jiossible. The same is true

for the y component, and we consequently luive for the boundary
condition of these two components A', = A'2 and Yi = Y2. Let us
now see how we can reconcile this condition with the smaller value
of Rj in the second medium. It is obvious that if we consider that

if the lines of force l)end away from the normal on crossing the

boundaiy, we can reconcile the equality of the x and y components
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on the two sides with the decrease in their resultant. But the
bending of the Unes of force in the direction specified results in a
change in their density A^2, consequently this must be taken into

account. Let the angle which the lines

make with the normal in the upper
medium be ^i, and the angle which the

refracted lines make with the normal be
02, as shown in Fig. 260. We will now
determine the value of the Z component
on the two sides of the boundary. In the

upper medium the normal component of

the electric force is Zx = Rx cos d^
; in the Fm. 260.

lower medium, Z^^Ri cos do. The density

of the lines of force parallel to the z axis (normal polarization) for

the two media is given by

eiZ?i cos 6i , £2^2 cos 62

4 TT 47r
'

Now the normal polarization is the same in the two media, for the

same number of lines pass through a plane of unit area which is

perpendicular to the z axis, in whichever medium we consider the

plane, consequently we can write

€ii?i cos 9i _ e.,i?2 cos 0-2 7 _ 7or (iZ^i — f-2^2,

47r 47r

which expression determines the boundary conditions of the z com-
ponent.

In a similar way it may be shown that the boundary conditions for

the components of the magnetic force are «i= «2, A = A, Mi'yi = /«-2y2-

Since, however, /m=1 in practically all optical problems, we can
WTite yi = y2-

Velocity of the "Wave. — To find the velocity of the wave we
differentiate the first equation of (9) with respect to t,

Cdt~dy dz' C Of ~ dy\dt) dz\dt,

and substituting for -r^ and -^ the values given by the last two
ot ot

equations of (9),

1^ = _5_^aX _dY\_d/'dZ_ dX\
dy\dy dxj dz\dx dz J& bt^

_d^,d^.d^_±fdX ,
dY

,
dZ

dx^ dy^ dz^ dxK dx dy dz
(10)

We now differentiate the first three equations of (9) with respect

to X, y, and z respectively,

ed^X _ d^y 8^13 ed^Y _ d^a B^y e d^Z ^ d^(3 d^a

cdtdx dydx dzdx' cdtdy dzdy dxdy' cdtdy dxdz dydz
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Addition of these three equations gives

C\dtdx dtdy
"^

dtdyj "^^ dt\dx dy^ dzJ '

Since we are dealing ^^^th periodic changes of the electric force, the
differential coefficient, with respect to the time, of the quantity in

the parenthesis, can be considered as proportional to the quantity,

with a phase increase of ^ (
since differentiating the sine gives the

cos, the equivalent of a phase change of

This gives us
[iT a' ~^l '

^^

and we have as our final equation

c^ dt^ dx^ dy"^ dz^

Similar equations hold for Y, Z, «, and /3,

We have seen (page 7) that differential equations of this form

represent waves travelling with a velocity v = —z •

Vc
Now the dielectric constant of the ether equals unity, conse-

quently our equation shows us that the velocity of the wave in

space is equal to c. the ratio of the two systems of electrical units.

This has V)een confirmed l)y experiment, the velocity of light de-

termined by optical methods being 2.9989.10^" cms. per sec, while

the velocity of c determined by electrical methods is 3.10^" cm./sec.

In ponderable media the velocity must be smaller in the ratio—-.
Vc

Now the refractive index of a medium is the ratio of the velocity of

light in free space to the velocity in the medium, consequently we
have n = V^, or the square of the refractive index equals the dielectric

constant. As a matter of fact this result is not confirmed by experi-

ment except in a few cases, for the reason that the dielectric con-

stant is in reality a function of the period of the vibration, or in

other words of the wave-length, and the dielectric constant deter-

mined by all electrical methods is the value of /?- for infinitely long

waves, conse(|uentl.v our expression does not hold for the very short

waves of light. In the case of some of the ga.ses, in which the

dispersion is small, we have fair agreement, as is shown by the

following table

:
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The other component Ep, which is also perpendicular to the ray,

has X and z components given by A^ = Ep cos ^ and A,^—Ep sin ^.

Fig. 261.

The positive direction of Ep is upwards from the boundary which
makes the z component negative, as \\\\\ be seen from Fig. 262,

which gives us the side view of the block.

"WTiile the component E,, perpendicular to the plane of incidence,

is parallel to the y axis, and therefore enters the expression as the

amplitude term, the component Ep, parallel to the incidence plane,

must be resolved into its components along x and 2, and these

components form the amplitude terms in our expressions for A^
and Ze.

The X and z components of the electric force are therefore given

by

V t:i ^ 2 7r/, a: sin <I> + 2 cos "t*"^

Xe = Ep cos ^ .cos -—It —
Z.= -£„sin«' " n

' „ '

(14)

We use Xe, Y„ and Z, instead of Xi. Fi. and Zi, since the forces in

the upper medium are not alone those in the incident wave. We
have forces A%, F„ and Zr contributed by the reflected wave, and
Xi is the sum of Xe and Xr.

The magnetic forces associated with these are obtained at once
by differentiating the above and substituting in equations (9).

For example, the x component « is given by

Ida dY dZ T^ 2ir
~~^ = -^ ;r = -ti. sm -—
Cdt dz dy T

t-
j:sin^ + 2COsO\ 2 tt cos O

da r^ 2 TT cos 4> . 2 TT

. = cE, -— ——— sm -—
dt r 1 , T

a. = — cE.
cos ^ 2irf, xsin4> + 0Cos*N
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and since Vi = —-
v.,

— Es cos'4>V^i cos
2 7r/, xsin <^+2'cos^t-

Fi

The component of magnetic force along x is due to

the displacement current resulting from the component
of electric force Es along y. The magnetic force is per-

pendicular to Es, i.e. parallel to Ep, and must be re-

solved into components along x and y in the same way.
We thus see the significance of the cos ^ in the ampli-
tude term of the above expression.

a- -1 1 o 1? r — ^ a: sin <i> + 2 cos ^
Sunilarly, )S, = £,pVei ^ ''

E,^\

cos ~^ t—'-

COS

Vi

Writing for the refracted wave,

Z.= Z), cos X cos ^(^f- ^^^^^^^±^^^)

cos

Zo= — D„sin xcos

T
2

li-o)

(16)

in which T)p and D, are the components of amplitude parallel and
perpendicular to the plane of incidence. If now the boundary con-

ditions are to be complied with, there will be a reflected wave except

when Vei= Ve2- ^^^ ^^ \j2k& the simplest possible case of a plane-

polarized vibration parallel to the x axis at normal mcidence. The
boundary conditions are A'l = X2 , ^\ = fi-i-

The magnetic components of the refracted wave are obtamed in

the same way as those of the incident.

They are given by

r- 2ir
01.2= —Ds COS XV £2 cos ~ii^

fi,
= DpV7,

y2= AsinxVe2 "

At the boundary we have

Zi = X2, that is, Ep= Dp, since <J> = x = 01

13, = /3o or Ep-V'e, = DpVe,

Vci = Vco J

The boundary conditions will hold for the incident and ref'-acted

wave only under the above condition, that is, when the refractive

indices of the two media are the same. If £1 differs from £2. we shall

,_ a:sin x + ^cosx

F.
(17)

08)



362 PHYSICAL OPTICS

have a reflected wave, and the sum of the forces of the incident and
reflected wave constitute the force at the boundary in the upper
medium, which is to be equated to the force in the lower medium.
The direction of the force in the reflected wave is opposite to that
in the incident, for as the reflecting power increases, the force in the
lower medium must diminish.

We now write for the electric and magnetic components of the
reflected wave,

Xr= Rr,cos^'cos^ t-
a;sin<E>'+2;cos^'

and

Yr= R, cos -—
T

Zr= —Rp sin ^' cos—

«r= — /?* cos ^'Vei COS ~j^'J~

(19)

(3r = R,^c,

yr = Rs sin ^'\e^

a: sin ^'+2 COS ^'

7i

COS

COS T

(20)

From these equations we can deduce the laws of reflection and
refraction, as well as the relation between the intensities of the
reflected and refracted rays for various states of polarization.

The relations between the angles of incidence, reflection, and re-

fraction follow at once from the boundary conditions, which are only
fulfilled when for z = we put all of the forces proportional to the
same function of t, x, and y.

This gives us

or

sin<^ _ sin^' _ sinx

V, ~ Fx " F2
'

-.— = :^-^ = n, the refractive index,
sm X V2

. (21)

We will now deduce expressions for the intensities of the reflected

and refracted components, the relations between the j)hases of

the vibrations, their dependence upon the angle of incidence and
tlie state of polarization. The force X-,, on the upper side of the

boundary, is equal to the sum of the forces in the incident and
reflected waves, Xe + Xr, which is to be equated to the force on the
lower side of the boundary.

(1

)

X,+Xr= A'2 or (E,- R,) cos 4> = D^ cos x

(2) Y,+ Yr = Y2 or E, + R, = D.

(3) «, + «,.= f<2 or (jEJ,
— /?,)Vc, cos<^ = Z),V£jCosx

(4) /?, + ^. = /8, or {E, + R,)V7, = D,V€,

.(22)
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The positive directions of the components R^ and Dj, are shown
in Fig. 263.

Add (2) and (3), 2 ^, = Z)/l + ^'J ^^^ ^

\ Vci cos ^
Elim. A from (2) and (3),

^^^
V.,cos^ _^\ ^/Vr.cos^^.^

vVe2C0SX ^ ^Ve^COSX

Add (1) and (4), 2 E,=dI^^^ + ^'
\cos ^ Vc,

Elim. Dp from (1) and (4),

^/cos^_ye,^^/c_os^^^^^
\C0SX Vea/ VCOSX VTa/

(23)

Fio. 263.

/~2 a>

Substitute for —~ = n its equivalent and we obtain equa-
Vei sm X

tions identical with the formulae of Fresnel, from which the phases

and intensities of the reflected and refracted waves can be calcu-

lated.

Reflected amplitudes:

j^^_^sm(^^ ^^^ tan(<i>-x)

sin(4> + x)'
' ^an(4»+x)

Refracted amplitudes:

D=£j2sinxcos^ ^ ^^
sm(^ + x)

2 sin X cos ^
sin (^+x) cos(^— x) J

(24)

It should be noticed that these formulae are unsuitable for per-

pendicular incidence, for when * = 0, x^O, and the expression be-

comes indeterminate.

We will now examine these formulae in detail.

It is evident that the component perpendicular to the plane of

incidence in the reflected light never vanishes, whatever be the

values of ^ and x in the formula for R,.
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It is different, however, in the case of the formula for Rj,, the
parallel component. As we increase the angle of incidence from 0,

it is evident that we shaii eventually reach a point at which the

reflected and refracted rays are at right angles, for the angle be-

tween them is greater than 90° near perpendicular incidence, and
less than 90° at grazing incidence. At the angle in question it is

evident that (<i> +x) =90° and tan (^ + x) = °c
,
that is, /?p = 0, or the

component parallel to the plane of incidence is wholly absent.

This means simply that the reflected light is plane-polarized, and
the angle in question is KnoA\Ti ae, the angle of polarization or the

Brewsterian angle.

The refractive index n= —.—- , conaeauently if $' be the angle of
sinx

polarization, we have

sin x' = sinf J — $'
)
= cos^ and ^^^— = tan ^' = n,

\2 y cos ^

a relation which has been fully discussed in the Chapter on Polariza-

tion.

Polarizing Power of Oblique Plates. — A method has been given,

in the Chapter on Polarization, for the determination of the per-

centage of polarization, by compensation ^^-ith inclined plates.

It is important, therefore, to develop the formula for determining
the polarization produced by one or more glass plates at any given

angle. For the ratio of the amplitudes transmitted through a single

surface we have from (24)

Ds E. f^ s

^^
= -cos($-x),

or for two surfaces {i.e. a plate),

If Es = Ep, the condition equivalent to natural or unpolarized

light, we have D,<Dp, that is, the transmitted light is partially

polarized, the plane of the vibration Avhich is in excess being in the

plane of incidence. If the incident vibration makes an angle of

45° with the plane of incidence, E,— Ep ami the transmitted light

is plane-polarized, the plane, however, being more or less rotated

towards the plane of incidence, on account of the fact that the com-
ponent Dp is larger than the component D,. The percentage of

polarization for a single plate increases with the angle of incidence.

At the polarizing angle, tan <l> = n and4>+x= 90°; therefore, if

E, = Ep, we have
D. . ,o^ 4w2—

- = sm2 2*=
Dp (l+n2)2

The polarization is not a maximum at this angle, however, but goes

on increasing as the angle of incidence increases, in marked con-

trast to polarization by reflection. This holds only for one plate,
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as we shall see presently. As an illustration of the use of this

formula, let us calculate the percentage of polarization in a source
of light, when it is completely compensated Ijy transmission through
a glass plate at an angle of 59°. (This was the case for the polarized
fluorescence of sodium vapor observed by the author.)
To do this we have only to calculate the percentage of polari-

zation in ordinary unpolarized light after transmission through a
glass plate at an incidence of 59°. For glass w== 1.52, ^= 59°. By
Snell's law we calculate x = 34°20',

$-X= 24°40'.

For unpolarized light we take E^ = Ep and find for the amplitude
ratio

^ = cos2($-x) = .826.

The intensity ratio we find bj^ squaring this,

^^.682=^.
Ip 100

Now the total intensity of the light is /« + 7^ = 168.

The amount of polarized light is 7^— /^= 100— 68 = 32, and the
percentage of polarization is 19.

If we have more than one plate, we raise the intensity ratio to

the power equivalent to the number of plates. If in the above
experiment we had used four plates, we should have

L = .682^ = .21
ip

or 65% of the light polarized.

Stokes has given us a very complete paper on the transmission

and reflection of light by a pile of plates, considered as perfectly

transparent and as partially absorbing.

The table which accompanies his paper is so often of use in optical

investigations that it is reproduced in full. The incident light is

supposed to have an intensity 1000, and the proportions trans-

mitted (x) and reflected ($) are given for ?n plates. The loss by
absorption for a transit through a single plate is represented by
8=1 — e~'^. For perfect transparency we have 8= 0. If 2% is

absorbed, 8= J^ , and if 10 % , S= j\. In the table ^« and ^p represent

the components of vibration perpendicular to and parallel to the

plane of incidence. The case of normal incidence, i= 0, incidence

at the polarizing angle ^', and at an angle two degrees greater than
the polarizing angle are considered. Quoting from the original

paper in regard to this table

:

" The intensity of the light reflected from a pile consisting of an
infinite number of similar plates falls off rapidly with the trans-

parency of the material of which the plates are composed, especially

at small incidence. Thus at perpendicular incidence we see from
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the above table that the reflected light is reduced to little more than
one-half when 2 % is absorbed in a single transit, and to less than
a quarter when 10% is absorbed.

" With imperfectly transparent plates little is gained by multiply-
ing the plates beyond a very limited number, if the object be to

obtain light, as bright as may be, polarized by reflection. Thus
the table shows that four plates of the less defective kind reflect

79%, and four plates of the more defective kind as much as 94%,
of the light that could be reflected by a greater number, whereas
four perfectly transparent plates reflect only 60%. The table

shows that while the amount of light transmitted at the polarizing

angle by a pile of a considerable number of plates is materially

reduced by a defect of transparency, its state of polarization is

somewhat improved. This result might be seen without calcula-

tion. For while no part of the transmitted light which is polarized

perpendicularly (vibration in) to the plane of incidence underwent
reflection, a large part of the transmitted light polarized the other

way was reflected an even number of times, and since the length

of the path of the light within the absorbing medium is necessarily

increased by reflection, it follows that a defect of transparency must
operate more powerfully in reducing the intensity of light polarized

in (vibration -L to) than of light polarized perpendicularly to the
plane of polarization.

" But the table shows that a far better result can be obtained as

to the perfection of the polarization of the transmitted light, with-

out any greater loss of illumination, by employing a larger number
of plates of a more transparent kind.

" With a single plate the polarization of the transmitted light

continually improves up to grazing incidence, but with a pile of

plates the polarization attains a maximum at an angle of incidence

which approaches indefinitely to the polarizing angle as the number
of plates is indefinitely increased.

" For a given number of plates the angle of maximum polarization

may be readily found by the method of trial and error. The follow-

ing table gives for assumed angles of incidence, decreasing by 5°

from 90°, the number of plates required to make these angles the

angles of maximum polarization of the transmitted light, and the

value ^, which determines the defect of polarization."

i = 90°
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Perpendicular Incidence. — As has been stated, our formulse do
not hold for perpendicular incidence, for then ^ = x= 0.

Substituting in equations (23) for —t= the refractive index n, we

, . cos$ 1
have, since = - j

cosx 1

\1 + n

\n +

1

From the first equation it is clear that if ?i > 1, the reflected electric

amplitude is oppositel}^ directed from the incident, since the direc-

tion of the vector depends on its sign. The second equation shows
the same condition, for when ^^0, similar signs mean opposite

directions, as w\\\ be seen by referring to Fig. 263. The presence

of the reflected wave will thus reduce the amplitude of the incident

wave at the reflecting boundary, and, if the intensity of the reflected

wave is equal to that of the incident, the amplitude will be reduced

to zero. This was found to be the case by Wiener in his experi-

ments upon stationary light waves, the node occurring at the re-

flecting surface. These experiments were fully described in the

Chapter on Interference. The opposite condition \\\\\ be found for

the magnetic vectors, which are similarly directed in the incident

and reflected waves.- They will therefore add their effects at the

l)oundary.

It must be remembered that the above formulae express the

amplitudes of the reflected vibrations; the intensity of the reflected

light, if the intensity of the incident light is 1, is given by

(n+iy'

This formula has been verified for water by Lord Rayleigh, who
found that the oi>servcd value agreed vdth the calculated within

1.5 per cent.

Change of Phase by Passage through the Polarizing Angle.—
The formula for the reflected amplitude, parallel to the plane of

incidence, shows us that the phase changes suddenly by 180° on
passage through the angle of polarization: for (^ + x) is obtuse or

acute according as the angle of incidence is less or greater than the

polarizing angle. Suppos(^ now that the incident liglit is plane-

polarized at an azimuth of 45°. At tli(> iiolarizing angle tlie com-
ponent of the vil)rati()ii. which is parallel to tlie surface, will be the

only one reflected, and it can be comiiletely quenched by means
of a Nicol prism held with its short cHagonal vertical. On either

side of the jjolarizing angle we shall have a reflected component
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perpendicular to the other, but the directions of the vectors will be op-

posite on opposite sides of the angle. The resultant will be in each

case a plane-polarized vibration, which will, however, be turned

slightly towards the plane of incidence, the direction of the rota-

tion from the plane parallel to the surface being opposite in the two
cases. This will be readily understood by drawing the horizontal

component, and compounding it first with a small vertical com-
ponent directed upwards, and then with one directed downwards,
the change of direction corresponding to the phase change of 180°.

It was found by Jamin and others that in the majority of cases the

light was not completely polarized by reflection at the Brewsterian
angle. Moreover, if the incident light was polarized, and reflection

occurred in the neighborhood of this angle, the reflected light, in-

stead of being plane-polarized, as the formulse indicate, showed
traces of elliptical polarization. This indicates that the phase
change, instead of occurring abruptly at the polarizing angle, enters

by degrees ; Drude observed in 1889 that the elliptical polarization

]oroduced by a freshly split surface of rock salt was very small,

but that it increased rapidly on the exposure of the surface to the
air. Shortly afterward Lord Rayleigh found that the ellipticity

produced by reflection from water could be completely eliminated

by removing the surface film of grease, which is always present

unless special precautions are taken.

These experiments indicate that the disagreement with the
formulse is caused by surface films having optical properties dif-

ferent from those of the body of the substance. We will now take
up the investigation of the effects of these films, and the calculation

of their probable thickness.

Elliptical Polarization. Surface Films or Strains ? — The theory
of reflection applied to boundaries between media of different optical

densities has led us to the conclusion that plane-polarized light

should always be reflected as plane-polarized light. As a matter
of fact, we find that this is seldom the case. If the incident light

is polarized at an angle of 45° with the plane of incidence, almost
no change in intensity is seen when the reflected light is examined
through a revolving Nicol, if the reflecting surface is a metal, while

even in the case of transparent substances it is seldom possible to

completely extinguish the reflected light with the analyzing Nicol.

The cause of this has been supposed to be the almost universal

presence of a so-called " surface-layer " within which the optical

density changes gradually from that of the upper medium to that

of the lower. In the previous treatment we considered that the

change at the boundary was abrupt, and deduced our boundary
conditions on this assumption.
Drude has developed the equations which represent the reflection

of the two components, from a surface at which the change in the

refractive index is not abrupt; that is, he considers a surface film

present with a refractive index less or greater than that of the
reflecting .material. His treatment wall be found in his text-book
on Optics, or in the earlier edition of this work.

It has seemed best to omit it, as doubt has been cast upon its

2b
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validity by the recent work of Lummer and Sorge/ who have
shown that the elUptical polarization can be altered by subjecting

the medium to pressure.

If ci is the dielectric constant of the first medium, and eo that of

the second (or reflecting substance), and p is the amplitude ratio,

Drude's treatment shows us that p has a positive sign when ^2>^\,

and the dielectric constant e of the film has an intermediate value.

If the incident light is considered as coming towards us and the

plane of vibration makes an angle of 45° with the vertical (the

rotation away from the vertical being clockwise), the direction of

the eUiptical vibration will be clock^^'ise for positive values of p and
counter-clockwise for negative values, a change of sign of the am-
plitude ratio, amounting to the same thing as a phase-difference

of 180° between the components. We can easily determine the

value of p experimentally by either of the methods given in the

Chapter on Elliptical Polarization. In the case of reflection at a

glass surface in air it has a value not far from .007, though for flint

glass with a high refractive index the value may be as high as .03.

Negative ellipticity , which occurs when cj > eo, has been observed
in the case of water and certain solids with very low refractive

indices.

In the case of water Lord Rayleigh has shown that the ellip-

ticity is due to a very thin film of grease, which naturally has a
higher refractive index than water. In the case of soUds, a higher

refractive index of the surface film may perhaps be explained by
some action of the polishing material upon the surface.

By carefully cleaning the surface of the water. Lord Rayleigh was
able to almost completely destroy all traces of elliptical polarization,

the value of p being not more than .00035. Quite recently he has

found that the positive ellipticity of glass can be changed into

negative by repolishing the surface.

Drude found that freshly cleaned crystal surfaces showed no
traces of elliptical polarization, but that it appeared after the sur-

faces had been exposed to the air for some time, owing to the for-

mation of surface films.

Assuming that the dielectric constant is uniform throughout the

film, Drude calculated the thickness of the film necessary to pro-

duce a given axis ratio p.

For glass of refractive index n=L5 and p = .007 he found that

the thickness of the film necessary to account for the ellipticity is

less than ^jo of the wave-length of the light.

Lummer and Sorgo found, in repeating and extending the work
of Lord Rayleigh, that the elliptical ]K)larization of the light re-

flected from the surface of a glass ])rism was ahereil by polishing

or rul)bing one of the other faces, or even hy subjecting the prism

to pressure applied to tlie bases.

The prism was a right-angled one, and they found that by rubbing

the two base surfaces the ellipticity was decreased for all three of

the other surfaces, that for the hy]iothenuse passing through (the

' Annalen dcr Phyaik, Baud :U. page 32.'5 (I'JIO).
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condition for the ideal case of sudden transition) and becoming
slightly negative. It is impossible to conceive how the refractive

index of a surface film could be altered, without touching the sur-

face, much less how it could be changed from a value less than that
of the medium to one of greater, as we should be obliged to assume
for the conditions found in the case of the hypothenuse surface of
Lummer's prism.

In view of these experiments it appears more probable that the
elliptical polarization is caused in some way by surface strains. At
all events further work is required before we can feel justified in

establishing a theory. Some unpublished experiments by the
author have pointed towards a change in the reflecting power re-

sulting from strains. A very thin film of collodion on glass has been
found to more than double its reflecting power under certain con-
ditions. The refractive index of collodion is, however, not very
different from that of glass, and we should expect but little re-

flection from the transition surface. A layer of thick glue spread
over a glass surface reduces its reflecting power nearly to zero.

When the glue dries, the surface is subjected to a strain so great that
glass chips are often torn off the surface. The reflecting power of

the surface separating the dry glue and the glass was a little higher
than that of a surface between glass and damp glue. The change
in the refractive index could hardly account for this, as it would
be in the wrong direction.

Total Reflection. — We have seen in the Chapter on Refraction
that when a ray of light is incident at the boundary separating an
optically dense from a rarer medium, the refracted ray vanishes
for incidence angles greater than a certain value, the energy being
totally reflected. We will now apply our equations to this phe-
nomenon. In this cases in x turn out to be greater than unity, i.e. x
is no longer real. We can study the nature of the reflected light,

sm ^
however, by substituting for sin x in the equations (23).

V-,
sin^ 4>

which quantity is imaginary if sin<J»>n.

We can write this in the form

. ^ Isin^ ^ 1 ,rt-scosx=-t\

—

1 (25)

Substitution of the above in equation (23) gives us reflected

light with a complex amphtude, which as we have seen can be inter-

preted as a change of phase which results at the moment of
reflection. This change of phase, if it is different for the two
components of the incident vibration, will result in the transfor-
mation of a linear vibration into an elliptical one, and as total re-

flection is one of the methods commonly employed to produce
elliptically and circularly polarized light, the subject is of some
importance. To calculate this phase change we write as before
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RpB^^p and ZJse'*' for the components of the reflected ampUtude, and
obtain, since Veg/Ve'i'^'^ by substitution in (23)

„ / i cos * \ „ , { i cos ^
, , \

Wsm^*— n"^
/ vvsin^^— n^ /

_ / i cos ^ • n 1 \ ^ .. f i cos ^ • ?? i \

Vvsin''^— ?r w/ \Vsin''"P— n-^ nj

If we multiply these equations by their complex conjugates,

obtained by wTiting in them —i for i, we find that E^ = Rp^ and
E^^Rp, i.e. the intensities of the reflected components are equal

to those of the incident.

Suppose now that our incident hght is plane-polarized vibrating

in azimuth 45°. In this case E.^Ep and Rs = Rp, and if we sub-

stitute these values in the above equations and divide, we get

i cos "^— Vsin^ ^— 71^
,.,s -s ) i cos $ + Vsin^ ^— ?i^

,

gt(Og OpI

1 ,^_^ , . 1
icos$-n--Vsin2^-ri2 i cos ^ • n + - Vsin^ ^- w^'

,vs _i , iA sin^ ^ + 1 cos ^ Vsin^^— n^
or e ^ *' = p =

sin^ $— i cos ^ Vsin^ $— n^
*

and
1 — e'^ — i cos * Vsin^ $— n^

1 + e'^ sin^ ^

Multiplying this by its complex conjugate gives

1 — cos A _ I
cos ^ Vsin^ 4> — tz^ ]

2

1 + cos A (^ sin^ ^

since e*"^ + e-'^ = 2 cos A

;

therefore tan^A= — ^ (26)
sm^ ^

'This expression shows us that the relative phase-difference A is

zero for grazing incidence (*^ = q)» and also at the critical angle

(sin $ = n), in which n is the relative refractive index. If the denser

medium has a refractive index 1.51 and the reflection occurs at an

air surface, n in our equations will be
1.51

To find the value of ^ which will give A its maximum value, we
differentiate the last equation witli rc^spect to ^, and obtain

1 ^A 2?j— sin2cl>(l4-n2)

2 COS^ \ A a* gjj^3 ^ ^gijj2 d,_ ^j2
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and the maximum value of A is obtained at an incidence angle *'

determined by

sm^^ = -.

The corresponding value of A is given by

For glass of refractive index 1.51, $' = 51° 20' and A' = 45° 36'.

A value of 45° occurs at incidence angles 48° 37' and 54° 37'. Two
reflections at this angle will give us A = 90°, and circularly polarized

light will result if the incident light was polarized in azimuth 45°.

This is accomplished by the Fresnel rhomb described in the Chapter
on Elhptical Polarization.

Penetration of the Disturbance into the Second Medium. — If

we apply the equations (23), which express the relation between
the incident and the refracted amplitudes, to the case of total

reflection, we reach the somewhat astonishing conclusion that

the refracted amplitude is not zero, which appears to be incon-

sistent with the total reflection of the energy. The case is a
peculiar one, for although D may have a large value close to the
boundary, it becomes zero at a distance of a few wave-lengths, the
energy being entirely thrown back into the first medium. This
decrease in the amplitude, as we advance from the boundary in

the direction of the z axis, can be seen from equations (15) (16),

which show that electric and magnetic forces in the second medium,
.2jT /(-isinx-zc08X \

are proportional to the real part of the complex quantity which,
if we substitute for cos x the value given by equation (25), takes

the form

_ Wsin^j^ .2./ a:sin<I>\ ,o'7^e Tv^ »' .e TJt 77— (27)
V nVi J

This formula represents a wave disturbance moving parallel to

the X axis, which implies that the energy stream is along the
boundary, and not down into the secoi^d medium. The amplitude,
which is represented by the underscored part of (27), decreases as

z increases, becoming sensibly zero when z is large in comparison
to the wave-length A2=TF2. These boundary waves possess an-
other peculiarity, in that they are not transverse, for in a trans-

verse disturbance moving along the x axis in the second medium,
X2 must equal zero, which is not the case.

The existence of these waves can be shown experimentally by
bringing a convex surface of glass of large radius of curvature into

contact with the surface at which total reflection is taking place.

The light will be found to enter the lens in an annular region sur-

rounding the point of contact. This is due to the fact that the two
glass surfaces come into optical contact, i.e. we may regard the
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air film as completely squeezed out. This circular patch over which
total reflection fails, and complete transmission obtains, is sur-

rounded by a ring which transmits light of a reddish, and reflects

light of a bluish, tinge. The glass surfaces are not in contact here,

but the air film is too thin for total reflection to take place. Trans-
mission will obviously occur for red light first, since the thickness

of the film necessary to reflect light is measured in comparison with
the wave-length. This experiment dates back to the time of

Newton and Fresnel, and shows us that if the rarer medium is of

extreme thinness, total reflection no longer

occurs. Voigt ^ has described an experiment
designed to show the possibility of separating

this surface wave from the incident and re-

flected waves, and alloA\'ing it to spread out
,c into space. A prism of the form shown in

/ Fig. 264 was constructed, and light passed

/ into it in the direction indicated by the arrows.

The angle of incidence exceeded the critical

angle at both of the surfaces, and must there-

fore have exceeded it along the edge a, which
can be regarded as a cylinder of very minute radius of curvature.

Voigt observed that the edge a was luminous, and that the intensity

was greatest when viewed from a point b, decreasing steadily as the

eye was moved towards c. He regarded this emission of light by
the edge as due to the breaking away of the surface wave from
the wave disturbances in the glass.

Ketteler ^ criticised this experiment, and claimed that it was a
physical impossibility to obtain a separation of the two wave dis-

turbances in the manner imagined b}^ Voigt. An attemj^t was made
by the author some years ago to repeat Voigt 's experiment wth a
prism of very nearly identical form, but no distinct evidence of the
phenomenon was observed, and it seems possible that the effect

observed might have been due to the fact that the edge was not
in fact a perfectly polished cylinder. It is difficult, however, if not
impossible, to pass judgment on an experiment of this nature mth-
out actually witnessing it.

Another method of showing the presence of a luminous disturb-

ance in the rarer medium, which is to be recommended on account of

its simplicity, is to scatte^r minute particles on the reflecting surface ;

for example, smoke the hypothenuse surface of a right-angled prism
very lightly w\th a flame. On sending a strong beam of light into

the prism the smoked patch will be illuminated, and if viewed under
a powerful microscope, each individual carbon particle will be seen
to scatter light in all directions. This method was used l\v the
author in establishing the granular nature of certain m(>tallic films,

which will be descrilx'd in the Chapter on The Scattering of Light.

The method was subseciuently and independently originatcxl by
Cotton as a means of r(Midering visible ultra-microscopic particles.

' Wied. Ann.. 67, pane isr,. 189'.». = Wial. Ann., 67. page 879.



CHAPTER XIV

THE THEORY OF DISPERSION

Previous to the discovery of anomalous dispersion, all that was
required of a dispersion theory was a satisfactory explanation of a

steady increase in the refractive index wdth decreasing wave-length,

and the development of a mathematical relation between the two
which should conform to the dispersion curves determined by ex-

periment. The expression for the velocity of transverse waves

c= C'^^, where £ is the elasticity and d the density of the medium,

is developed on the assumption that the wave-length is large in com-
parison to the distance between the vibrating particles. If this is

not the case, the velocity of propagation is a function of the wave-
length, as was shown by Cauchy, who assumed that in refracting

media it was not allowable to assume the wave-length large in com-
parison to the distance between the particles, on account of the

shortening of the waves by retardation. Cauchy deduced the

expression

A <
B . C"=^ + x« + a;'

which gives the refractive index in terms of the wave-length and
three constants, for the determination of which we require deter-

minations of n for three different wave-lengths.

This formula was found to represent the dispersion of many trans-

parent substances with considerable accuracy, and the fact that the

dispersion increases as we pass down the spectrum into the region

of the short waves, makes it appear at first sight as if his assumption

was justifiable. It was pointed out by Biot, however, that the

shortening of the waves was not sufficient to account for the phenom-
enon, since if, in dispersing media, the wave-length has a value

comparable to the distance between the particles, the same must
be true in free ether, which should, therefore, show evidences of dis-

persion ; in other words, there is not sufficient change in the wave-

length. It is evident that this must be the case, for the wave-

length of red light in glass is greater than that of violet light in free

ether. That the formula expresses the relation between n and A.

in certain cases is purely accidental, and, as we shall see presently,

it is a special case of a much more elaborate formula, developed

from quite different fundamental assumptions.
The discovery of anomalous dispersion, and the relation existing

between absorption and dispersion, put the matter in a new light.

The refractive index of a medium, which exercised strong selective

absorption, was found to increase rapidly as the absorption band

375
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was approached from the region of longer wave-lengths. This made
it seem extremely proljaljle that the dispersion of so-called trans-

parent media was due to absorption Vjands in the ultra-violet ; in

other words, that there was no essential difference between normal

and anomalous dispersion, the former being only a special case of

the latter, the observations being restricted to a range of wave-
lengths too narrow to show any anomalies.

As has been recently pointed out by Lord Rayleigh, the founda-

tion of the modern tlieory of dispersion was in reality laid by Max-
well in the form of a question propounded in an examination paper

{Camb. Calendar, 1869, Math. Tripos Exam.). The same idea

subsequently occurred to Sellmeier, who has always been regarded as

the founder of the theory. Sellmeier sought for the cause of dis-

persion in the vibrations of the atoms of the molecule caused ])y the

repeated impacts of the light-waves. These atoms would naturally

have free-periods of vibrations of their ©«ti, and would be set in

motion by the light-waves exactly as a tuning-fork is set in vibra-

tion by waves of sound.

Sellineier deduced a formula which is practically identical with

a special case of the more recent electro-magnetic dispersion for-

mula, and which represents the dispersion for those wave-lengths

for which the medium is comparatively transparent, i.e. on both
sides of the absorption band. Within the region of absorption it

breaks down, for reasons which will appear presently. Sellmeier's

formula is as follows

:

T^-TJ

where n is the refractive index for light of periodic time T, and T„
is the periodic time of the vibrating atom. Substituting wave-
lengths for periodic times, the formula becomes

n- = 1 +
X^-XJ

where X is the wave-length in ether of light of the same vibration

frequency as the absorbing atom. If more than one absorption

band exists, the formula takes the form

2 1 , v^ ^^'

the summation being taken for as many terms as there are atoms
of different periods. We will now compare this formula with the

Cauchy formula

:

n =A + - + -,

As the wave-length increases, the refractive index, as expressed by
this formula, becomes less, approaching as>nnptotically the limiting

value A. This was formerly supposed to agr(>e witii experiment,

but more recent investigations in the infra-red iiave shown tiiat the
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ili^persion curve after running nearly horizontal for a certain dis-

tance may again descend.

In Fig. 265 XABC is an experimentally determined curve. The
portion AB follows the Cauchy formula, which, if apphed to values

^

A,7

A

Fiu. 265.

of A greater than the value at A would give the dotted curve Ab
instead of the actual curve AX. For infinitely short waves the

refractive index would be infinite.

Let us now examine the formula of Sellmeier,

2 1. ^^'

X--XJ

For very long waves the denominator becomes approximately equal

to A^, and we have

n=Vl+D,

which, if D is small, as is sometimes the case, does not differ much

from unity. As A decreases the value of the fraction in-

creases, becoming infinite when A= A„. For values of A less than A^

the sign of the term changes, and we have values of n, which are

less than unity, the lowest values being for wave-lengths close to

the absorption band ; as A decreases n increases, becoming unity

for infinitely short waves. The form of the curve is shown in Fig.

266. As we shall see later on, the Sellmeier formula represents

most perfectly the dispersion of sodium vapor, in which the re-

fraction and dispersion are due almost entirely to the influence of

a single absorption band (in reality a close double l^and).

If we confine our attention to the region A B of the curve, we see

that the dispersion here is normal, the refractive index increasing

with decreasing A, and the curve convex towards the axis of abscissae,

as is the case with all ordinary transparent media for visible
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radiations. The decrease in refractive index occurs when we pass

across the absorption band, in the above case the drop being very-

sudden. A further decrease in the value of A causes an increase in

/7=/

Am
Fig. 266.

w, the curve now being concave towards the axis of abscissae. The
dispersion here is normal in that n increases as A decreases, but it

differs from the dispersion along the branch AB \r\. that the rate

of change of n with A becomes less as A becomes less, while along AB
the rate of change of n with A increases as A decreases. This is due
to the fact that in the former case we are receding from the absorp-

tion band, while in the latter we are approaching it.

I. SI

iM

Dispers>/on Cc/rve
o/ FJuon/e

Specfrum

FiQ. 267.

The flispersion of glass or water, for example, is represented by a
curve of form similar to AB, con.sequently we may infer that an
absorption banrl in the ultra-violet is responsilile for the dis]x>rsion.

Curves of the form CD are never found for ordinary transparent

media in the visible spectrum. If, however, the investigations are
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carried into the infra-red region, we frequently find that the curve,

which in the visible region of the spectrum was convex towards the

axis of abscissae, eventually becomes concave in this direction, indi-

cating that an absorption band is being approached. The curve for

fluorite (Fig. 267) is an example.

If we apply Sellmeier's formula to the dispersion of some sub-

stance such as glass, where the refractive index appears to approach
a Umiting value of say 1.5 in the extreme red, instead of unity as in

the first case considered, we find that the only difference lies in

the larger value of the constant D, which must be equal to 1.25 if

n=Vl+Z) = 1.5.

A fuller discussion of the matter can be undertaken to better ad-

vantage after we have actually developed the dispersion formula,

for we are then in a position to recognize the physical significance

of the constants.

Thus far all that has been attempted is to show that normal dis-

persion is only a special case of the so-called anomalous dispersion,

and that the general form of the curve can be represented by
a formula, in which the difference between the squares of the

observed wave-length, and the wave-length at the centre of the

absorption band occurs in the denominator.
Schuster has proposed the term " Selective Dispersion" for the

phenomenon which we observe in the vicinity of an absorption band,
as there is in reality nothing anomalous about it, and the suggestion

is an excellent one, and will be followed from now on.

The formula of Sellmeier was incomplete in that it was inappli-

cable to values of X very near the value of A,„. The curve which the

formula represents runs to infinity on one side of the centre of the

absorption band, and to zero on the other. On the fundamental
assumptions made by Sellmeier there would in fact be no absorption,

for he introduced no term which provided for a transformation of

the radiant energy into energy of some other form, which must
occur if light is actually absorbed by the medium.
The conception of something akin to friction accompanying the

vibration of the atom was introduced by Helmholtz, who formed
separate differential equations for the vibration of the ether and that

of the ponderable atom, introducing a term representing a frictional

loss into the latter. The absorption of the light is here accounted
for as a frictional transformation of the radiant energy into heat,

and the final formula which expresses the variation of n with A shows
that the dispersion curve is continuous through the absorption

band. The factor expressing friction enters into the formula in

such a way that its tendency is to decrease the value of n as the

absorption band is approached from the regioh of longer waves.
This factor becomes larger as we near the centre of the band, con-

sequently the curve, instead of running off to infinity, turns as we
enter the band, and running down through it meets the other branch,
the whole curve being continuous.

We will now proceed with the development of the complete dis-

persion formula, first on the mechanical theory and then on the

electro-magnetic theory. The former treatment will be made in-
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dependent of complex quantities, and though longer, is perhaps
easier to follow ; the latter ^\ill involve the use of imaginaries, and
though the final equation is not verj^ different from the other, it

will help us to understand the physical significance of the constants,

and the relations existing between the optical and electrical proper-
ties of various media.

Helmholtzs Mechanical Theory of Dispersion. — In the follow-

ing treatment we shall regard the ether in the nature of an elastic

solid, i.e. made up of small particles, which when displaced are

urged back into their original position by forces of restitution. The
refracting medium we assume to be made up of molecules, between
which the ether penetrates freely. The atoms of these molecules
are capable of \abrating in periods of their own like pendulums,
and any displacement of an ether particle is assumed to cause a
displacement of one or more atoms ; in other words, forces exist

between the ether particles and atoms, similar to those existing

between the ether particles themselves. When a wave enters the
medium, we consider it propagated through the agency of the
ether alone; that is, there is no direct propagation of a disturb-

ance from molecule to molecule or from atom to atom. Helm-
holtz considered that the molecule remained at rest, but that the

atom could be chsplaced from its position of equihbrium b}^ the
vibration of the ether, and when so displaced was drawn back by
a force of restitution proportional to the displacement. Though
the atoms are independent of each other, and each is free to \abrate

by itself, they will, when disturbed in succession by a passing wave,
have displacements which collectively form a wave curve, just as

chips floating on water-waves, though not transmitting the waves,
will be arranged in the form of the wave-curve, the difference in this

case being an absence of any force of restitution tending to draw
back the displaced chips.

Thus far the conception is not very different from that of Sell-

meier. Helmholtz next assumes the vibration of the atom to be
accompanied by friction, for if this were not the case the energy
taken from the ether would be given back to the ether by the vi-

brating atom and no absorption would take place. The velocity

with which waves are propagated through a medium can be deter-

mined in terms of the elasticity and density of the medium. The
measure of the elasticity is the force of restitution exerted upon
a displaced particle by the neighlwring particle. In the case which
we are about to consider, the displaced ether particle is urged back
into its position of equilibrium not only bj- the forces exerted by
neighboring ether particles, l)ut also by the forces existing between
the ether and the atoms. The atoms are, however, not stationary.

l)ut are set in motion to a greater or less degree by the waves. If

the waves have the same period as the atom, the latter will bo
\iolently agitated, in a manner analogous to that of a tuning-fork

when subjected to sound-waves of the same period as its own. If

the peri(jd of the light-waves be different from the fr(>e jieriod of

the atom, the latter will be forced to vibrate with a period different

from its natural period, and the amplitude of the vibration will lie
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in which rj is the displacement of a particle at distance x from the
boundary at time t.

As we are dealing with a medium in which absorption may take
place, we must modify this expression somewhat. The amplitude
will decrease as the disturbance penetrates into the medium, owing
to the friction of the vibrating atoms, and it ^dll decrease by the
same fractional amount for equal increments of x.

Let A be the amplitude at the boundary. At distance x from the
boundary' the amplitude « will be

a= Ae~'", where A; is a constant.

Substituting this in our last equation we have

(3) 7; = Ae-*^sin2 7r(^|-|'

In the same way, if B is the amplitude of the atom at the bound-
ary, we have

(4) 2/
= 5e-sin2 7r(^l-|

where A is a possible difference of phase between the ether particle

and the atom.
We now twice differentiate rj and y with respect to t, regarding x

as constant, and twice \\'ith respect to x, regarding t as constant,

and substitute these values in equations (1) and (2).

—- =—7^ Ae sm 2 TT —
dt' T^ \T t

df T^ \T I J

^ ^k^Ae-"' sm^+^k(Ae-'" cos^) +k'^Ae-'" cos^
dx^ I I

^"^^
A -kx • ^

r

in which <I> = 27r(- — "^

\T I

The expression for -—
' is substituted as it stands, while in the case

dt-

of the expression for —^ we group the sin * terms and cos ^ terms
dx^

thus

:

(k'^Ae'^-^j^Ae '''\i(\n<^ = {k''-~\Ae'"sm^,

which, when multiplied by a , gives
u

-a-{^-^-k'\Ae-'"sm^.
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Grouping the cos ^ terms in the same way gives

2a-f^-A-MAe-*"^sin4>.

We require also an expression for {-q—y),

^(^-y) = ^rie-*-sin<&-5e-*'sin($-*)1

^Ae-"' sin 4>- ^ sin (<1>-^)

in which

A

fi Ti ft fi

Substituting in equation (1) for —f ,
--' and (rj— y) the values

obtained from the equations (3) and (4) we have

-^Ae '"sin ^^-a-('^-kA Ae "''8111^ + 2 a -'^kAe-'' cos

^

T^ fi.\ I- J fx I

siii<^—-sin (^— *)A

If n is the refractive index of the medium for a disturbance of

period T, the wave-length of which in free ether is A, then 1= -
; we

n
2 TT e

next introduce a new constant k such that A* = k— , and put C^ = a - •

We have seen that a - is the square of the velocity of propagation

of the disturbance ; .". ^ = ^•

Dividing each term in the expression by Ae~'"'p or its equivalent,

we get

-— sm^=- 4 TT^n- _ 2 4 7r-

A- " A

-A

sm ^ H cos <P sm 4>

A A A2

5
sin ft* sin(*— *)A

—-(n-— 'c2)sin<^
A"

+— 2 nK cos ^- -^f sin $- — sin (<!>-*)
A2 ,xC'\ A

Writing now for sin^( — ^) the equivalent sin $ cos *— cos<I>

sin *, we get

j(;i2_^2_i)i^ + iLfl-^cos*Msin^
A2 f.i^ A

2 n/c •
—-- — sm V cos <J> = 0.

A2 /X^2 ^
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This equation must hold for every value of $, which is only

possible when the coefficients of sin $ and cos $ both equal zero

;

otherwise, with increasing $ in the first quadrant, the first member
would increase and the second diminish and the equation no longer

The equation therefore falls into two, and dividing through by— »

we get (5) n^-^^-l = -^_+^_jCos%

and (6) 2-=J^|sin*.

These equations give us the refractive index and extinction coef-

ficient K in terms of the ratio of the vibration amplitudes of the atom
and ether, and the phase between them. We have next to deter-

mine these two quantities. Substituting in equation (2) the values

found for the first and second derivatives, and for {rj—y) and y^

gives

- i^ Be-'" sin ($-*) = ^ Be'^'f- sin ^- sin (<I>- *) ^

-^ Be-*' sin ($-*)-- Be *"^ cos (^-*)

.

m m T

Divide through by Be~'", and wTiting as before for sin ($— *) its

equivalent, we find that this equation also breaks up into two

:

—- cos^= — — — -—' COS* sm*
T2 mB m m T

and ^ sm * = ^^—-^ sm * —cos*,
T^ m m T

which gives us the amplitude ratio and the phase-difference in terms
of the constants of equation (2).

Multiply the first equation by cos *, and the second by sin *, and
substract the first from the second, and we have

i^^==_^4eos*^to.
T^ mB m

Multiply the first by sin * and the second by cos * and add, and
we have

0= — — sm* —-•

mB m T

— cos*

The first equation gives — = ^-7 1—j-
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— sin *
The second — = -r—

A 12^
m T

The quantity B + y in the first of these two equations is the sum
of the forces acting on the atom when displaced unit distance, the
ether being regarded as at rest (or ^ = 0) . The equation of motion

oi the atom under this condition is, disregarding friction, —dry
a ,

= ^ y, and its period of oscillation we will designate by T^.
m

B + y 4 7r2 4 TT^t^-—' = -=-: =
, , ,

where A„ is the wave-length in ether of am 1 „/ A^''

disturbance of periodic time Tm, ^ being the velocity of propagation.

(See last equations in section on Periodic Motion, chap, i.)

Substituting this value in the equations for the amplitude ratio

gives us

(9) ^= ^ ^Q^^ =-^ ^=^^cos>^^ A 4:7r^C-m 1 1 4 7r2^2wA2_xj

(10)
B ^ /3 sin ^
A 4 7r2^2w

~8 1'

2 TTtnC X

.,2

in which we recognize the term -^—^ , which we have seen accounts

for anomalous dispersion.

We will now write « for .\J (all the quantities being con-
2 Trmc,

R O \ 2\

stants), and (10) becomes— ==

—

~ =— sin*, and dividing this
A 4 Trx^m «

by (9) we have = -^ -^.
tan* « XJX.^

(11) tan* "^
A2-A„,2

an expression for the phase-difference between the ether and the
atom in terms of the constants and the wave-length of the light.

We shall presently require an expression for sin^* and cos'^*,

which we can get from

din 2 \Ji

1— cos^*;
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(12) cos^*=
(,/_'i:y2U^

'

(13) Sin2 ^= ^^_^ 2)2^,,2;^2
'
S^^^^ S'^' * + ^OS' * = 1

'

expressions which we shall presently substitute in (9). We now
multiply equation (9) by cos * and (10) by sin *, and substitute for

the cos-* and sin-* the expressions given by (12) and (13),

B ^ f3 \JX^(X^-XJ)— cos Mf= — •———^^ ^—

A 4 7r2C2m.(A2-A^2)2 + «2A2'

— sm *^
A 4:7r-'C-m (A'^-A,„2)2j_a2x2

Substitute these values in equations (5) and (6),

'^ "
47r2^V (4 7r2C2)V/n"(A2-A„2)2 + «2^2'

2 7iK=
^" ''^-^'

{4:7r^C-yix?n' (X^-Xjy + a^X^

Let P= r-fr and Q--^^,
which we may do since only constants are involved, and we have the

final equations,

^ (A2-Xjy + «2A2 ^ (A2 - A;„2)2 ^ „X2

In these equations n is the refractive index of the medium for

wave-length A, 2 ttk is the fraction of the light lost by absorption in

distance A within the medimn f since ^' = k —^
J

. (See eq. (2a).)

The dispersion formula gives us not only the relation between the
refractive index and the wave-length, but also the relation between
the absorption and the wave-length. If we have atoms with dif-

ferent free periods, we must place a summation sign before each of

the terms in the rigiit-hand meml)er of the equation. They are

then applicable to media with more tlian one absorption band.

^2_^2_i = _2PA2 + 2Q ^'(^'-V)

2n»c= 2Q

(A2-A„2)2_|_a2X2

«A5

(A2-A„2)2^„2X2

We will now proceed to examine the equations in some detail,

api^lying them to transparent and then to a])s()rl)ing media.
Application to Transparent Media. — As we have seen, we must

define traus])an'tit media as media with al^sorjition bands outsid*^ of

the visible S])ec1 rum. For such iiiecHu, if we confine our attention to
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values of A in the freely transparent region, we can put k = in the

equation, since there is no absorption. If k = 0, then « must also

equal zero, since if there is no absorption there is no friction.

The first equation now reduces to

n2 = l-PA2+Q
^'

'A2-A^2

This expression dififers somewhat from the Sellmeier formula,

A2
n2 = l+Z)

A2-A 2

and from the electro-magnetic dispersion formula, which we shall

presently develop, and which, for transparent media, reduces to a

form identical with the Sellmeier equation. The term — P reminds
us of a similar term in the complete dispersion formula of Ketteler

which we shall take up presently, which represents the effect of an
absorption band in the infra-red. There is, however, no connection

between the two, as is at once evident when we remember that the

expression was developed for a single absorption band. The A*

in the numerator makes it seem at first sight as if the two formulae

must be quite different. This apparent difference disappears as

soon as we calculate the values of the constants P and Q.

These constants cannot be determined from theory, but they can
be calculated if we determine three values of the refractive index

W], n2, ris for wave-lengths Aj, Aj, A3.

A*
Writing the equation n^— l^ —P^^+Q-; n in the form

A2— XJ^

n'~-l
, T.NA A

A2
^)(i-^)-Q-o,

and letting ^-^i-—- = r, '\^ = s, and '\^ = t,

we have three equations,

(r+P)(l-^)-Q = 0, (. +P)(l-|^)-e= 0,

from which the three constants P, Q, and A„, are determined.
The constants of the Cauchy formula can be determined from two

observed values of n and A ; thus

1 I— — n-—

-

ITX' L_i_
A.,2 Ai2 V Xi2
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For water at 19°.5 C. the constants are as follows

:

Helmholtz formula Cauchy formula

V=.87979 A =1.324137
P=.865895 B= .30531

Q = .865767

These constants once determined, we can test the formula by
calculating the values of n for other wave-lengths, and compare
them with observed values. In the following table are given the
values for water obtained by Wiillner, the values of A being des-

ignated by the Fraunhofer Unes. The differences between the
observed and calculated values are given in the last two columns

:

Calculated values differ by
X
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Since P=Q, the term —(P—Q)X'^ falls out, and we have the
Cauchy formula, writmg A = l+QXJ, B^QXJ, etc. This explains

why the Cauchy formula is capable of representing a dispersion

curve as well as it does, its agreement with the Hehnholtz formula
being accidental, of coin'se.

Calculation of the Position of the Absorption Bands of Trans-
parent Media.—The Helmholtz equation was modified by Ketteler,

who obtained a formula containing a term, the square root of which
represented the refractive index of the medium for infinitely long
waves. This formula, being essentially identical with the electro-

magnetic dispersion formula which we shall develop later on, will

for the present be assumed. It enables us to push our investiga-

tions over a wider range of wave-lengths than was possible with the
other equation, and is commonly spoken of as the Ketteler-Helm-
holtz dispersion formula.

The two equations are

i2— If-— '
MjX'^-XJ)

(A-2-\f)+aA2

2nK^V ^^"^

This formula has been verified over a wide range by the investiga-

tions of Paschen, Rubens, and others, who have measured the
dispersion of various substances in the infra-red, visible, and ultra-

violet regions, and compared the observed values with those cal-

culated from the formula, finding most perfect agreement.
By measuring the dispersion in the visible spectrum and deter-

mining the constants, it is possible to calculate the positions of the
absorption bands in the infra-red and ultra-violet, even if we can-
not observe them.

In this way bands of absorption have been definitely located in

the infra-red region of various media, and subsequently found by
experiment.

We will now examine in some detail the application of the Kette-
ler-Helmholtz formula to the study of the optical properties of

quartz.

For transparent media the equation becomes

^A2_A 2

This formula must hold over the entire spectrum with the exception
of the small gaps where the absorption bands lie.

It was found sufficient to take but two terms of the member

2 7^—^ ^^ ^'^ cases where in one term A^2 ^^^g considerably

smaller than \^, and in the other considerably larger ; in other words,
to consider but two absorption bands, one in the ultra-violet, the
other in the infra-red.
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The expression v} = n^

can be written in the form

Ultra-\-io!et Infra-red

A2-V A^-V

the expansion being made by change of sign and division. The
members in the parenthesis form a rapidly convergent series, and
for very diathermous substances, in which the absorption band is

far out in the infra-red {i.e. A2 very large in comparison to A), a suffi-

ciently good approximation is obtained when we ^^Tite

n2 = «2 + -i^ - A-A2, in which a^n^- ^^,'k=^.

If' the diathermancy is less, or if we are working nearer to the
absorption band, we add a second member of the series and get

Now /c= —^ and hx = —| ;
.'•

77 = V, and by determining the con-
A2 A2 A;

stants k and fci, we have at once determined the position of the

infra-red absorption band.
Quartz is a substance exceedingly transparent to the ultra-violet,

visible, and infra-red, and is consequently well adapted for a verifi-

cation of the dispersion formula over a wide range of wave-lengths.

The dispersion is measured in the visible spectrum with the

spectrometer, in the ultra-violet by means of photography, and in

the infra-red either with the thermopile, bolometer, or radiometer.

In these instruments the heating effect of the rays is the means by
which they are detected, the thermopile furnishing a current, and
deflecting a galvanometer needle when the rays strike it, while the

bolometer gives evidence of the rays by the change in the resistance

of a fine strip of blackened platinum due to the heating. The
radiometer, which was brought to a high degree of perfection by
E. F. Nichols, has the advantage of being uninfluenced by magnetic
disturbances, but is not quite as convenient to work with. It

consists of a double vane of mica suspended in a vacuum by a quartz

fibre. The rays, falling upon one of the vanes, cause a deflection,

which is measured by a mirror and scale. A fuller description of

this instrument will be found in the chapter on Radiation.

Rubens employed the lK)lometer in liis earlier investigations.

The arrangement of his apparatus is sliown in Fig. 269. Tiie radia-

tion from a zirconia burner Z was concentrated by a rock-salt lens,

which is very transjiarent to the long waves, on the slit of a re-

flecting spectrometer, dispersed by a wire diff"raction grating, and
focussed on the slit of a second reflecting spectrometer, on the talile

of wliicli the quartz prism was mounted. By means of the grating
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spectrometer, heat radiation of approximately a single wave-
length was thrown on the slit of the spectrometer, and the deviation
of these rays by the quartz prism was determined by means of the
bolometer, which took the place of the cross-hairs in the eye-piece
of the ordinary spectrometer. With this apparatus Rubens in-

vestigated the dispersion of fluorite to 8.9 /*, and of quartz to 4.26 /a.

Taking Sarasin's measurements in the ultra-violet and visible

spectrum, and his own in the infra-red, Rubens compiled the follow-

ing table. The differences between the observed and calculated

values are given in the S columns. The values in column 1 were
calculated from the formula, making use of one member of the con-
vergent series. The calculated values agree with the observed,
from the extreme ultra-violet up to nearly 2 /a, beyond which a
rapidly increasing difference is found, due to the fact that we are

getting so near the absorption band that it is no longer sufficient

to take two members of the series. Three members of the series

were used in compiling the values of column 2, and it is seen that

the agreement is perfect out to 4.26 /*, which was as far as it was
possible to obtain measurements at the time. The constants of

the equation were determined as follows

:

a- = 2.35681, fc = .01113, fci = .0001023,

Ml = .01 0654, V=.01 0627.
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two being 6^ octaves apart. Of this region 4^ octaves could be
measured, and the agreement between the observed and calculated
values within this range was found to be perfect.

Radiometric Observations on Quartz. — The behavior of quartz
with respect to very long heat waves was investigated by Nichols
with a radiometer.

Fig. 269.

He found a strong absorption band between 8 and 9 \j- v.'hich agreed
fairly well -with the position predicted by Rubens from the constants

of the formula. If, however, we use this experimentally deter-

mined value of 'Km, for calculating the refractive indices, we no longer

find agreement between the two sets.

The reason of this appeared upon the completion of a subsequent
piece of experimental work by Rubens and Nichols.

Nichols had found that for the wave-length corresponding to the
centre of the absorption band (8.5 /a), quartz reflected almost as

powerfully as a metal. This, as we shall see in the chapter on
Absorption, is universally true of substances sho^\'ing powerful
selective absorption. The phenomenon is commonly spoken of as
" Surface color," the aniline dyes exhibiting it to a very marked
degree. Quartz was found to reflect about 80 ^^ of the incident

radiation of wave-length 8.5 /u., and only about 2 % of the radiation

at 4 /A. The transmission and reflection curves are sho\\'n in Fig. 270.

On this property of quartz Rubens and Nichols based the very
beautiful method of isolating heat waves of great wave-length. In
brief, the method consisted in reflecting the radiant energy, coming
from a zirconia button heated in the oxyhydrogen flame, in suc-

cession from several polished surfaces of quartz. It is apparent
that, if the quartz reflects like a metal for wave-length 8.5 /u. and
like a transparent medium for all other wave-lengths, the radiant

energy after a sufficient number of r(>flections will contain practically

nothing but the metallically reflected Avaves. Tiie energy after

five reflections was examined with a wire difi"raction grating, and
found to consist principally of waves of length 8.5 /x. In addition

to these waves, the grating showed that wave-lengtii 20 /n was also

present in the reflected energ>\ conclusive proof that tiiere was a

second absorption band at 20 /a. Taking 8.5 \x. and 20 /a as values
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for A2 and A3 in the formula, adding a term
Mo

for the new ab-
A2-V

sorption band, it was found that perfect agreement was again
obtained between the observed and calculated values.

The error in the calculated position of the band (10.4 against 8.5 /a)

was due to the fact that the second band had been neglected. This
shows us how the presence of an absorption band beyond the reach
of observation may be detected. More will be said of this method
further on in the chapter.

S.u.

Wi3i^e /enqfh

Fig. 270.

A further remarkable verification of the formula has been found
by Rubens and Aschkinass {Ann. der Physik, 67, p. 459, 1899), who
have measured the refractive index of quartz for heat-waves of

length 56 it*. These waves are isolated by means of repeated re-

flections from surfaces of fluorite. Inasmuch as they lie on the side

of the infra-red bands towards the region of longer wave-length, we
should expect a higher value of the refractive index than in the

visible spectrum. Calculating the refractive index from the dis-

persion formula, we find the extraordinary value 2.20, higher even
than for the ultra-violet. The value found experimentally by
Rubens was 2.18, a remarkably close agreement.

Dispersion and Absorption of Various Substances in the Infra-

red. — A knowledge of the dispersion and absorption of trans-

parent substances in the infra-red region is of the greatest im-

portance in the design of apparatus for investigations in this region.
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Figure 271 represents according to Rubens and Trowbridge the
behavior of fluorite, rock-salt, and sylvite, the substances chiefly
used for the manufacture of prisms and plates. I have added the
quartz dispersion curve for the sake of comparison, but have
omitted the transmission curve. This curve has been determined

JDispersi'on

•J- flate 1cm Ihick.

'r
Fig. 271.

^0^ If.

by the prism method only as far as 4.5 ft. The rest of the curve is

calculated from the reflecting powers measured by Nichols. The
steepness of the curve is due to the pn^sence of the'lxand of metallic
a})S()rption at 8.5 /a, which is indicated in the figure. Trowbridge
ol)served that powdered quartz showed a minimum of reflecting
power at 4.5 /x. indicating a weak ab.sorption at this point, which
makes itself manifest as a " body-color " effect (see next chapter).
This band is not strong enough to have any influence on the dis-
persion. There is probably a partial though' slight return of trans-
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parency between 5fj. and S.5 fi, thougli it has never been detected

in the case of thin plates.

It is very instructive to compare these dispersion curves with
the transmission curves and note the change of curvature as the

region of strong absorption is approached. As can be seen from
the figure, fluorite makes much the best material for prisms, if we
only wish to work out as far as 10 /a, on account of its greater dis-

persing power. Rock-salt comes next, and sylvite last, though with
it we can go out a little further.

^^ Z^^ZI^
A-

DODD
F, P. ?. fi

Fig. 272.

Application to Absorbing Media and Selective Dispersion. —
Pfiiiger {Ann. der Phys., 65, p. 113, 1898) was the first to undertake
a careful series of observations of n and k in the case of strongly

absorbing substances, with a view of testing the dispersion formula
near to and within the absorption band. He employed sohd bi-

prisms of small angle, obtained by evaporating an alcoholic solution

of an aniline dye between a glass plate and a curved segment of

a glass tube, as shown in Fig. 272a. On removing the segment
of the tube, two prisms of small angle remained on the plate, the

refracting edges being turned towards the centre, as shown at h.

The refractive indices could be obtained by means of these prisms

even at the centre of the absorption band, though in this case the

image of the slit of the spectrometer was greatly broadened by
diffraction, since only the extreme edges of the prism transmitted

the light. The values of the constant k for the different values

of A were determined by means of the spectro-photometer, thin

films of different thicknesses being used. The general form of the

curves found in the case of cyanine is shown in Fig. 273.

In determining the deviations produced by these prisms of small

angle, it was necessary to take certain precautions, brief mention
of which will be of use to any engaged in similar observations. The
glass plate, with its bi-prism, was covered by a l)lack paper screen

provided with four apertures, Fi and F:; exi^osing clear glass, Pi and
P' the two opposed prisms. Fig. 272c. In measuring the deviations,
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the plate is mounted on the table of a spectrometer and the slit

illuminated ^^-ith intense monochromatic light, furnished by a
spectroscope. The wandows FiFo and Pi are covered, and the

broadened image of the slit brought into coincidence -with the cross-

hair. It is first necessary, however, to be sure that the eye-piece is

focussed exactly, otherwise false readings will be obtained, as can be

JbiG. 273.

seen by referring to Fig. 272c?. Suppose the eye-piece to be focussed

on the plane a-6 instead of on the focal point. On account of the

narrowmess of the beams coming through Fi and Fo the images
will be about as sharp here as at the true focus, but we shall see

tivo of them, since the ray bundles are separated, and if we screened

the windows in succession, we should obtain two positions of the

image, though no deviation has resulted from passage of the raj^s

through the windows. It is clear that the same error \v\\\ be in-

troduced, though in a less degree, for the \\'indows Pi and P2, which
cover the prisms. We should therefore place the eye-piece in such
a position that no change in the position of the image can be de-

tected when the apertures Pi and P2 are covered in succession.

This wiW only be the case when it is correctly focussed.

The prism angles are determined by reflecting the light from
their surfaces.

To determine the extinction coefficient, two films of different

thickness are deposited on glass, and the difference in thickness

determined by laying a second glass plate over them, and determin-
ing tlie thickness of the air films above them by an interference

method. The absorption of each film for light of different wave-
lengths is then determined with a spectro-photometer. The
dilTerence of absorption obtained in this way is the true absorption

of a film of thickness equal to the difference of thickness : the loss

by reflection, being the same in each case, falls out. If we are

working with absorbing liquids or solutions, the difference in

thickness can be obtained l)v putting a small ])lat(' of clear glass in

the cell containing the Ii(iuid.

The dispersion and absorption were found to be well represented

by the Ketteler-Hehnholtz fornmla; in tlie forms

2w
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The dispersion of cyanine was also investigated by Wood and
Magnusson {Phil. Mag., January, 1901) by means of cyanine prisms

of larger angles than the ones employed by Pfliiger, as well as by
means of observations of the shift of the fringes formed by the

Michelson interferometer, caused by the introduction of a thin

film of solid cyanine into one of the optical paths. The continuity

of the dispersion curve through the absorption band was well

brought out in the photographs obtained with the interferometer.

The most complete investigation of the dispersion and absorption

of solutions of aniline dyes is that made by Stockl.^ The refractive

indices were determined by measuring with the spectrometer the

deviations produced by fluid prisms of small angle. In work of

this kind, when observations are required near and within the ab-

sorption band, prisms of extremely small angle are necessary, and
even then light is only transmitted by a narrow strip along the re-

fracting edge. This limitation of the transmitted beam interferes

seriously with the resolving power of the instrument, the image of

the slit being broadened by diffraction. Stockl used a prism made
of a pair of glass plates, the angle between which could be varied

to suit the conditions. When observing at a distance from the

absorption band, larger angles can be used which naturally give

more accurate results.

Determination of the Extinction CoeflScient. — The determina-
tion of K is not as easy as the determination of n. By our definition

of the constant, the amplitude of the light-wave of length A decreases

in the ratio 1:6"^"" in traversing a layer of thickness A. If the

thickness of the layer is d, the ratio expressing the decrease of am-
— 2ir/c d

plitude is 1 : e a .

Now the intensity of the light is measured by the square of the am-
-iKK d

plitude, and the intensity therefore decreases in the ratio 1 : e ^

.

To avoid the error due to reflection from the surfaces of the layer, or

the glass plates between which it is held, it is customary to employ
layers of different thicknesses. Let these thicknesses be di and ^2,

and the intensity of the incident hght be Jo- The intensities after
-inxdi —iKitdl

traversing the two layers will be Ji = Joe T and J2 = Jo ^ a" .

log J I = log Jn- 4 TTK -1 log e,
A

log J2 = log Jo- 4 TTK—- log e,

A

log Ji- log J2 = -p log e(d2— di)

.

A

\og^ = ^id,-d,)\oge.
J 2 A

From this equation we can calculate the extinction coefficient k,

by measuring the intensities of the transmitted beams with a

I Stockl, Dissertation, Munich, 1900.
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spectro-photometer. The layers of different thickness are best
obtained by pouring the hquid into a glass cell containing a glass

plate which reduces the thickness of the layer along the bottom
of the cell. The spectro-photometer best adapted to the purpose
is the instrument designed by Vierordt. It is provided with, a
double slit, before which the cell is placed in such a position that
the dividing line between the two laj'ers coincides A\ith the junction
of the two slits. The intensities of the two spectra, which lie one
alcove the other, can be made equal for any value of A bj^ altering

the widths of the slits. Equal illumination is obtained when the
slit A\-idths bi and 62 are inversely proportional to the intensities of

the illuminating beams, that is, when

Our equation now takes the form

(d.-di)loge,
1 69 4 TTK

1
Alogl?

4 7r((4— di) loge bi

The absorption coefficient which we have called k is given by

^^7^—JV^ ^^^T' since K = --.

Further particulars regarding the measurements will be found in

Stockl's paper. His measurements were made ^\'ith solutions of

varying concentrations, and the results plotted as curves. The
curve for cyanine in alcohol

is sho^\^l in Fig. 274. The
dispersion curve for pure
alcohol is represented by an
unbroken line, the solution

dispersion curves by dotted
lines. It will be seen that on
the red side of the absorption

band, the cj-anine increases

the refractivity of the alcohol,

while on the blue side it de-

creases it up to a certain

point, and then increases it

Fig. 274. again. The family of curves
pass through two common

points, which arc the intersections of the curve for alcohol with that

of solid cyanine, the refractive indices of which have been measuri>d
by Pfiiiger and by Wood.
The curves for k are given below the disjiersion curves. The wave-

length for which the maxinuim al)sorpti()n occurs lies furthi^r tow-
ards the red end of the spectrum than in the case of the solid dye.
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Stockl calculated the position of the maximum of the curve for

soUd cyanine from these observations of n and k by employing the

formula for 2 n^, and obtained a value which agreed closely with the

value observed by Pfluger.

Dispersion of Nitroso-dimethyl Aniline. — The remarkable optical

properties of this substance have been investigated by the author

{Phil. Mag., 1903). It is of especial interest in that, while fairly

transparent for wave-lengths comprised between the red and blue,

it has its band of metallic absorption in the violet. This circum-

stance gives it an enormous dispersive power in the yellow and
green, a prism of the substance yielding a spectrum about fifteen

times as long as the spectrum given by a glass prism of the same
angle.

The substance melts at 85° C. and can be formed into prisms

between small strips of thin plate glass. The strips should be about
two centimeters long, and are best fastened together with one of

the small clamps used with rubber tubing. It is best to melt the

material on the end of one of the strips, the other being warmed over

the same flame, and then clamp the two together with a piece of

a match between the ends, to give the required prismatic form.

A candle flame viewed through the prism is spread out into a most
remarkable spectrum. It is instructive to have a prism of the same
angle made of Canada balsam or some such substance pressed out

between two similar glass strips.

The refractive indices were measured with a spectrometer, the

slit of which was illuminated with approximately monochromatic
"light obtained from a spectroscope furnished with a narrow slit in

place of the eye-piece. In the more transparent region a prism

of 8° 7' was used, while in the vicinity of the absorption band it

was necessary to employ one of less than one degree, on account of

the opacity of the substance. The values found are given in the

following table

:
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of the nitroso in the visible region is at once apparent. Carbon bi-

sulphide absorbs strongly below wave-length 36, and its dispersion

can only be measured in the ultra-violet by emplojdng very acute
prisms.

Green Violet Ultra-violet

Fig. 275.

The substance was found to becoftie transparent again on the
ultra-violet side of the absorption band, and measurements were
made in this region by means of photography. A small quartz
spectrograph was used, the nitroso prism being mounted with its

refracting edge horizontal, immediately behind the quartz prism
of the instrument. This device wall be at once recognized as the
method of crossed prisms.

The undeviated spectrum was photographed by the rays which
passed below the edge of the small prism, and by measuring the
distances between it and the deviated portion, it was possible to
calculate the refractive index. One of these photographs is re-

produced in Fig. 275. It will be seen that the deviation is a maxi-
mum in the green at the edge of the absorption band, while on the
other side of the band the deviation is zero, i.e. the refractive index
equals unity for this w^ave-length. The continuity of the dispersion

curve can be traced through the absorption band, though the
deviated spectrum is so broadened by diffraction that accurate
measurements cannot be made in this region. The vertical lines

are the bright spectrum lines of the cadmium spark w^hich served
as a source of light. The complete dispersion curve is shown
graphically in Fig. 276, the position of the absorption bands being
recorded as well.

Optical Properties of Stibnite. — Stibnite, or natural sulphide
of antimony, is a substance which exhibits very remarkable optical

properties. It has a metallic lustre resembling that of freshly

cut lead, and is opaque to visible light. Nevertheless, as Coblentz
has shown, it is extremely transparent to the infra-red radiations,

a slab 0.4 mm. in thickness transmitting 46 % of the energy out
to 12 /A, while one 4.9 mm. thick allowed 43% to pass. This shows
us that the absorption is very nearly nil, and that the rest of the

energy is reflected at the surfaces. The reflecting power of the
substance is about 37%, and results from the very high value of

the refractive index, which is 5.53 for bhu^ light and 4.69 for red,

according to the calculations of E. C. Miiller, made from observa-
tions of the constants of elliptical polarization.

Measurements made by the author with a Michelson interfe-

rometer, and by observing Newton's rings, with a film of stibnite
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obtained by cathode deposition, give the value 3 for yellow light,

the lower value doubtless resulting from a slightly spongy con-

dition of the deposit, which exhibited a lower reflecting power than
the cleavage surfaces of the mineral.

ifB
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medium having the properties of an elastic soHd. We will now
take up the development of the electro-magnetic dispersion formula,

which is not unlike the one which we have already examined. In-

stead of assuming the atoms to be the oscillating particles, we will

consider that the medium contains charged electrons. These may
or may not be identical with the electrons which we consider as

the carriers of electricity in metallic conduction. They are at all

events not the same as the ions of electrolysis. It is necessary to

consider them charged either positively or negatively, if they are

to be set in motion by the rapidly reversing electric force which
constitutes light. We must also think of them as having fixed

positions of equilibrium with reference to the atoms to which they
belong. The application of a steady electric force will displace

them, but this displacement once produced, there ^^^ll be no further

movement until the force ceases, when they will resume their former

positions. It is clear that these electrons are incapable of con-

duction, i.e. there ^\\\\ be no current produced by the apphcation

of a constant difference of potential, for they are bound to the

atoms, and their displacement by an electric force is accompanied
with something that corresponds to a force of restitution, which
we shall consider as proportional to the displacement, as in the

Helmholtz treatment.

As an introduction to the present treatment, the reader is advised

to glance over the derivation of the expression for the dielectric

constant in absorbing media, in the chapter on the Optical

Properties of Metals. The electrons behave differently, of course,

in the case of metals, but we shall require one or two of the expres-

sions representing their effects in the present chapter.

If the electron is displaced by a force which instantly ceases, it

^^^ll be drawn back by the elastic force of restitution, and vibrate

with a definite period, depending on its mass, charge, and the force

of restitution. Forces akin to friction may damp this vibration and
eventually bring the electron to rest. A damping due to radiation

may also occur ; though this is comparatively small, and ^^^ll not be
considered in the present chapter. The electron is analogous in

every respect to the Sellmeier vibrator, and, as we shall see, will

cause the medium to absorb radiant energy' of a period similar to

its own. This period depends on the chemical constitution of the

medium ; in other words, upon the arrangement of the atoms, which
makes it appear doubtful if we can consider the ion, at least in some
cases, as a minute part of tiie atom.- For example, the aniline dyes,

complicated organic com))()unds, with jiowerful selective absorption,

a.'c made uj) of atoms which, when existing as (>l(Mnents, or when
entering into the composition of other coinjiounds, do not show
this absorption at all. A certain knowledge of the nature of the

electron is not necessary for the construction of a satisfactory theory

of dispersion. We have merely to assume that an ehn^trical vibra-

tion of some sort can be set up within the molecule, it being quite

immaterial whether this consists of the to and fro excursion of a

group of (electrons, or of a singh^ electron within an atom.
Calling /// the mass of the electron, c its charge, and t its displace-
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ment along the x axis, we have its motion represented by an equa-
tion similar to the fundamental equation of the Helmholtz treatment,

In this equation eX is the force applied by the wave, 6 may be
defined as the reciprocal of the elastic force which urges the electron
back, when displaced unit distance. If the electron were in equilib-

rium under the action of steady force X, we should have ei=— X.
47r

In the case of metals, where the electrons are free to move con-
tinuously under the action of a steady force, we have 6 =00.
The last term of the equation represents the action of some

damping factor analogous to friction, which is proportional to the

velocity — and a constant r. In the two last terms e^ is written to
ot

show that the direction of the force is independent of the sign of

the charge.

The current along the x axis will consist of two parts, a displace-

ment current in the ether

..s 1 dX
4ir dt

and a convection current due to the motion of the electrons, pro-

portional to the number in unit volume and their velocity,

in which N is the number of electrons in unit volume and — their
ot

velocity. The total current will be

,-.= (i). + (i.).= ,-Lf + !(.«) • -^ (2)

For periodic disturbances we have ^ = Ae^''j ^^^ which '''—^^ ^

being the periodic time of the disturbance which enters the medium,
and ^ the real part of the complex quantity to which it is equated.

The calculations can be much simplified by the introduction of

complex quantities, and we can return at the end to the physical

conception, i.e. the real part of the complex. Differentiating we
have

dt t' de t2^"

B
Multiplying (1) through by , and substituting the above

e4 TT
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derivatives, gives

>
,
reiid miO ^

^+^r~—:;

—

t = 7-^'T 4 TT eVTT^ 4 TT

T 4 TT T^ 4 Tre-j 4

Writing a =—- > o=

gives us

4 IT 4 TTg^

ef=f^^^ (3)
47r . , 1 6

If we have a number of ions with different values of r and 6, the

expression for the current (eq. (2)) takes the form, by substituting

for — its equivalent -r— (see Chapter on Optics of Metals) , eq. (2),
T dt

l + -a--

an equation similar to the one which we derived for an insulator

except that the dielectric constant c is, in this case, represented

by the complex quantity in the parenthesis.

It will be seen that the complex dielectric constant is dependent
on the period T'= 2 7rT of the light. The relation which this value

of the dielectric constant bears to the value e, determined electrically,

can be found as follows.

In the electrical determinations we make use either of very long

periods (method of electrical waves) or static charges, for either

of which we can write T=ao. Substituting this value of t in the

expression for the complex dielectric constant, which we may call

the optical dielectric constant c', gives us

We can define ON as the dielectric constant of one of the groups
of electrons.

The constant h is identified %\'ith the natural free-period of the

electron, the friction coefficient a being neglected. For this case

X = and a = r = 0, under which conditions equation (1) becomes

me 1 . ..32^ I

4 ve^ rJr ot^ tJ'

b = Tj and t„= —

,

27r

T„ being the period of the electron.
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In the Chapter on the Optical Properties of Metals we shall see that

a complex dielectric constant means absorption, and if we substitute

the value which we have obtained for c', namely, 1+5^ —

we obtain an expression connecting the refractive index, and the
index of absorption, with the period of the light vibration and the
natural free period.

The equation of wave-motion can be applied here if we substitute

for e. the complex value e',

1^ =^ (5)
c2 <9«2 dz^

To integrate this, we write

X = Ae'-^"-'''' (6)

X has here the significance of the real part of the imaginary.
The equation gives us the value of the electric force parallel to the
X axis of a plane-polarized disturbance travelling along the z axis,

at any time t, and at any point on z, m being of course the reciprocal

of the velocity with which the disturbance travels in the medium.

d'^X 4 7r2 d^X 4:Tr^m^
Differentiating (6), -—- = 7;rX, -^-— = 7;;z—X,

and substituting in (5),

c' 4 7r2„_ 4772^2 y e'_
2

Since c' is complex, m must also be complex, and we can write

m = —z^— , in which V is the velocity of propagation and k a con-

stant.

Substituting this value in (6),

X=Ae ^ ^ ^ ^ =Ae ^ ''^ '^
,

in which TV=\,
-2 TTK - 2 TTl

X=Ae-''''le''"^r-lJ (7)

In this expression Ae-^'^i, which represents the maximum value

which X has during a complete reversal, is seen to diminish as z

increases. This means that the intensity falls off as we proceed
along the z axis, or that absorption takes place.

The light, after traversing a thickness equal to the wave-length X,

is decreased in amplitude by an amount e~^'"'. The constant k is the

measure of absorption, and is called the absorption index.
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We are now in a position to get the equations which connect the

refractive index n and the absorption index k, vnih. the constants of

the medium.

.-. £'^n2(l-K2-2iK) (8)

By equations (4) and (8) we have

nHl-iKy =\+V f^ „ (9)

By separating the real and imaginary parts of this equation we
can derive two relations, from which ?i and k can be determined.

Normal Dispersion. — In the case of normal dispersion we are

dealing \\\ih a range of frequencies which does not include the free-

period of the electron. The term - a can in this case be neglected,
T

since it represents friction, and friction is not brought into play,

since the electron is not thro^^^l into vibration. This makes the

right-hand member of the equation real, and k = 0. The expres-

sion for the refractive index reduces to

9 '

^' = 1 + 2^ iy, (10)

in which ^; = ^iV. \VJ

For a mediima with two absorption bands, one in the infra-red,

the other in the ultra-violet, the formula may be written

0' ft'

l-M 1-

in which BJ is the value of ^A' for the electrons vibrating ^^^th ultra-

violet periods, and Br, the value of 6N for the infra-red electrons,

T TT„=—^, T^= _?L^ T, and T^ being the free-periods of the two sets of
2 TT 2 TT

electrons.

This formula can be shown to be the equivalent of a Cauchy
series, with four constants,

in which T is the period of the light.

If T differs considerably from T„ and Tr, as is the case when the

radiations belong to the visible spectrum, and the medium is trans-

parent, — will be a small fraction, and we have, by division,

1 ^,Jz.\\(i,^^....
l-fl:"'
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For the infra-red electrons - is a small fraction, and

r2

1_(1.M -—^^ ^"A-l '"l-

Developing the fraction into a series as before, the expression

becomes

-$l-©'^(rjl + .

The dispersion formula now takes the form (writing in place of t

the actual period T)

a irp 2 f) 'T * ft 'T^ (9' 7*4

7^2 7^4 7^ 2 'T' 4

which is identical with the four-constant Cauchy formula just given.

The term A of this formula, which is independent of T, has the

physical significance

A=l+0„'.

The dielectric constant e= l +2^'; .'. e—A=Or,

or the difference between the dielectric constant and the term of the

dispersion formula which is free from T, represents the dielectric

constant of the group of electrons with periods corresponding to

those of infra-red radiations.

The coefficient A' in the formula represents the effect of the elec-

trons with infra-red periods, and in the case of substances with dis-

persions represented by the three-constant formula n^ = A+ — -f-—

>

though we cannot be sure that there are no absorption bands in

the infra-red region, we know that the dielectric constant of the

electrons is small. For such substances A should represent the

dielectric constant. Drude has applied his treatment to the dis-

persion of water.

The coefficient A ' has a larger value for water than for any other

transparent substance, which is what we should expect from the

circumstance that water is the least diathermanous of all the

transparent media. If we assume that but one absorption band
exists in the infra-red, we can calculate its position from the ex-

perimentally determined value of the constants A ' and (.— A. Re-

ferring to the formula we find that A' corresponds to -^ and

f-— A=&*', from which we have for the period of the infra-red electron

-V^^AA'
A' and A are calculated from observations of the dispersion, while

£ is the electrically determined dielectric constant.
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The absorption band determined in this waj' is situated at a point

in the spectrum corresponding to wave-length .078 mm. Rubens and
Aschkinass found (Wied. Ann., page 65, 252, 1898) that the long

heat-waves obtained by multiple reflections from sylvite (A = 61ju.)

were more strongly absorbed by water-vapor than the rays from
rock-salt (A.= 51 /a). This makes it seem probable that the infra-red

band is somewhere beyond 61 /u., which would be in agreement with
the value 78 /* calculated by Drude.

Recent work by Rubens with rays reflected from bromide of

potassium (A. = 80 /a) has shown, however, that water only reflects

9% of the incident energy in this region, and has calculated that

the refractive index is only 1.41. Moreover, a column of water-
vapor at a temperature of 150° and atmospheric pressure 40 cms.

in length, transmitted 33 % of the energy.

Still more recently the reflecting power of ice was very care-

fully investigated in a room at a low temperature by A. Trow-
bridge, in a search for possible selective reflection, but no trace

of the phenomenon was found. These results vitiate the cal-

culations made by Drude completely. The dispersion of water
does not appear to be well represented by any formula at present
at our disposal.

Equation (10) can be ^vritten

V2
2

n^= h^ +X^,' (11)

in which h^ represents the dielectric constant. In this expression we
have substituted wave-lengths for periods, as they are more con-
venient to work with, A» being the wave-length in ether of a disturb-

ance of the same peroid as that of the electron and Mn = 0/\f,-. The
dispersion of the ordinary ray in quartz is well represented if we
take the summation for three terms, i.e. for three absorption bands.
The constants have been determined as follows

:

Mi= .0106, Ai2 = .0106,

M2= 44.224, A22 = 78.22, 6^ = 4.58.

Ms= 713.55, A32 = 430.56.

From equation (11) we see that these constants must fulfil the
relation

A,2 A,^ A32

The sum of the fractions is 3.2, while /,2_| =3 5g
The discrepancy can l)o accounted for l)v assuming the existence

of one or more other absorption l)ands in the remote ultra-violet.

The wave-lengths corr(>si)onding to the ]iositions of these bands are

so .small that we can consider them equal to zero.

If the sum of the dielectric constants of these groups of electrons
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is e:, we have 62=l+^/+2^/, M, = e,'K\

In the present case B„' = .38.

The dielectric constant for quartz has been found to be in the

neighborhood of 4.6, which agrees well with the value of h^ deter-

mined optically.

Selective Reflection in Absorption Region : Residual Rays. —
The method of " Rest-Strahlen " or Residual Rays, originated by
Rubens and Nichols, has been extensively used by other investi-

gators.

Not all absorption bands exhibit the phenomenon of quasi-

metallic reflection, and it is of interest to inquire into the conditions

governing its appearance. Absorption results from resonance

vibration of the electrons, but in some cases they throw practically

all of the energy back, and there is little or no true absorption.

When we come to the Chapter on the Optical Properties of Metals,

we shall see that there is a type of absorption resulting from the

presence of free electrons which have no definite period of vibration.

If these electrons are free to move without friction under the peri-

odic forces of the light-waves, the electric intensity within the medium
will be neutralized within the medium and we shall have complete

reflection. This would be the case for a perfect conductor. If

the electrons experience a resistance to their motion, the neutrali-

zation will not be complete and a portion of the energy will enter

the medium and be absorbed or transformed into heat (ohmic

heating). It is the surface layer only which contributes to the

reflecting power ; in other words, the resonators must be so densely

packed that the wave is practically stopped within less than a wave-
length of the surface. That this is so follows from the principle of

interference. Suppose each layer of resonators to reflect a small

percentage of the incident energy. The phases of the disturbances

would not be in agreement, and they would destroy each other.

Now we find that ultra-violet absorption bands, say those of glass

or quartz, do not give rise to selective reflection. From this we
should infer that the disturbance penetrates a short distance into

the medium and is absorbed. Thin films of glass, only a few wave-
lengths in thickness, are quite transparent, even to the extreme
ultra-violet. They would, without doubt, be found to be absolutely

opaque to the infra-red at 8.5 )«.. It is possible to obtain scales of

mica less than a wave-length thick, and it would be interesting to

compare their transmission at 8.5 ft. and in the remote ultra-violet,

say at 0.2 //.. The absorption bands of many substances, both in

the infra-red and visible region, are of the same nature as these ultra-

violet bands, and cannot therefore be located by the method of

residual rays. Selemite and alum belong to this class, as was found
by Aschkinass. In some cases traces of selective reflection can be
found by employing only a single surface. The residual rays are

in this case much diluted with continuous spectrum, but they can
be located if due precautions are taken. This method was adopted
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by Coblentz, who investigated the reflecting power of a large num-
ber of substances.

Curves showing the percentage reflected by a single surface of a
number of substances examined by Coblentz are reproduced in Fig.

277. Obviously in cases where the reflecting power is below 70%,
most of the energy would be lost after four or five reflections. For
50 % reflecting power, four surfaces would only give us jq of the total

intensity of a band of residual rays.

/oof.

Fig. 277.

The double maximum of quartz at 8.4-9.8 /a has recently been in-

vestigated by A. Trowbridge and R. W. Wood, with the echelette

gratings described previously. Its true form is showai in the smaller

figure. The minimum is very much deeper than it is usually
figured, and the maxima are of nearly equal height. A curve of

this type, obtained from observations made with too small resolv-

ing powers, would come out as figured by previous investigators.

Interesting ol^servations have i)een made by Pfund on the rays
reflected from solutions. Especially interesting are mixtures of
fuming sulpliuric acid and wat(>r. Tlu> pure acid gives bands at
7.2, 10. .3, and 8.6 /x. The addition of water causes the first two to
disappear and a fourth band at O.G/a to a]ipear. which are ascribed
to ionization produced by the water.

Residual Rays from Powders. — The selective reflection of
powdered (juartz in tiie infra-red has been investigated by A.
Trowbridge. He found a minimum of reflecting power in a region
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of the spectrum corresponding to the absorption band at 2.95 /«-,

and a maximum at the absorption band at 8.5 /u,. This is very in-

teresting, and shows us the difference in the behavior of the two
types of absorption bands. The one at 2.95/* is weak, and only

manifests itself when a considerable thickness is traversed. The
quartz therefore shows " Body color " by reflection, i.e. a color

resulting from absorption, the energy penetrating deeply into the

powdered mass, and finally emerging as the result of repeated re-

flection and refractions among the particles, robbed of energy of

wave-length 2.95 /a. The band at 8.5 fi is metalhc in character, and

the energy is selectively reflected from the upper surfaces of the

particles. If the particles were very small and the surface flat,

specular or regular reflection would appear. Trowbridge used

a rather coarse powder, and studied the diffuse reflection. The
distinction between the two types of bands must be taken into

account in all investigations made with surfaces which permit of

the formation of " Body color," otherwise the results will appear to

be very anomalous in character.

Interferometer Investigation of Long Heat-Waves. -— An investi-

gation of remarkable interest has been made recently by Rubens
and Hollnagel ^ with an interferometer designed especially for

work in the infra-red. This investigation has resulted in the dis-

covery of heat-waves 96/* in length, the longest Rest-Strahlen

observed. The arrangement of the apparatus was as follows.

Light from a Welsbach lamp, without a chimney, rendered par-

allel by a mirror, was passed through the interferometer. The
plates of this instrument were of quartz, cut perpendicular to

the axis, .6 mm. in thickness. Thin plates of quartz are fairly

transparent for the very long waves, and on account of the high

value of the refractive index in this region, possess a very high re-

flecting power. Previous investigations by Rubens and Aschkinass

had shown that the refractive index for the waves reflected from

sylvite (A. = 56/t) is as high as 2.18, which gives a reflecting power
of nearly 14 %. After passage through the interferometer the rays

suffer a fourfold reflection from the reflecting surfaces (which

are made of crystal plates, or slabs of fused salts), and are then

focussed upon the radiomicrometer. The quartz plates were

first placed in contact, and the scale deflection observed. They
were then separated by constantly increasing amounts, readings

being taken for each position. With properly adjusted plates,

an interference maximum or minimum could be made to cover

completely the sensitive surface of the recording instrument, and

by plotting the scale deflections against the readings of the inter-

ferometer wheel an intensity curve was obtained precisely similar

in every respect to the visibility curves obtained by Michelson with

his instrument. The substances investigated were rock-salt,

sylvite, and the bromide and iodide of potassium. The curves

obtained from some of these substances are shown in Fig. 278.

From the similarity to the visibility curves obtained with sodium
light we recognize the presence of two wave-lengths.

» Sitz. Ber der Preus. Akad., Jan. 20, 1910.
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From the known separation of the quartz plates for each maxi-

mum and minimum, the intensity curve of the radiation can be
calculated. The longest waves were obtained from plates of fused

iodide of potassium, which gives us Rest-Strahlen 95.6 /a in length.

The wave-length of the selectively reflected bands from the sub-

stances selected are given in the following table

:

Rock-salt 53.6 /u, and 46.9 /u,

Sylvite 69.9 61.6

Bromide of potassium 86.8

Iodide of potassium 96.5/1.

Intensity curves of the radiation reflected from rock-salt, sylvite,

and potassiimi bromide are reproduced in Fig. 279.

An investigation also made of the absorption and reflection of

the rays from potassium bromide and iodide is recorded in the

following table

:

Material Thickness

Pebcentage Transmitted
FOR

KBr Rays KI Rays

Quartz . .

Quartz . .

Quartz . .

Quartz . .

Paraffine ,

Mica . . .

Hard rubber .

Water . . .

Fluorite . .

Rock-salt . .

Glass . . ,

Sylvite . .

Water-vapor
Carbonic acid

.60

2.00

3.03

4.03

2.90

.02

.40

.0026

3.48

3.00

2.2

4.1

400
400

64.9

47.6

39.2

31.4

47.6

51.7

30.3

77.3

38.7

100

59.2

50.4

54.5

25
43

33

As will be seen, quartz, paraffine, and hard rubber arc the only

substances which show any considerable transparency to the ra-

diation. Mica, however, can be split into such thin sheets that

they exercise no appreciable influence either by absorption or re-

flection. The water-film investigated was a soap-bubble film con-

taining 10% of glycerine and 1 % of oleate of soda. The water-

vapor was contained in a tulie 40 cms. long and 9 cms. in diameter,

with open ends kept at a temperature of 150° hy electrical heating.

Steam at a temperature of 100° and atmospheric pressure wixs l)lo\\'n

into this tube from the side, the powerful superheating preventing
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condensation at the open ends of the tube. It was found that the

rays from rock-salt and sylvite were completely absorbed by the

Distance between interferometer plates.

Fig. 278.

water-vapor, while the radiations from bromide and iodide of

potassium were partially transmitted. The transmissions of quartz
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will exercise a marked influence upon the wave-length determina-

tion. The results are recorded in the following table :

Thickness
OF Plate



THEORY OF DISPERSION 415

tions from a Welsbach light A (without cliimney) pass through a
hole 1 cm. in diameter in a screen B made of two sheets of tin,

and is received by the quartz lens C. For the longest heat-waves

Fig. 279 a.

previously measured, Rubens found that the refractive index of

quartz was about 2.2, and the screen E, also perforated with a 1 cm.
hole, was accordingly mounted at such a distance from the lens

that the two screens were at conjugate foci, for radiations for which
the refractive index of the lens had this value.

Owing to the much smaller value of the refractive index for the
shorter heat and Ught waves, these actually diverge after leaving
the quartz lens. The paths of the two tj^jes of rays are indicated
in the figure, the long heat rays being represented by wavy lines,

the short-wave rays by dotted lines. The aperture E is screened
from the central portion of the short-wave ray-bundle by a small
coin D fastened to the surface of the lens with wax. A single lens

arranged in this way enables us to obtain at once the longest heat-

waves of all, but to make matters sure, the second lens F, arranged
in the same way, was used to focus the radiation upon the thermo-
element of the radio-micrometer G. This still further purified the
radiation, though its use was not imperative. To test whether
the radiation is pure. i.e. whether we have completely eliminated
the short waves, we have only to introduce a plate of rock-salt in

front of the screen E, which should completely absorb everything.
By introducing the interferometer in the place of the screen

E, it was found possible to measure the wave-length of the radia-

tion isolated by the quartz lenses. The maxima and minima
obtained as the distance between the quartz plates was increased
were very pronounced, but only three could be recorded, owing to

the wide spectral range of the transmitted radiation. The curve
obtained is shown in Fig. 279 b, and its analogy to the intensity

curve obtained in all interference experiments with white Ught is

at once apparent. The mean wave-length of the radiation can be
determined from the distance between the maxima, and was found
to be 107 /x or more than one-tenth of a millimeter. There are still

longer waves present, as we know from the damping of the intensity

curve; in other words 107 fx is merely the centre of a rather broad
spectral region isolated by the quartz lenses. We thus have experi-

mental evidence of waves probably as long as 130 /* or possibly
150 IX in the radiation from the Welsbach lamp.
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The shortest electro-magnetic waves have been recentlj^ obtained

by V. Baeyer with a new t^'pe of electric oscillator; their wave-
length was found to be
in the neighborhood of

2 mms., so that the gap
remaining between the

electric and the optical

spectrum is no longer

very large. These very
long heat-waves have
some very curious
properties. They pass
through thin black

paper almost without
absorption. It was in

fact found possible to

isolate them by means
of a concave mirror

combined 'with two or

three sheets of black
paper. The spectrum
range obtained in this

way was, however,
very much wider than the range obtained with quartz lenses.

Thick films of smoke absolutely opaque to light were also trans-

parent to them.
The absorbing powers of quartz and water for these radiations

are shown in the follo^\dng table, q being the absorption coefficient

in the formula - = e "*.
u

DISTANCE BETWEEN PLATES

Fig. 279 h.
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For his shortest electro-magnetic waves, v. Baeyer found that

even the thinnest water films were absolutely opaque, so that the

absorption, which decreases rapidly in passing from 87 /a to 107 /u.

must begin to increase again somewhere between A = .1 mm. and
X = 2 mm. The investigations with these very long waves is in

progress at the time of writing. They can be obtained with an
intensity about five times as great as the intensity of the 97 /*

waves reflected from the plates of potassium iodide, which makes
their study comparatively easy.

Selective Reflection in the Ultra-Violet. — Very little work has

been done in this direction. In general the phenomenon of metallic

reflection does not occur at the ultra-violet absorption bands.

Some investigations, made by Martens, of the ultra-violet dis-

persion of certain organic compounds, indicate that traces of se-

lective reflection exist in certain cases. Cassia oil, for example,

which in the thinnest possible films, pressed between fluorite plates,

is opaque to everything below wave-length 3360, exhibits the phe-
nomenon. Light from the cadmium spark, reflected a number of

times from its surface, is shown by the spectroscope to consist

chiefly of the 2748 line, no trace of the equally strong lines 2573 and
2321 appearing on the photograph. Fourfold reflection from a sur-

face of mono-bromnaphthalin showed the lines 2321 and 2288 only.

Bisulphide of carbon, investigated by Flatow, showed a reflection

maximum at 2310. This is a subject which requires further in-

vestigation, and the work already done should be repeated. In

working with ultra-violet rays, we are completely in the dark, and
the high dispersion of all transparent substances in this region means
wide angular separation of the rays at any refracting surfaces used.

Great care must be taken to make sure that the rays of all wave-
lengths have a chance to reach the spectroscope. Quantitative

measurements of the reflecting power for different wave-lengths
should be made at the same time, and the transmission of the

thinnest possible fihns examined. If the substance is in contact

with glass, quartz, or some other transparent substance, we may
have a selective reflection resulting from the difference between
the values of the refractive index. This will modify the color

of the reflected light in any case. In many cases the color

of the light reflected is totally different from that most strongly

absorbed. For example, the surface color of cyanine is purple,

and the absorption band is in the yellow. Its purple color

is due to its failure to reflect a region of the spectrum bordering

the absorption band on the green side, resulting from the

very low value of the refractive index. In contact with glass,

viewed from the glass side, it reflects yellowish green light. Nitroso-

dimethyl aniline, which has an absorption band in the violet, ex-

hibits a brilliant blue reflection when in contact with glass (from

the glass side), but practically no trace of color from the surface

in contact with air. Selective reflection of this nature is chiefly

the result of the high value of the refractive index, and cannot be
used as a method of locating the position of the absorption band.
Such experiments show us the care we should use in interpreting

2e
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results found in the ultra-violet, where effects due to refractive

index may be even greater.

Selective Dispersion of an Absorbing Gas. — We will begin by
considering the remarkably interesting case presented by the vapor
of metallic sodium. This vapor has two very strong absorption bands
(the D lines) which profoundly affect the velocity with which light-

waves traverse the vapor. The selective dispersion of the vapor was
first observed by Kundt, who noticed, when projecting a continuous

spectrum upon a screen, a sodium flame having been placed in front

of the lens to exhibit the reversal of the lines, that the edges of the

spectrum immediately adjacent to the dark absorption lines were
slightly curved in opposite directions, indicating abnormally high

and low refracting power of the prismatic absorbing flame. The
phenomenon has been subsequently studied by Becquerel, Julius,

Ebert, and Wood.
An application of the Sellmeier formula, w^hich is identical with

the electro-magnetic formula which we have just developed, was
made by Lord Kelvin {Phil. Mag., 47, 1899), which will be given

presently.

If we write the formula in the form n^—l-^— —, in which

A„ = 5893, the mean wave-length of the D lines, it will represent

fairly well the dispersion of the vapor, the two absorption lines

being so close together that they can be considered as one, at least

when the vapor is very dense. If we give to A values slightly larger

and slightly smaller than A„, we shall find that the denominator
grows less as w^e approach the absorption band from the red side,

resulting in a rapid increase of n. When A = A™, the denominator
becomes and n = QO. If, however, we approach the absorption

band from the side of the shorter wave-lengths, the denominator
of the fraction becomes negative, which gives us values of n which
are less than unity. The value of the fraction will obviously be-

come greater than one eventually, which will give us for y\ the squan^

root of a negative quantity. Such a value of the refractive index

has no meaning, however, though we may interpret it, as Lord
Kelvin does in his paper, by saying that it indicates that no light

of such wave-lengths as give an imaginary value to the refractive

index can enter the medimn : they are selectively reflected. It is

perhaps questionable whether this interpretation is allowable, since

the formula, as we are using it, has been simplified on the assimip-

tion that it is only to be applied to regions of the spectrum for which
the substance is transparent, a region which obviously does not con-

tain the wa\'e-lengths in question, owing to the finite width of the

absorption bands.

The conce]:»ti()n is us(>ful, however, in that it shows us that the

failure of light to penetrate a medium may result from other causes

than the stirring up of vibrations within the medium which are

accompanied by friction. In the latter case the energy is used up
in heating the medium; in the former it is thrown l^ack or reflected.

It is clear that as the density of the sodium vapor is increased the

numerator of the fraction increases. For a very dense vapor the

1
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range of wave-lengths which give to n an imaginary value stretch

farther away from the center of the absorption line towards the

more refrangible end of the spectrum. We should therefore expect

that the dark band seen in the spectrum of the transmitted light

would widen out on this side as the density of the vapor increased.

As a matter of fact it widens out on both sides. Moreover, it

widens in a similar way if we increase the length of the absorbing

column, holding the density constant, which makes it seem prob-

able that the broad band is caused by true absorption, and not by
selective reflection.

A study of the dispersion of the vapor of metallic sodium has

been made by the author, with a view of testing the simplest form

of the dispersion formula which we have, namely the one given

above. ^

As the phenomena exhibited by this vapor are among the most
beautiful in physical optics, it may be well to consider them in some
detail.

The apparatus for shoA\ang the selective dispersion of the vapor

is very easily prepared. Though glass tubes have sometimes been

used in these experiments, their use is discouraged, as they are very

liable to crack.

Procure a piece of thin steel tube 25 mms. in diameter and 30 cms.

long, drill a small hole near one end and braze in a short piece of

brass tubing. This can be done at any bicycle repair shop. The
wall of the steel tube should be as thin as possible, to prevent heat

conduction, a millimetre or less if possible.

Close one end of the tube with a piece of thin plate glass cemented
with seahng wax. To make an air-tight joint, the steel tube should

be heated until the wax will melt when brought in contact with it.

Spread a layer of the wax around the end of the tube, warm the

glass plate, and press it firmly against the wax ring, first softening

the latter with the Bunsen flame. Now go over the joint with a

minute pointed gas flame burning at the tip of a glass tube drawn
down to a point, until the wax runs into close contact with the

glass. A joint properly made in this way will hold a cathode ray

vacuum for hours.

Mount the tube in a horizontal position in a clamp stand at the

height of the slit of the spectroscope, which is to be used for viewing

the phenomenon, and introduce eight or ten small pieces of clean

sodium, pushing them down the tube one by one, so that they may
lie side by side along the middle portion of the tube. Now close

the other end with a piece of plate glass, in the same way. The
cube should next be placed in communication with an air pump and
exhausted. If the pump leaks, it is a good plan to introduce a stop-

cock, which can be closed after the exhaustion. A pressure of from
one to three cms. of mercury can be used, which can be obtained

with a water pump. Strips of wet cotton should be wrapped
around the tube near the ends, to prevent the sealing wax from
softening, and water should be poured on them from time to time.

' Wood, "A Quantitative Determination of the Anomalous Dispersion of Sodium
Vapor," Phil. Mag., September 1904.
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The under side of the tube is heated by a row of small flames,

furnished by a burner, as sho\^^l in Fig. 280. The ends are kept cool

by wet cotton. The burner is made by drilling a dozen or more
minute holes in a piece of brass tubing, closing the ends, and
mounting it on a Bunsen burner. On heating the tube the sodium
vaporizes, and diffuses gradually to the cooler parts of the tube.

The metal usually contains a large amount of hydrogen, and if

this is given off in too great quantities it should be removed by the

^TOF^

(^ (i) ^ (^ ^ 6 ^

Fig. 280.

pump. A high vacuum should not be used, for it is the presence

of hydrogen or nitrogen at low pressure that makes the sodium
vapor distribute itself in a non-homogeneous manner. The vapor is

given off along the heated floor of the tube, but its diffusion towards

the cooler top is interfered with by the residual gas in the tube.

The vapor wall be found to be very dense along the floor and highly

attenuated along the top. This condition can only obtain when
some other gas is present to keep the pressure balanced. It is easy

to see how this condition comes about. Suppose our residual gas

is at a pressure of 1 cm. and we heat the floor of the tube to a tem-

perature such that the vapor pressure of sodium is also 1 cm. If

the vapor is given off from the molten metal more rapidly than it

Fig. 281.

can diffuse to the cooler parts of the tube, it will accumulate over

the surface of the metal, and may even be thought of as displacing

the residual gas entirely in this region. Along the cooler top, where

condensation is taking place, the density of the vapor can only be

as great as that determineil by the temjierature here. Here we
may have a pressure of 9 mras. of residual gas and 1 mm. of sodium



THEORY OF DISPERSION 421

vapor. Halfway between the top and bottom we may have a
mixture of equal parts of gas and vapor, each at 5 mms. pressure.

The sodium vapor is therefore the optical equivalent of a prism,

for the amount of it traversed by the light increases as we pass
from the top to the bottom of the tube : the sodium tube is thus

E^-^-^~:::::::iDv -msjmjaiix -m'-zn

i
Fig. 282.

the equivalent of a prism with its refracting edge horizontal, resting

upon its base. The deviation of the rays will be gradual, however,
as in the non-homogeneous media described in the Chapter on Re-
fraction. Observations on the deviation produced by the non-
homogeneous cylinder show that the equivalent prism has a form

Fig. 283.

similar to that shown in Fig. 281 , the density gradient being steeper

near the bottom of the tube. To secure good definition it is there-

fore necessary to place in front of the tube an opaque screen per-

forated with a wide horizontal slit.
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The arrangement of the apparatus is sho"v\Ti in Fig. 282. A hori-

zontal sht is illuminated by focussing the sun or arc upon it, and
the emergent rays, rendered parallel by a lens, passed dowTi the

sodimn tube. A second lens forms an image of the horizontal

slit across the vertical sht of the spectroscope. This image should

be carefully focussed, so that the spectrum appears as a brilliant

narrow band -with sharp edges.

On heating the tube, the sodium prism deviates the rays of differ-

ent wave-length up or doAvn by different amounts, curving the

spectrum into two oppositely directed branches. The spectrum
on the green side of the D lines will be found to bend down in the

spectroscope, which means that the rays are deviated upwards in

passing through the sodium tube, since the spectroscope inverts

the image of its sht. This means that these rays travel faster in

the sodium vapor than in vacuo, or the prism acts for these rays

like an air prism immersed in water. The red and orange region

is deviated in the opposite direction; these rays are therefore re-

tarded by the vapor.

Photographs of the anomalously dispersed spectrum are shown
in Fig. 283, the upper for dense, the lower for rare sodium vapor.

Its appearance is also shown on the colored Frontispiece, Figs. 2a
and 26.

It may be found that the jicrfonnance of the tube is improved
by laying a long pad of wet cotton along the top. This makes the

temperature gradient steeper and facilitates the formation of

the non-homogeneous vapor cylinder. A tul)e of the dimensions
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given shoukl show the phenomenon on as great a scale as the photo-
graph reproduced in Fig. 284. In this case the position of the

D hnes was recorded on the plate by holding a sodium flame in front

of the slit, after the exposure was over.

If we remove the spectroscope and place an eye-piece in the
position previously occupied by the slit, we shall see the anomalous
spectrum produced by the sodium prism, as shown in the colored

Frontispiece, Fig. 1.

The development of this spectrum from the horizontal image
of the slit, seen when the tube is cold, is most instructive to watch,
and shows us at once that the sodium prism deviates some of the
rays up and others down.

If the electric arc is employed as the source of light, the extreme
violet Avill be found to occupy the position of the undeviated image
of the slit. Then comes the blue, sometimes in contact with the
violet and sometimes slightly separated by a fine dark line, owing
to the fact that the violet light comes from the fluted carbon band
of the arc, which is separated from the blue by a comparatively dark
region. Then comes a wdde gap corresponding to light absorbed
])y the sodium vapor in the blue-green region (the channelled
spectrum), and above this a beautiful flare of color ranging from
blue-green through grass-green to yellow. The red and orange
portion of the spectrum is on the other side of or below the un-
deviated image, forming another brilliant flare of color. It is

separated from the violet by a wide dark band, due to the absorp-

tion in the vicinity of the D lines. If the density of the vapor is

increased by heating the tube to a higher temperature, the red flare

extends lower down, grows fainter, and finally fades away, owing
to the presence of the fluted absorption bands in red. The green

and blue persist, however, becoming more widely separated, but
finally the green disappears almost entirely. It is best to arrange

the gas cock so that the height of the flames can be controlled with-

out leaving the eye-piece, for it is surprising how slight a change
is necessary to completely alter the general appearance of the

spectrum.
To obtain this spectrum in its greatest splendor, it is best to use

a tube of hard glass about 50 cms. long heated in the same way,
containing fifteen or twenty small pieces of sodium. The tem-
perature gradient is much steeper in a glass tube and the dispersion

much more powerful. The flames may be turned up and down
during the experiment, but they should never be turned quite out,

for the tube will almost invariably crack on reheating after it has

once cooled dowTi.

By employing a quartz spectrograph photographs have been
made of the anomalous dispersion at the ultra-violet lines 3303
and 2852, as shown in Fig. 285.

It is much less strong at 3303 and barely noticeable at 2852.

These absorption lines all belong to the principal series of sodium,
and they are spaced along the spectrum according to a definite law.

Though we can measure the relative indices of the vapor by this

method, we have no means of determining the absolute values, for
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we have no means of knowing the angle of the prism of vapor

which is the equivalent of the non-homogeneous cylinder.

Fig. 285.

Absolute values have, however, been obtained by means of the

interferometer, by comparing and measuring the shifts of the fringes

obtained by introducing a given amount of sodium vapor into the

path of one of the interfering beams. A full description of the

methods and apparatus employed will be found in the paper
referred to. In brief, it consisted in placing a sodium tube, elec-

trically heated, between two of the mirrors of a Michelson interfe-

rometer. Uniform heating was necessary in this case, as no pris-

matic action was desired. The instrument was illummated wdth

two sources of light, one a helium spectrum tube which gives us

a bright yellow light, Ds, very near the sodium absorption band,

the other a spectroscope arranged to furnish a beam of approxi-

mately monochromatic light in any desired part of the spectrum.
Two sets of fringes were thus formed, and the drifts of the systems
were recorded by two observers as sodium vajior was formed in the
tube. To obtahi the dispersion very near the absorption band,
the helium tu])e was placed in a powerful magnetic field, wliich

causes the line to become* double (with suitable arrangcMnent of the
apparatus). The two components were of very nearly the same
wave-length, the distance between them being about t>V of the dis-
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tance between the D lines, yet the dispersion of the vapor was so

powerful that the two sets of fringes were displaced at rates so

ilifferent that the fringes disappeared entirely at regular intervals,

owing to their " out-of-step " superposition.

By employing the method of " crossed prisms," relative deter-

minations were made still closer to the D lines than the helium line.

To see the effect close to and between the D lines, the tube should
only be slightly heated, and a grating spectroscope employed. As
the vapor prism forms, we see presently the portions of the spectrum
adjacent to the absorption lines curve away in opposite directions,

as shown in Fig. 286. As the vapor becomes denser, the light dis-

appears between the D lines, and we have the stage previously

described.

Absolute values of the refractive index.were obtained by heating

the tube to a known temperature, measuring the length of the vapor
column, and counting the fringe shift produced when monochromatic
light of known wave-length was used to illuminate the instrument.

The Refraction and Dispersion of Sodium Vapor of Great Density.— A knowledge of the absolute value of the refractive index of the

vapor, and its dispersion, enables us to compile a table of the re-

fractive indices for all wave-lengths, for vapors of varying density.

This has been done for the very dense vapor obtained by heating

a vacuum tube containing the metal to the temperature of 644° C.

A column of the vapor at this temperature 8 cms. in length ex-

amined by transmitted light has a distinct blue color, as a result

of the channelled absorption spectrum. The values are given in

the following table, and will be spoken of in future as ''observed

values," to distinguish them from values calculated from the dis-

persion formula. It must be remembered that sodium vapor as

dense as that with which we are dealing in the present case has an
absorption band at the D lines broad enough to completely cut

out everything down to and even below the helium line, at least for

all tliicknesses with which it is possible to work. On this account
we are obliged to calculate the refractive indices within this region

from observations made with a less dense vapor, a method which
in the present case is probably allowable within certain limits.

A thin enough sheet of the vapor would probably transmit light

within this region with a velocity indicated by the calculated indices.

The question of selective reflection at the surface and refusal to

transmit the radiation will be considered presently.

In the following table the wave-lengths are given in the first

column, the fringe displacements in comparison with helium light

in the second column. These values, with the exception of those in

the extreme red, blue-violet, and ultra-violet, were obtained with
the interferometer.

In the third column are given the actual fringe shifts which would
be found fora layerof vaporScms. thick (effective thickness 16 cms.),

and in the fourth column the refractive indices. The indices calcu-

lated from the dispersion formula are given in the fifth column, for

the sake of comparison with the observed values. More will be said

of them in the next section.
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For A = 00 the value of n is calculated to be 1.000075, while for

A = 4167 it is 0.999975, the deviations being the same in both cases,

but in opposite directions.

For wave-lengths immediately adjoining the D Unes the refractive

index has been found to have a value as high as 1 .38, as great as that of

some liquids, while the dispersion is so great, even at the position of

the Dz line of helium, that, could we form a prism of the vapor giving
the same deviation as a 60° glass prism, we could by its aid separate
a double line in the spectrum, vat\\ components twenty times as
close as the sodium lines by an amount as great as the distance be-
tween the red and blue of the spectrum formed by the glass prism.
The vapor is remarkable in that all waves on the blue side of the D

lines travel in it with a higher velocity than in a vacuum. In other
words, they are accelerated. All Kght of wave-length greater than
the D lines is retarded as in ordinary media. This is seen at once
from our first experiment, the sodium prism deviating one-half of the
spectrum in one direction, the other in the opposite.

\
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Refractive Indices in the Vicinity of the D Lines

\
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was taken, and the indices for a number of wave-lengths calculated.

Some of these values are given in the table of refractive indices, and
they will be found to agree very closelj' with the observed values.

The values calculated between the helium line and* the D lines are

given in the second part of the table.

An inspection of the formula shows us that, according as we are

on the red or blue side of the absorption band, the refractive index
(squared) is given by adding to (or subtracting from) unity the value

X^
of the constant m = 0.000055 multiplied by the fraction . In

the case of all other substances showing anomalous dispersion, aniline

dyes for example, to the dispersion of which a formula has been
applied, the value of this fraction never exceeds 3 or 4, o^ang to the
impossibility of applying it to wave-lengths very close to the centre

of the band. For example, in the case of the dispersion of nitroso-

dimethyl aniline, with its strong absorption band at X = 4300, we
cannot obtain accurate data nearer than A = 5000. In this case

In the case of sodium vapor the value of the fraction may be
several hundred or even thousand. In the case of A = 5882 the
fraction is 367, and yet the observed and calculated values agree
closely. For A = 58884 the fraction is 1940; and for A = 5889.6
we have a value as high as 3944. The product of these very large

numbers and the small fraction 0.000055 give, however, values of

the index which are in close agreement with the observed values.

Discrepancies occur in the immediate \'icinity of the D lines

which can be explained in the following way : To get values in any
way consistent with the observed values it was necessary to assign

to A„ the value of the A line, the mean value 5893 being too far

removed from the wave-lengths in question to give the requisite

steepness to the curve. The calculated values, therefore, apply
to a medium with a single band at Do and with a constant m =
0.000055. This gives us a pretty good approximation to the ob-
served curve, but the latter is due to the combined effects of the
bands Di and A, the presence of the A band tending to make the
observed curve flatter than the calculated. A more correct ap-
proximation could be obtained by assigning to A„ a value inter-

mediate between A and 5893. The proper method of procedure
would, of course, be to make use of two members in the dispersion

formula, one for Dx and the other for A, thus

:

2_, ,
mX~ , m'A2

1 +
A2-A„2 A2-A„.2

If m and w' were each assigned the same value obtained by divid-
ing our original value by 2, in all proliability a very close approxima-
tion would be obtained in thv region in question. This has not been
done for two reasons. In the first pkwo it does not appear as if

much would ])e learned by the procedure, and in the second place tn

and m' are not equal, as is shown by the stronger dispersion near
D2, and until the relative values have been determined we are not
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in a position to write the two-member formula accurately. It is

doubtful whether anything new would come out of such a deter-

mination, and it was on that account not attempted.

Another matter of considerable interest is the question of the

indices represented by the square root of a negative quantity in the

immediate vicinity of the absorption band on the blue side. Lord
Kelvin interprets this as indicating that no light of such wave-
lengths enters the medium; in other words, it is metallically

reflected.

It is in this way that he has explained the apparent greater

broadening of the D lines on the more refrangible side in some of

Becquerel's photographs. In the case with which we are dealing

the second term of our original formula does not become less than
unity until we reach wave-length 58898, which we get by equating

—^ to unity and solving for A.

This shows us that, even with a vapor so dense that both D lines

run together and broaden out into a wide band, we do not get values

gf the index which are imaginary until we are within .2 of an
Angstrom unit of the D line, or, in other words, until we are within

a distance of D equal to ^V of the distance between Di and D2.

In the case of the comparatively rare vapor employed by Becque-
rel we should have to approach much closer than this to get the

imaginary values. This makes it appear certain that the greater

broadening on the more refrangible side, if it exists, must be assigned

to some other cause than imaginary values of the refractive index.

The medium is exceptionally interesting in that its dispersion can
be represented throughout the entire range of wave-lengths without

taking the extinction coefficient into account, as is always necessary

in the case of solids and liquids when in the vicinity of the absorp-

tion band.

Selective Reflection by an Absorbing Gas. — Planck's theory

of absorption is based upon the supposition that the energy, taken
from the oncoming waves, is re-emitted laterally by the resonators.

Though this re-emission only occurs in exceptional cases, we do find

it in some instances. As will be shown farther on, sodium vapor,

when illuminated with sodium light, emits the absorbed wave-
lengths without change. The emission is diffuse, however, that is,

it is scattered in all directions. Radiation of this nature I have
called resonance radiation, to distinguish it from fluorescence, in

which case there is a change of wave-length.

It appeared highly probable that if the molecular resonators

were packed closely enough together, the secondary wavelets which
they emit, having a definite phase relation, would unite into a
single wave, and the scattered light would disappear, regular re-

flection of the light taking its place. Repeated efforts to discover

the phenomenon with sodium vapor yielded negative results, since

it was impossible to obtain the vapor at great density with a sharply

defined surface, on account of its corrosive action upon the trans-

parent walls of the containing vessel.

The phenomenon was finally discovered by heating mercury to
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a high temperature in a l^ulb of fused quartz. The vapor has a

very strong absorption hne at A =^2536 in the ultra-violet.

To separate the images formed by reflection from the inner and
outer surfaces of the bulb, the necks were made of very thick-

walled tubing, so that the walls of the bulb were prismatic as

sho^\Ti in Fig. 287. These bulbs were made especially for the work
by Heraeus of Hanau, and were found most satisfactory.

A good-sized globule of mercury was placed in a bulb which was
then highly exhausted and sealed.

It seemed best to begin by using hght of exactly the right fre-

quency, that is, of a wave-length identical ^vith that of the absorp-

tion line. The light from the mercury arc in a quartz tube shows

a strong hne of exactly the right frequency. The bulb was mounted

Fig. 288. Fig. 289.

in a small tube of thin steel provided ^^ith an oval aperture in the
side : the ends were closed Adth disks of asbestos board, one of

which supported the neck of the bulb, as sho\\Ti in Fig. 287. The
steel tube was heated by two Bunsen burners, usually to a full red
heat, and the mercury arc placed as close as possible to the aperture
and a little to one side, so that its image appeared reflected in the
tapering neck of the l^ulb, as shown in the figure. The flame
of the burner must play over the aperture to prevent condensation
of mercury drops at the point where reflection occurs. -

By properly choosing the direction in which the bull) was viewed,
the reflection from the outer surface disappeared, and the slit of

a small quartz spectrograph was directed towards the bright image
of the arc reflected from the inner surface of the wall.

A number of photograi)hs of the spectrum of the reflected light

were taken, the first with the bull) cold, the succeeding ones at

gradually increasing temperatures. It was found that the relative

intensity of tii(> 2536.7 line in the spectrum of the reflected light

increased rajiidly as the tem])eratun» of the Inilb increased. A
series of these photographs is reproduced in Fig. 288. Tlie time of
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exposure was less in the case of the red-hot bulb, in spite of which
the line 2536 is very strong while the other lines do not appear at all.

Previous work having shown, however, that mercury vapor emits

scattered resonance radiation, when stimulated by the light of the

2536 line, it was next necessary to prove that it was not a diffuse

radiation which had caused the increased intensity of the line.

A very nice method was found of proving this. If our eyes were
sensitive to the ultra-violet light, we should see, in the case of

the tlitfuse emission, the entire surface of the bulb glowing with
light, while if the radiation was regularly {i.e. specularly) reflected

by the vapor, we should see merely the small image of the arc in-

crease in brilliancy.

The steel tube was mounted vertically in such a position that

the two images due to reflection from the inner and outer surfaces

of the front wall of the bulb appeared one above the other. Inas-

much as the mercury arc consisted of a narrow vertical column of

light, these images appeared as narrow vertical lines of light, and
could be used in place of the slit of the spectrograph. The arc in

this case was placed at a distance of about a metre from the bulb.

The slit tube of the spectrograph was removed, and the instru-

ment placed in such a position that the two reflected images occupied
the position previously occupied ])y the slit. On exposing a plate

we obtain two spectra one above the other, the one that of the light

reflected from the outer surface, the other that of the light reflected

from the inner surface.

Two photographs were taken, one with the bulb cold, the other
with the bulli red-hot. The latter showed that the image of the

arc as seen in the 2536 light had been increased tremendously in

brilliancy by the presence of the mercury vapor. The two photo-
graphs are reproduced in Fig. 289, the spectrum image formed by
the light of wave-length 2536 being indicated. The light reflected

from the inner surface is not as intense as that reflected from the

outer, consequently one of the spectra is weaker than the other in

each case. The 2536 line is, however, many times brighter in the

spectrum of the image formed by the inner surface of the bulb
when hot.

This experiment shows that the mercury vapor reflects light

of this particular wave-length in much the same way as would a

coating of silver on the inside of the bulb.

Experiments were next undertaken to ascertain how nearly

the frequency of the light must agree with that of the absorption

band in order that metallic reflection should take place.

It was found that the spectrum of the iron arc showed a group
of closely packed lines exactly in the region required, and it was
accordingly put in place of the mercury arc. The slit was replaced

on the quartz spectrograph, and photographs of the reflected image
of the arc were taken with the bulb cold and heated to different

temperatures. A very remarkable discovery was at once made,
for it turned out that the iron line which was metallically reflected

(2535.67) was about one Angstrom unit on the short wave-length
side of the absorption line. As the temperature and vapor tlonsity
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increased, a second iron line was strongly reflected, this one coincid-

ing almost exactly with the absorption line. It is in reality a double

line, with wave-lengths 2536.90 and 2537.21.

To make absolutely sure that no error had occurred, I photo-

graphed the spectrum of the iron arc, passing the hght through
mercury vapor at different densities.

The iron Une which first disappeared was the double one, which
was not reflected until the mercury vapor was at its greatest density.

The line which was metallically reflected by the vapor at a lesser

density was not absorbed bj' the vapor, even when its density was
so great that four or five lines on the long-wave-length side of the

line first absorbed were completely blotted out. This can be better

understood by reference to Fig. 290. In the upper line we have
the group of iron lines in question. The next line shows the ab-

sorption by Hg vapor when its density is small, the fourth iron fine

(double, mean A 2537) having disappeared. Just below is the ab-

sorption by dense vapor, the absorption having extended towards
the visible region of the spectrum (much farther than can be in-

dicated in the figure), the third iron line being still transmitted,

however. Below this is the reflection from Hg vapor at about ten

n m
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Fig. 290.

atmospheres, the third iron line being strongly reflected. In the

lower line we have the reflection by vapor at 25 atmospheres, the

third and fourth (double) iron lines appearing strongly reflected.

The explanation of the more powerful reflection of the shorter

iron line is probably as follows :

The 2536.7 line shows powerful anomalous dispersion. The re-

fractive index, in its immediate vicinity, on the short-wave-length

side is much below unity. probal)ly as low as .5 or even less close

to the line. In the case of light going from a rare to a dense medium,
a high value of the index for the latter is accompanied by strong

reflection. When, however, the ray goes from dense to rare (quartz

to mercury vapor), as in the present case, it is a low value of the
index for the latter which is accompanied by strong reflection.

Now the index for mercury vapor is not far from unity for the
entire spectrum with the exception of very narrow regions bordering
the 2536 line. On the long-wave-length side the index may be about





I
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that of quartz, constHjuently there is no reflection at all here, at

least none depenchng upon the relative values of ri. On the other

side, where the index is considerably below unity, the reflection will

be much more powerful than when the bulb is filled with air. This

means that the band of metallic reflection will be shifted slightly

towards the region of sliorter wave-length with respect to the true

position of the absorption line, as was found to be the case.

An attempt will be made to get rid of this effect by using polar-

ized Hght, reflected from the quartz-mercury vapor surface at the

proper angle. This should give us rest-strahlen of the same wave-
length as that of the absorption line.

One very important point in connection with the specular reflec-

tion from an absorbing vapor is the very great density necessary

before the phenomenon is exhibited. In a gas at atmospheric

pressure the molecules are in such close proximity that there are

about 80 to the wave-length, i.e. 6400 in a square the sides of which
are equal to a light-wave in length. This would appear to be more
than sufficient for the application of Huygens's principle : experi-

ment shows, however, that the reflection does not occur until we
increase this density tenfold. It is probably a question of the

suddenness with which the wave is stopped, rather than of packing
the resonators close enough together to make the application of

Huygens's principle possible. It appears probable that if the

wave-train can penetrate to* a depth of several wave-lengths into

the medium, there will be no regular reflection, regardless of the

proximity of the resonators. An analogous case is that of two
media of very"different refractive indices, between which the transi-

tion is gradual instead of abrupt. It has been held by some au-
thorities that reflection will occur in this case since we can divide

the transition layer into a large number of planes, each one of

which wall reflect a small amount. Even if this were the case^

we should have complete destructive interference, for the wave-
trains reflected from the hypothetical planes would be gradually

and progressively displaced with reference to each other and give

us zero for a resultant. The same thing may be considered as tak-

ing place in the case of the resonators. A rigorous theoretical

treatment of the resultant effect of the radiations from a system of

closely packed resonators, excited by plane-waves, considering sev-

eral different depths of penetration, is much to be desired. <

Absorption and Selective Dispersion of Hydrogen. — Hydrogen
gas, under ordinary conditions, can be regarded as the most trans-

parent substance known. Even the very short waves discovered by
Schumann, which are powerfully absorbed by other gases, are freely

transmitted by pure hydrogen. Hydrogen gas in the sun and stars

shows strong absorption lines, coincident with the emission fines seen
when the gas is excited by electrical discharges in vacuum tubes.

Many attempts have been made to determine the conditions nec-
essary for the exhibition of absorption in the laboratory.

Various observers have recorded seeing the red hydrogen line

reversed in the spectrum of hydrogen tubes, but it is only within
the last year or two that the exact conditions necessary for the

2f
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exhibition of the phenomenon have been determined and a quanti-

tative investigation made. The absorption only takes place while

the gas is in a condition of Imninescence, i.e. while it is excited by
the discharge. Pflliger {Ann. der Phys., 24, 515, 1907) used as

a source of light a capillary tube filled with hydrogen at low press-

ure, excited by powerful discharges from an induction coil with
Leyden jars in the secondary circuit. The light from this tube,

which showed the hydrogen lines much ^videned but not reversed,

was passed through a s\ider tube, also containing hydrogen at low
pressure and placed in the same electrical circuit. By this arrange-

ment the emission of light by the source was confined to the moments
during which the gas in the ^\'ider tube was in a condition to absorb.

The red line was seen distinctly reversed. Soon after, Ladenburg
and Loria (Vei^h. der deutschen phys. Ges., 10, 858, 1908), using

a similar arrangement, reversed both the red and green lines, and

Fig. 291.

obtained photographs sho\nng the selective dispersion and mag-
netic rotation in the vicinity of the red line.

The api:)aratus, as arranged for showing the dispersion of the gas,

is shoAMi in Fig. 291. Light from a capillary hydrogen tube E,

excited by the discharge of a coil with Leyden jars in circuit, is

rendered parallel Ijy a lens L, and divided into two beams by the

mirror of a Jamin (or other) interferometer Pi. One beam passes

do\\*n the second (absorption) hydrogen tube A, the other along

its side, traversing, however, th(> projecting jiarts of the glass plates

used for closing the tube. The beams are united l)y the second
Jamin plate /''" and the horizontal interference fringes focussed
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upon the slit of a spectroscope C by the lens L2. On account of its

small bore, the tube IE" emits, in addition to the hydrogen lines, a

good deal of continuous spectrum; consequently we see in the

spectroscope a spectrum traversed by horizontal interference bands.

If now the absorption tube A, which has a wide bore, and contains

hydrogen at 3 or 4 mms. pressure, is excited by being included in

the same electrical circuit with E, the interference bands are bent

away in opposite directions, to the right and left of the red hydro-

gen line Ha, as sho\\ai in the figure. A bright line runs down the

centre, since only one of the interfering beams passes down the

absorption tube. This experiment shows us that the passage of

an electrical discharge through hydrogen gives rise to the forma-

tion of dispersion electrons, Avhich are not present in the gas

normally.

Hydrogen, then, when ionized, or brought into a state of lu-

minescence by the electrical discharge, has quite different optical

properties from ordinary hydrogen. Sodium vapor possesses these

properties normally, in the absence of any electrical stimulus, and
probably in the absence of any excitation coming from without,

though it is possible that an ionization necessary for selective

absorption and dispersion results from the passage through the

vapor of the light necessary for observing the phenomena. The
dispersion does not, however, depend upon the intensity of the

transmitted light, which shows that the effect is very small, if it

exists at all.

From the magnitude of the effect in hydrogen, Ladenburg and
Loria calculated that the number of dispersion electrons per cubic

centimetre was roughly 4-10^", while the number of molecules was
2-10^' ; in other words only one dispersion electron was formed for

every 50,000 molecules. In the case of sodium vapor. Hallo and.

Geiger found a ratio of 200 : 1 . It would be extremely interesting to

ascertain how long the dispersion electrons persist after the discharge

ceases. This could probably be accomphshed by arranging matters

so that a very small time interval could be introduced between

the excitations of the two tubes. If the duration of the discharges

could be made brief enough, i.e. of the order of magnitude of the

duration of a single oscillation of a condenser of small capacity, the

necessary time interval might be introduced by putting the source

E at a distance, and rendering its light parallel by a lens. If the

discharges occured simultaneously, the light from E would reach A
a very small fraction of a second later, owing to the finite time re-

quired by the light in travelUng from E to A. An experiment

analogous to this was made by Abraham and Lemoine, and will be

described in the Chapter on Electro-Optics.



CHAPTER XV

ABSORPTION OF LIGHT

The transmission of light through a material medium is always
accompanied by a certain amount of absorption, regardless of the
color or wave-length of the light. Media which we commonly
speak of as transparent, if not emploj^ed in too great thickness,

transmit without appreciable absorption the range of wave-lengths
comprised within the region of the visible spectrum.

In general, however, they exercise powerful absorption in the

infra-red and ultra-violet regions, and if a sufficiently great thick-

ness is employed, absorption will be found present even in the range
of visible radiations. Pure water, which is one of the most trans-

parent substances which we have, in long columns appears distinctly

blue, showing that it absorbs more or less completely the red end of

the spectrum. The same is true of most varieties of glass. The defi-

nition " transparent " is thus seen to be purely arbitrary, there

being no such thing in nature as a perfectly transparent substance.

The character of the absorption exerted by any substance can be
best observed by receiving the transmitted light on the slit of a
spectroscope, when dark regions ^vill be observed in the spectrum,
corresponding in position to the wave-lengths absorbed. If the
absorbing medium is moulded into the form of a wedge, which is

placed in contact with the slit of the instrument, we can observe
at once the effect of increased thickness, the form of the absorption

curve being pictured in the spectrmn. In general, it wall be found
that as the thickness increases, the absorption band widens out.

One edge of the spectrum shows us the absorption of a thin layer,

the other edge that of a thick layer, intervening jwrtions corre-

sponding to intermediate thicknesses. The resultant curve is some-
times symmetrical, but more often not so, and we shall see, when
we come to consider the theory of absorption, that the form of this

curve depends upon a number of different factors. The absorption

spectra of aliout 150 aniline dyes have been photographed and
published in the form of an atlas by Uhler anil Wood. A wedge-
shaped layer of the liquid was used, contained in a quartz cell which
was i)laced in ("ontact with the slit of a large grating spectroscope.

Photographs were in this way obtained showing the position and
forms of all absorption bands, both in the visible and ultra-violet

regions. These photographs are extremely useful in the prepara-

tion of screens for absori)ing particular regions of the spectrum.

Three of these pictures are reproduced in Fig. 292, and show the

absorption of nitroso-dimethyl-aniline, auramine, and potassium

permanganate. We shall first examine the phenomcMion of absorp-

tion in a general way, and then in its relation to other closely re-



ABSORPTION OF LIGHT 437

lated phenomena, such as dispersion, emission, and the transforma-

tion of the absorbed radiations into other types of energy.

At the Ijeginning of the subject we shall find it convenient to

distinguish between two types of absorption : general, in which the

absorbing power is very nearly the same for all wave-lengths, at

least over a fairly wide range; and selective, when the absorbed

region is more or less limited in extent. The absorption of metal
films and lamp-black represents the first type fairly well. The

Lltra-violet
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In a solution, then, the absorption depends upon the concentration

and thickness of the layer traversed. Unit layer and unit concen-

tration absorb in the same degree as a layer of thickness 2 with

half the concentration.

Calling the absorption coefficient of unit concentration a, the

thickness d, and the concentration c, we have, if Jo is the original

intensity,

J = J(,a'^' (Beer's law).

No exceptions have ever been found to Lambert's law which could

not be attributed to experimental error. Beer's law holds, however,

only when the absorbing power of a molecule is not influenced by
the proximity of its neighbors, which is not always the case, espe-

cially for gases, as we shall see presently.

CoeflBcient of Transmission : Dichromatism. — If the absorbing

medium is homogeneous, the quantity of light of a given wave-

length which is absorbed ^\'ill be proportional to the thickness of

the medium traversed. If we represent the intensity of the light

that enters the front surface of the medium by /, the intensity

after transmission through unit thickness can be represented by la,

in which a is a fraction depending on the nature of the medium
and the wave-length of the light. If the same fraction is absorbed

by each successive layer, it is clear that the intensity, after travers-

ing a thickness e of the medium, will be Ia% the quantity a being

called the coefficient of transmission.

The coefficient of transmission varies with the color, and the

emergent light is therefore colored. In the case of most absorbing

media the color of the transmitted light does not depend to any
great degree on the thickness, the depth or saturation merely in-

creasing. In some cases, however, the color depends on the thick-

ness, thin layers, for example, appearing green, and thick layers red.

Such substances are said to exhibit dichromatism. Some of the

aniline dyes, or mixtures of them, show the phenomenon. Thin
layers of a solution of cyanine appear blue, thick layers red. ' The
addition of a little nitroso-dimethyl aniline to the solution gives us

a green-red dichromatic liquid, as has been sho\\Ti by Pfliiger. The
explanation of the change of tint is very simple. Suppose we have

a substance which absorbs the yellow and ])lue. The transmitted

light then consists of a mixture of red and green. Let us assume,

as is usually the case, that the intensity of tlie green is greater than

that of the red. Writing for these intensities /,>/r, and assuming

that the coefficient of transmission of the green is less than that of

the red, ag<ar, it follows that for small thicknesses /,«/ ^^^ll be

greater than Iai/, while the reverse will be true for thick layers.

This is at once apparent if we call the original intensities of the

green and red 100 and 50, and the coefficients of transmission .5

and .8, and calculate the intensities of tiie transmit tetl colors for

several different thicknesses. They will be equal for a thickness e

given Ijy the equation

Igo; = La;,
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or taking the logarithms of both sides,

log a,- log a^

For this thickness the intensities of the red and green will be equal,

and the color of the transmitted light will appear to be yellow, for a
mixture of red and green light produces the sensation of yellow when
mixed in proper proportions. An excellent mixture for illustrating

this can be formed by dissolving "brilliant green" and "naphtha-
line yellow " in hot Canada balsam and pressing the mixture be-
tween two glass plates in the form of an acute prism. The balsam
should be previously boiled down until a drop solidifies on cooling,

and the dyes should not be added until the fluid has cooled some-
what, otherwise they are apt to decompose. The thin edge of the
wedge wall appear green, the thick edge red, and the intermediate
portions, wdiere we have equality of transmission, yellow.

If some of the same mixture is moulded into a prism of 20 or

30 degrees angle, the mechanism of dichromatism can be beauti-

fully shown by observing a lamp flame through it. The prism will

show the red image well separated from the green, and the latter

wall be found to be extinguished more rapidly than the former as

the prism is moved laterally before the eye.

Our equations for color show^ us as well that the color of the trans-

mitted light, for a given thickness, will vary with the composition of

the original light. If the plate of stained balsam is examined by
gas-light and then by daylight, it wall be found that parts of it will

appear red in the former and green in the latter case. A solution of

cyanine and nitroso-dimethyl aniline in alcohol appears red by
lamplight and bottle-green by daylight. The same phenomenon
is exhibited by the gem Alexandrite, found in the Urals.

Body Color and Surface Color. — The colors of most natural

objects result from absorption. The light penetrates their surfaces

and then suffers internal reflections or refractions and emerges
robbed of the rays wiiich are most strongly absorbed. If this is to

happen, it is clear that the substance must not be homogeneous,
otherwise the reflections and refractions, which return the unab-
sorbed light, ^vill not occur. It is thus incorrect to say that colored

pigments reflect certain colors more strongly than others. If the

pigment particles formed a continuous and homogeneous medium,
no color whatever would appear in the reflected light, which would
be w^hite. If any color appeared, as it might if the pigment were
a very powerful absorbent, it would be the tint complementary to

the one exhibited by the powder. Cases of this nature we shall

consider presently.

Since pigments produce color by absorption, it is at once apparent
why a mixture of two pigments does not exhibit the color which we
should obtain if we actually mixed the colored lights which they
appear to reflect. The light reflected from the mixture is the
residual color which remains after the dual absorption has taken
place. For example, if w^e mix yellow^ light and blue light, we get
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white, while a mixture of a blue and j'ellow pigment appears green.

The reason of this is, that the yellow pigment absorbs the blue and
violet, the blue pigment the red and yellow, the mixture absorbing
everything except the green.

The nature of pigments can be well studied by preparing a num-
ber of beads of fused borax, colored with varj-ing amounts of cobalt.

If we powder a bead which appeared bright blue by transmitted
light, we shall find that the powder is white, the reason being that
the light in this case does not penetrate a sufficient thickness of the
absorbing medium. A bead colored so dense as to appear black
will, however, furnish us wdth a blue pigment when it is reduced
to powder. Pigments, then, are very powerful absorbing media,
and, if they could be obtained in homogeneous masses, would be
intenseh" opaque, even in fairly thin sheets.

If we go on increasing the absorbing power, we shall finally observe
a phenomenon of a different nature. The color, instead of being
absorbed, is selectively reflected. Substances which possess this

property are said to exhibit surface color. The aniline dyes are

excellent examples. A dye which in solution absorbs green light,

appearing purple by transmitted light, in the sohd state reflects

green light selectively. Absorption is, however, not the only factor

which determines this selective reflection, and we often find mis-

leading statements in text-books on optics, it being frequently
stated that the wave-lengths most copiously reflected are the ones
most strongl}^ absorbed. This is by no means the case. Cyanine,
for example, has a strong absorption band in the yellow, while the
color of the selectively reflected light is purple, not so very different

in hue from that of the transmitted light. If we examine the spec-

trum of the reflected light, we find a very dark band in the green,

the centre being not far from wave-length .0005. The distribution

of intensity in the rest of the spectrum is not very different from
what it would be in the case of reflection from glass, which shows
that the peculiar color of the dye is not so much due to a very power-
ful reflection of certain waves as it is to its almost complete refusal

to reflect a certain region of the spectrum.
In the last chapter we have seen that, in the case of absorbing

media, the reflecting power depends both upon the refractive index
and the coefficient of absorption. Now, absorbing media have a
high refractive index on the red side of the absorption band and a
low index on the blue side, consequently the spectrum of the re-

flected light will be brightest on the red side of the absorj^tion band,
since for these wave-lengths we have a large coefficient of absorp-
tion and a high refractive index. On the blue side, however, the

low value of the index diminishes the reflecting power more than
the augmentation due to the powerful alisorption. The hue of the

surface color thus depends on the refractive index of the medium
in which the substance is immersed, for it is the relative and not
the absolute refractive index with which we are concerned. Cyanine
in contact with glass exhiliits a yellowish green surface color, much
more nearl,y resembling the hue of the al)sorl)e(l light. If the dye
could be l)rought in contact with a transparent sul^stance having
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the same dispersion, the wave-lengths selectively reflected would
be identical with those al)sorbed, since in this case the relative

refractive index would be unity for all wave-lengths.

An excellent way of showing the variable reflecting power of a
film of cyanine is to compare it with glass in different parts of the
spectrum. A little of the melted dye is pressed between two plates

of hot glass, which are separated when cold. A spot is selected

where the film has a good optical surface, and this spot is left on
the glass, the rest being cleaned off. By holding the plate in the

spectrum formed by a prism or grating, the reflecting power of the

two surfaces can be studied. In some parts of the spectrum
the cyanine reflects more strongly than glass; in other regions the

reverse is true, while at wave-length .0005 the cyanine refuses to

reflect to such a degree that the film appears as a black spot on the

blue field reflected by the glass.

It is interesting to note the difference in the surface color of the

dye when the reflection takes place at the surface in contact with
the glass. A very convenient way of showing the yellowish green

color in this case is to press out a film of the molten dye on one sur-

face of a prism of 8 or 10 degrees angle.' In this way the light re-

flected from the dye can be obtained uncontaminated with the light

reflected from the first glass surface. The method is analogous to

that employed liy Lippmann in mounting his color photographs.
The calculation of the curve of reflected intensities under these con-

ditions makes a good exercise for the student.

Influence of Temperature on Absorption Bands. — As early as

1831 Brewster found that the colors of absorbing media were often

changed by an elevation of temperature. The observations of

Schonbein in 1852 that many substances such as mermige man-
ganese oxide and mercury oxide became more strongly colored at

high temperatures and less so at low temperatures.

He found that sulphur loses its color at —50° and bromine at
-70°.

Still more recently (1903) Dewar observed that solid fluorine,

which is at first yellow, becomes white at a temperature of —253°.

Chlorine, bromine, and iodine behave in the same way.
A study was made by Pulfrich ^ in 1892 of the effects of increased

temperature on the optical properties of various kinds of glass as

influenced by temperature changes. The expansion of the glass

resulting from increased temperature was the only factor recognized

in changing its refractive index, previous to this work.
Pulfrich found, however, that the migration of the ultra-violet

absorption band towards the visible spectrum, with increasing

temperature, exerted a great influence, increasing the refractive

index and dispersion. The two factors oppose each other, and
the one or the other can preponderate.

> A suitable prism can be made in half an hour by grinding down a piece of thick
plate window glass. A strip of thick glass cemented along one edge will be all that
is necessary to make the glass take the required form. Grind on a piece of glass
with very coarse emery at first, then use finer grades, polishing with rouge at the
end. Small scratches do no harm, and a high polish is not necessary.

2 Wied. Ann., 45, p. 609.
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It would seem as if this circumstance might furnish us a means
of making a glass free from temperature effects, which would be

most useful for the construction of prisms.

The usual effect of an increase of temperature is a shift of the

absorption band towards the red. A very good waj^ of showing

this is to place a small piece of metallic thallium in a glass tube and
heat it strongly in a blast lamp. The metal oxidizes and unites

with the glass, forming a glass which is blood-red while hot, and
pale lemon-yellow when cold. Oxide of cerium is deep yellow when
hot, and white when cold. This can be showTi with a Welsbach
mantle, illuminated with sun or archght, and heated by brushing

it hghtly with a Bunsen flame. Some very interesting results have
recently been obtained by Jean Becquerel, who examined the effects

of very low temperatures on the narrow absorption bands of the

minerals tysonite and xenotime, which contain didymium and
erbium.

Some of the absorption bands, which at ordinary temperatures

are forty Angstrom units in width, at the temperature of liquid air

break up into separate bands, which are sometimes not over two
or three units ^\^de, i.e. half the distance between the D lines of

sodium. There was usually a slight shift towards the region of

shorter wave-lengths, though in some instances the shift was in the

opposite direction.

Influence of Solvent on Position of Absorption Bands. — Kundt
{Pogg. Ann., Jubelband, page 615, 1874) made an extensive study
of the influence of the nature of the solvent upon the position of the

absorption bands of the dissolved substance, and established the

following law, which has been known as Kundt's law.

If one transparent solvent has a higher refractive and greater

dispersive index than another, the absorption bands of a dissolved

substance lie nearer the red end of the spectrum when it is dissolved

in the former than when it is dissolved in the latter.

Kundt endeavored to determine whether the shift of the absorp-
tion band towards the red was due to the increased refractive index

of the solvent or its greater dispersive power, but as dispersion and
refractivity go hand-in-hand, so to speak, he was unable to arrive

at any definite conclusion.

There appears to be evidence, also, that the position of an absorp-
tion band depends upon the concentration of the solution. The
salts of didymium exhibit very sharp and intense bands, and
Becquerel {Compt. Rend., 102, page 106, 1886) found that one of

the bands occurred at X = 5790 when the refractive index of the
solution was 1.439 and at 5745 when the index was 1.345.

A similar result was foimd by Stockl in the case of potassium
permanganate, except that the bands were shifted towards the blue
in the dilute solution.

The very marked effect of the solvent upon the position of the
absorption bands is well brought out in Fig. 7, page 15, in the case
of the salts of cobalt. \'ery extensive observations have been
published by H. C Jones in the Carnegie Institute bulletins, one
of especial interest being the remarkable advance up the spcctnmi
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of the ultra-violet band of a solution of copper chloride caused by
the addition of calcium chloride. The edge of the band is very

sharp and it can be moved up gradually from A = 35 to A = 52

(see Fig. 7).

\'ery little is known about the subject from a theoretical point

of view. An excellent resume of the whole subject will be found
in the 3d volume of Kayser's Spectroscopy, and the work just re-

ferred to has yielded a great deal of new material.

Absorption of Light by Gases and Vapors. — The absorption
bands of sohds and liquids, with the one or two exceptions men-
tioned, are broad and more or less ill defined. Gases and vapors,

on the contrary, usually exhibit absorption lines of extremely small

width, the spectrum of the transmitted light being crossed with
fine black lines. This type of absorption was first observed by
Brewster (Pogg. Ann., xxviii.) in the case of nitric oxide (NO2),

in the absorption spectrum of which he found over 2000 dark lines,

resembling the Fraunhofer lines in the solar spectrum. Similar

lines are shown by many other vapors, bromine and iodine, for ex-

ample. The vapor of sodium shows a pair of lines in the yellow,

corresponding in position to the D lines of the solar spectrum

:

if the vapor is denser, as when evolved by heating the metal in an
iron or glass tube, a host of other lines appear in the red and green

portions of the spectrum, while at a full red heat practically all of

the red, yellow, and green is absorbed, the color of the transmitted

light being deep violet. Vapors also exhibit broad bands re-

sembling those shown by liquids and solids. The yellow vapor of

nitroso-dimethyl aniline has a broad absorption band in the violet,

and shows no trace of any fine lines. Other gases show both types

of bands simultaneously, chlorine, for example, which has a broad
band in the violet and a large number of fine lines in the blue, green,

and yellow regions.

Many vapors, which under ordinary circumstances show no trace of

absorption, and appear colorless, exhibit the lines when great thick-

nesses are used. Jannsen observed them in the spectrum of light

transmitted through a tube 37 metres long filled with dry steam.

Absorption by Sodium Vapor. — A very complete study of the

absorption of this substance has been made by the author. The
absorption is of two types. A Balmer series, which is characterized

by a continuously decreasing distance between the lines, the spacing

being represented by an empirical formula due to Balmer. The
D lines form the first member of this series, the others being found
in the ultra-violet. But seven members were known previously,

these having been observed in the emission spectrum of the sodium
arc, for in many cases substances which have absorption lines have
corresponding emission lines. B}^ studying the absorption of the

vapor of the metal in a long steel tube filled with hydrogen, and
heated to a high temperature, the number of lines in the series

was raised to 48, the largest number ever found for any substance
exceeding even that shown by hydrogen in the sun and certain

stars, which shows about 30 lines.

The sodium series is shown in the Chapter on Magneto-Optics, sec-
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tion on " Zeeman Effect and Spectral Series," Fig. 1, an enlargement,
and Fig. 2, a contact print. Only the lower end of the series is

shown in these two figures. The complete absorption spectrum of

the vapor at different densities is showTi in Fig. 3, the D lines falling

at the right-hand edge. The series terminates in a head in which
the lines are no longer resolvable. The last 22 lines, or nearly one-
half of the entire series, fall wathin a region narrower than the
distance betwee the D lines. These absorption lines affect the
optical properties of the vapor, and selective dispersion probably
occurs at all of them, though it has been observed only at the first

three or four.

In addition to the Balmer series of lines there are a number of

very complicated channelled absorption bands, which appear to be
without influence upon the dispersion. One is located in the red
and the other in the blue-green region, though wath dense vapor they
practically meet in the yellow. There are, in round numbers,
about 6000 absorption lines in these bands in the visible spectrum.
In the ultra-violet, each Balmer line, at least the first five or six, are

accompanied by similar channelled absorption bands, the one sur-

rounding the first ultra-violet line being shown in Plate VI., Fig.

6. In the visible spectrum the regions transmitted between the
absorption lines are as narrow apparently as the emission lines of

the iron arc which was photographed on the same plate.

This shows us that an absorbing mechanism may sift out from
white light radiations, nearly, if not quite, as homogeneous as those

emitted by glowing vapors in the arc or in vacumn tubes.

When we come to the subject of fluorescence we shall discover

that it is possible to analyze this complicated spectrum by exciting

certain groups of lines at a time, and we shall see further that there

is some mechanical or electrical connection between the mechanism
producing the Balmer lines, and the one which gives rise to the
channelled spectra.

Effect of Density on Absorption Bands. — It has usually been
assumed that the absorption produced by a given quantity of gas

is independent of its density — in other words, that the absorption

is a function only of the number of molecules lying in the path of

the light. The important discovery was made by Angstrom that

the compression of a gas increased the intensity of its absorption,

the mass of the gas traversed remaining the same. The experi-

ment was made with carbonic acid, which has two strong absorp-

tion bands in the infra-red at wave-lengths 2.8 /x and 4.3 /u,. The
apparatus consisted of a long glass tube divided by a rock-salt plate

into two compartments, 3 and 30 cms. in length respectively.

The two compartments could be placed in communication by a
glass tube furnished with a stopcock. The investigation was
carried on in the following way

:

(a) The two compartments were exhausted and the spectrum of

the transmitted light investigated with a thermo-element.

(6) The small compartment was filled with carbonic acid at a
pressure pi and the ai)sorption Oi determined, the other comparts
ment remaining vacuous.
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(c) The stopcock between the two compartments was now
opened, and the gas was allowed to fill the entire tube. The pres-

sure is now Pi = Pi iV- The absorption as was now determined and
found to be less than a^.

(d) A non-absorbing gas was now introduced into the tube until

the total pressure of the gas mixture had the same value pi, as that
of the carbonic acid in experiment a. The absorption in this case

as was found to be equal to ai, from which the following law was
deduced : As the pressure decreases, the product of pressure and
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conditions of the experiment it seemed probable that the presence
of the hj^drogen increased the actual amount of sodium vapor
present in the tube by preventing its distillation to the cooler parts

of the tube. Shortly after the puV:)lication of Angstrom's paper,

results of which there could be no doul)t were obtained %\'ith mer-
cury vapor. A small amount of mercury was introduced into a
steel tube 3 metres long, the ends of which were closed with quartz
plates. The tube was highly exhausted, and the light from a
cadmium spark, rendered parallel bj- a quartz lens, was passed
through the tube and focussed on the sht of a small quartz spectro-

graph. Even at room temperature the absorption Une at wave-
length 2536 could be photographed without difficulty. On ad-
mitting air to the tube, the absorption band became much heavier

and Avider. This experiment is not open to the objections which
can be raised in the case of the experiment with sodium vapor,

where only the central portion of the tube was heated, and there

appears to be no question but what the same amount of mercury
vapor is present in each case, the A\-idening of the absorption band
resulting from the increased pressure due to the admission of air.

Angstrom's work on carbonic acid, which has been verified by the

author's work on sodium and mercury vapor, enables us to lay

dowm the follo^^ing facts regarding gas absorption:

1. Beer's law does not hold in general for gases.

2. If to a gas at a definite volume we add a foreign gas which
does not act upon it chemicalh^, its absorption is increased.

3. The absorption of a gas mixture is greater than the sum of

the absorptions of its separate constituents, each one taken under
its partial pressure.

4. The absorption of a gas mixture is, on the contrary, equal to

the sum of the absorptions of its constituent parts, if each part is

taken at a pressure equal to the total pressure of the mixture.

The absorption spectra investigated by Angstrom were all band
spectra, and he left the question open as to whether similar laws

held for line spectra. The results obtained ^^^th sodium and
mercury vapor appear to indicate that tliis is the case.

Absorption by Hydrogen Gas. — Reference has already been
made in a preceding chapter to the work of Pfliiger and of Laden-
burg and Loria. An observation recorded by the author several

years ago enables us to show the absorbing power of the gas for

light of a wave-length corresponding to that of the red line

without the aid of any special apparatus. A vacuum tube is

arranged for end-on observation having a bore of about 3 mms.
The pressure of the hydrogen in the tube should be 6 or 7 mms.,
and it should be excited by a large induction coil XNnth a spark gap
in the circuit. It \\i\\ be noticed that the color of th(^ discharge,

seen through the side of the tube, is rose-red, but is bluish white
when viewed end-on. This is due to tlie fact that the long column
of glowing gas exercises a powerful al)sori)tion for the light of the

red line, and little or no absorption for the other rays. That the

dependence of color upon the direction in which the observation
is made is not a result of the difference of total intensity can be
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sho\^^l by viewing the end-on discharge through a pair of Nicol
prisms, by which the int(Misity can be rechiceil until it is equal to
that of the discharge, seen through the side of the tube. The

Fig. 294.

apparatus used by Ladenburg and Loria is represented in Fig. 294
which will be readily understood from what has been said in the

previous chapter. The intensity of the light from the source K
can be regulated

at will by turning

the Nicol prism

Ni. Starting with
the two Nicols

crossed, by which
the light from the

source is cut out,

one sees in the

spectroscope only

the bright emis-

sion lines from the

discharge in the

absorption tube

A, which contains

hydrogen at one mm. pressure. On turning the Nicol, one observed

the spectrum of the source K, which is nearly continuous on ac-

count of the high pressure of the gas and the small diameter of the

tube. Two dark lines appear at the edges of the bright lines H^

Fig. 295.
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Fig. 296.

and H^ where they cut across the continuous spectrum, as shown

in Fig. 295. By further turning of the Nicol, these hnes mden.

and finally obliterate the bright line lying between them. In the

second case, uith the absorbing layer at a pressure of 25 mms. and
55 mms. in length,

the dark line ap-
peared in the mid-
dle of the bright

line and gradually

widened until the
I )right line was
completely extin-

guished (Fig.
296).

Form of Absorp-
tion Bands : In-

fluence of Other
Media.— Absorp-
tion bands are

often very unsymmetrical in form, one of the most remarkable ex-

amples being found in the ease of mercury vapor, which has been

studied by the author {Phil. Mag., August 1909).

The absorption spectrum of the vapor is sho\NTi on Plate VI.,

Fig. 1. A small globule of mercury was placed in a quartz bulb

3 cms. in diameter, which was thoroughly exhausted and sealed.

The spectrograms were taken in succession, the temperature of

the bulb being gradually raised. There are three distinct absorp-

tion bands, all in the ultra-\'iolet region. The one at wave-length

2536 appears first as a pair of fine lines, not unlike the D lines in

appearance, one of them (A = 2539.4) relatively much weaker

than the other (A = 2536.7). As the density of the vapor increases,

they fuse together, forming a single band which then ^\idens in a,

remarkable manner towards the region of longer wave-length, its-

boundary on the other side remaining almost fixed in position.

If the bulb contains air or any other chemically inert gas at-

atmospheric pressure, the band (2536) -widens symmetrically at

first, attaining a ^^•idth of about 8 Angstrom units. Beyond this

point a further increase in the density of the mercury vapor causes

a widening in one direction only, as is the case when the vapor is

in vacuo.

If, instead of sealing the mercury up m a bulb filled AAith air, we
place it in a quartz flask provided \\\\h a long neck and gradually

raise the flame below the flask, we get a remarkable series of

spectrograms sho\\Ti in Fig. 2. The lower spectrum was taken

first, the upper last. The band widens and then appears to drift

towards the longer wave-lengths, without further increase in \\idth.

This apparent drift is due to the eNjuilsion of the air by the

boiling mercury, the l)and contracting on the short wave-length

side, as it widens on the oth(T.

This action of the air in modifying the appearance, antl in some
cases the apparent position of the absorption band, cannot be
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attributed to chemical action, for the same effect was found with
hych-ogen, nitrogen, and hehuni. As we shall see presently, the
vapor is deprived of its power of fluorescing when it is mixed with
another gas.

It was found, by making a more careful study, that the effect of

air upon the band at 2536 was a little more complicated than was
at first supposed. In vacuo the broadening is almost entirely in

the direction of longer wave-lengths. If air is present, a hazy band
appears on the short wave-length side of the line, and if the time
of exposure and vapor density are just right, the band and line

are separated by a narrow strip slightly lighter than the band.
Photographs of the band obtained with the mercury vapor in vacuo

and in air are shown in Fig. 3, Plate VI. The selective dispersion

of the vapor at the 2536 line is shown in Fig. 4, and the magnetic
rotation in Fig. 5. The reader is referred to the original paper
for a fuller discussion.

Absorption by Porous Surfaces. — The absorption of Ught at

surfaces formed of lampblack or finely divided metals such as

platinum black is accompanied by very little reflection. The ques-

tion naturally arises as to why a metal with a high reflecting power
can, under certain conditions, appear nearly dead black. The
roughness of the surface will not account for the fact, for matt
surfaces of electrolytically deposited silver appear as white as

plaster. Chemically precipitated silver, on the other hand, appears
black.

The phenomenon is to be referred to the condition of the surface.

Consider a bunch of polished steel needles, turned with their points

towards the light. Rays falling upon the surface formed by the
points will be reflected down into the interstices between the needles,

and practically none of it will escape or be reflected back. A
portion is absorbed at each reflection, and the large number of

reflections reduce the intensity rapidly to zero. Surfaces of lamp-
black (soot) and platinum black can be considered as porous, the
pores acting as light "traps." The energy penetrates into the
spongy mass by multiple reflection, and is speedily transformed
into heat by absorption. If the pores are closed up by compress-
ing the mass, its reflecting power is increased or wholly restored.

If, too, the angle of incidence is too large to admit of downward
reflection into the mass, the hght is more or less completely reflected.

A surface of smoked glass reflects very perfectly at large angles of

incidence, and at the same time yields a sharply defined image of

the source of light, as we have seen in the Chapter on Huygens's
Principle.

Absorption by Metals. — While metals possess in general a high
reflecting power, a considerable portion of the incident energj^ pene-
trates the surface and is absorbed. In the case of steel, for example,
nearly one-half of the light is lost by absorption, while even silver

absorbs 5%. In the majority of cases the absorption is general,

that is, it is not confined to a narrow range of wave-lengths, as is

the case with the substances which we have examined thus far.

It is to a certain extent selective, however, as is best illustrated by
2g



450 PHYSICAL OPTICS

gold-leaf, which appears green by transmitted light, and thin films

of chemically deposited silver, which appear blue. These silver

films are fairly transparent to a limited range of ultra-violet radia-

tions, which lies just beyond the limit of the visible spectrum. It

is probable that the absorption of metals is due to the presence of

two types of electrons— conducting ones which are free to move in-

definitely under the influence of a steady electric force, and non-
conducting ones, which are similar to those which we have con-

sidered in the Chapter on Dispersion. We shall examine the effects

of these two types more in detail in the Chapter on the Optical

Properties of Metals.

Absorption Spectra of the Rare Earths. — While the absorption

spectra of solids and liquids show in general only broad diffuse

bands, some marked exceptions occur in the case of salts of the rare

earths, erbium, praeseodjTiiium and
neodymium, europium, holmium, etc.

These show both in solution and in

the solid state very narrow bands or

even sharp lines. Most remarkable is

the absorption spectrum of a solution

of europium, which is shown in Fig.

361 400 465 524 297. The chloride of this element

Fig. 297. has finally been obtained in the pure

state by Urbain, after 6000 fractional

crystallizations, a labor of 10 years. Two of the absorption lines

in the green are as sharp and narrow as the Fraunhofer fines in the

solar spectrum. Neodymium has an equally fine line in the ultra-

violet. The bands of erbium are broader. They appear not only

in the absorption spectra of solutions, but even in the spectrum of

the oxide when illuminated by sunlight. Dip a platinum wire

into a concentrated solution of ebrium chloride, and heat it in a

Bunsen burner. Hold the oxide bead in the sunlight and examine
it with a spectroscope. If the bead is heated white-hot in the flame,

bright bands appear in place of the dark ones. These substances

will be more fully discussed in the Chapter on Radiation.

Theories of Absorption. — In the Chapter on Dispersion we have
seen that the presence of electrons of definite periods of vibration,

gives to a medium the property of absorbing radiations, the fre-

quencies of which agree ^\^th those of the electrons.

The introduction of a term which expressed the vibration of the

electron as accompanied by friction was sufficient to explain the

absorption of energy. Such a treatment is rather loose, however.
If the energy is transformed into heat by this assumed " friction,"

we must explain how the average molecular velocity (which is our
definition of temperature) is raised. Clearly, friction, as we ordi-

narily understand it, occurring within the molecule catinot affect the

velocity of the molecule. Moreover, a vil)ration of the electron (ex-

cited l)y the light-waves can be considered as affecting the molecular

velocity only, in virtue of some action occurring at the moment w1um\

two molecules are in collision. It is conceivalile that, at the moment
of impact, the energy stored in the molecule in the form of vibrational
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energy of the electron may be consumed in increasing the velocity

of rebound of the molecules. Practically nothing is really known
about the exact nature of the transformation of absorbed radia-

tions. It can be shown, however, that a damping of the vibration of

the electron may result from molecule impacts, the result being simi-

lar to that which would follow if its vibrations were accompanied by
friction. The introduction of the friction term into the equations

is thus not wholly unwarranted. The absorbed energy may be

spent in effecting chemical changes within the substance, as we
shall see in the Chapter on the Transformation of Absorbed Radia-
tions, There is, however, another action which may well be ex-

pected to happen, namely, a remission of energy by the vibrating

electron in the form of ether waves of the same period as those

absorbed.
Unfortunately, experimental confirmation of such re-emission is

very meagre. Fluorescence is a totally different phenomenon, for

in this case the lengths of the emitted waves are different from those

of the exciting ones. The vapor of sodium, however, appears to

exhibit the phenomena, for when illuminated by a powerful beam
of sodium light, it scatters in all directions a feeble light of ap-
parently the same wave-length. Mercury vapor behaves in the
same way when illuminated with the light of the 2536 line. These
cases will be further considered under " Fluorescence."

If the electrons become centres of radiation, giving back their energy
to the ether, it would appear at first sight as if no absorption would
result, for by Huygens's principle the secondary waves originating

from their vibration would reconstitute a wave of a type similar

to the exciting wave. We are obliged to assume, however, that the
electrons would send out energy in all directions, however; conse-
quently this case would differ from that in which we determined the
resultant of the secondary disturbances on a wave-front, in that
we should have a back-wave travelling in the reversed direction,

as well as a forward wave. A theoretical treatment of absorption
and dispersion has been given by Planck, ^ based solely on this

assumed radiation of the electrons. The reduction in the intensity

of the advancing wave can be explained perfectly by it, but there
is no true absorption as ordinarily understood, the energy being sent

back in the opposite direction. This lateral radiation is assumed
by Planck to be the only cause of the damping of the vibration of

the electrons, an assumption which is hardly justifiable if we re-

quire a complete explanation of all of the phenomena of absorption,
but which is perfectly allowable if we wish merely to find out how
far such a radiation can account for the observed effects.

One great advantage of this conception is, that it neither involves,

the introduction of any new constant into the equations, nor ascribes

the damping to some action of which the physical significance is

obscure.

There are, however, strong objections which can be brought up
against the theory. In the first place, as has already been said,

this lateral emission is only found in one or two rare instances. If

1 Berlin Acad., Berlin, 1903-04.
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the electrons lie close enough together, we might explain this by
appl^-ing the principle of Huygens to their radiations, a lateral

emission faiUng to take place for the same reason that a beam of
light radiates no lateral disturbance. In this case there must be
a return of a wave of the same type as the exciting wave, i.e. se-

lective reflection. This occurs, as we have seen, in the case of
solid films of strongly absorbing media, giving rise to surface color.

If the molecules are too far apart for the application of the above
principle, then the light should be scattered in all directions. Yet
solutions of strongly absorbing media show absolutely no trace of
such a lateral emission.

Planck's treatment is instructive, however, in that it gives us
a clear idea of the effect of such secondary radiations arising from
the electrons, upon the propagation of the exciting wave.

It might at first sight appear as if such a treatment would lead us
to the conclusion that the resultant of all the wavelets coming from
the electrons would be identical Avith the original wave, which is the
same thing as saying that there is no absorption. Planck has,

however, taken into account the fact that the phase of a resonator

lags a quarter of a period behind that of the exciting waves, and that

there is in addition a quarter-period difference between the phase of

the resonator and that of the wave which it emits. The resultant

wave emitted by the collection of resonators will thus be half a wave-
length behind the exciting wave, which will gradually be reduced
in intensity by interference with the wave originating in the reso-

nator system. The resonators, however, emit spherical disturb-

ances; consequently there will be an envelope propagated in the

backward direction, and since there is no primary wave travelling in

this direction there will be nothing to interfere with its propagation.

The medium thus sends back towards the source of light a fre-

quency corresponding to the frequency of the vibrating electrons.

This is nothing more than selective reflection.

In the opinion of the author this holds, however, only for a single

layer of resonators. When we have a large number uniformly dis-

tributed in space, the propagation of a wave in the backward direc-

tion, originating in the mass taken as a whole, appears to be out of

the question, the case being analogous to the absence of reflection

at a boundary when the transition in refractive index is gradual.

(See selective reflection by a gas, in the Chapter on Dispersion

Theory.)
While Planck's treatment of the subject cannot very well be

given in full, we can stutly to advantage some of the results to which
it loads. His final equations, expressing yi the refractive index, and
K the extinction coefficient, arc

2 ^ V(ft2+^2-(^)2+/j^ _ (a'i^^i-a)

in which a = ^''-f^-/^^' and ^ = -^

.

3 firA2 3 TrgfA
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\ is the wave-length of the incident Hght, Aq the wave-length in

vacuum which the resonators would emit if thrown into vibration,

<T the logarithmic decrement of the resonators, and g=—^—^, N
4 71^

being the number of resonators in unit volume.
Since the last quantity depends on the distribution of the res-

onators in space, we are able to trace the relation existing between
the refraction and absorption and the density of the medium.
Planck's equation has shown that the form of the extinction curve
depends on N, i.e. on the proximity of the resonators, and that its

maximum lies on the longer wave-length side of A|. The equation
calls for three different types of curves, according to the values as-

signed to -. Consider first the case where - has a large value,
cr a

which will occur when N is large. The curve found in this case
shows that the extinction coefficient rises gradually with increasing

A, attains the value 1 for X^ =
^ the value V2 for A^ = Aq^, reaching

1 +

its maximum just before A2= —^; beyond this point it descends

much more rapidly than it rose, the curve being unsymmetrical
(Fig. 298).

Planck defines the region of

metallic absorption as the region

within which /c>l. It extends from

A2 =
A 2 \ 2

-^^ to A2= ^^

1+ Q 1-?
Its width

is seen to depend only upon g, while

the value of the maximum absorp-
tion depends upon <r as well. Con-
sidering Aq and o- as constant, and
increasing g by bringing the reso- Fiq- 298.

nators closer together, we obviously
increase the width of the band of metallic absorption, the band
widening unsymmetrically, however. It spreads towards the region

of shorter wave-lengths, but caimot pass the point determined by
2

A2 = - Aq^, while in the other direction there is no limit. At the same

time the point of maximum extinction is shifted towards the region

of longer wave-lengths, and the maximum value of k is increased.

The interesting question now arises as to whether the shift of the

maximum point may bring it about that the curve for a large value

of A^, instead of completely enclosing the curve for a small value of

A^, may cut the latter at two points, as shown in Fig. 298. If

this were the case, we should have the value of the extinction coeffi-

cient decreased for a certain value of A to the left of Aq, by increasing

the density of the medium, a circumstance which would be in viola-
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tion of Beer's law of the proportionality between extinction and

density. Planck finds this to be the case, for k ^ V2 for A = Ao re-

gardless of the value of g. The family of curves obtained by
assigning to N different values thus pass through a common point

situated at Ao. For anj^ two curves there is a second point of inter-

section, and between these two points an increase of density is

accompanied by a decrease in the value of the extinction coefficient.

If ^ has a small value, as will be the case when N is small, the

curve is found to be symmetrical, with its maximum at Aq. Metalhc
reflection does not occur, k being less than miity for all values of A,

and if g is gradually increased, k increases proportionally for all

wave-lengths, and Beer's law of absorption is followed. The ab-

sorption band is narrow, and no shift is produced by increasing the

density. A third type of curve, intermediate between the other

two, is found for intermediate values of ^ •

Planck's treatment differs from that of Drude and Lorentz in that

the damping is referred solely to radiation. Drude's formula calls

for a maximum value of k for wave-length Ao, and an increase in

the width of the band of metallic reflection towards the region of

shorter wave-lengths only.

Sufficient experimental observations are not yet availalbe to make
a choice between the different treatments possible. An experi-

mental proof of Planck's theory would be difficult, since he assumes
at the outset that the resonators are at rest and separated by dis-

tances which are large in comparison to their dimensions.

A mathematical discussion of absorption by Lamb (Camb. Phil.

Soc. Trans., vol. x\'iii., Stokes Commemoration, 1900) is extremely
interesting as showing the enormous checking power which a single

resonator (gas molecule) can exert upon advancing radiation of

a frequency very nearly, but not quite, that of its own free period.

Lamb draws attention also to the fact that it has not been possible

to represent the dissipation of radiant energy by an absorbing

medium except vaguely b}^ means of a frictional coefficient. He
considers, as does Planck, that the energy is scattered, i.e. remitted

by the resonator, which he assumes to be a spherical molecule of

enormous specific inductive capacity, with one or more free periods

of vibration.

The main result of his investigation is stated as follows :
" For

every free period of vibration (uith a wave-length sufficiently large

in comparison ^vith the diameter of a molecule) there is a correspond-

ing period (almost exactly but not quite coincident with it) of

maximum dissipation for incident waves. When the incident

waves have precisely this latter period, the rate at which energy

is carried outwards by the scattered waves is, in terms of the energy-

flux in primary waves,

^A^ (1)

where A is the wave-length and n is the order of the spherical har-

I
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monic component of the incident waves which is effective. In the
particular case of n = 1 , this is equal to .477 A^. Hence in the case
of exact synchronism, each molecule of a gas would, if it acted in-

dependently, divert per unit time nearly half as much energy as
in the primary waves crosses a square whose side is equal to the
wave-length. Since under ordinary atmospheric conditions a cube
whose side is equal to the wave-length of sodium light would con-
tain something like 5X10" molecules, it is evident that a gaseous
medium of the constitution here postulated would be practically

impenetrable to radiations of the particular wave-length."
" It is found, moreover, on examination that the region of ab-

normal absorption in the spectrum is very narrowly defined, and
that an exceedingly minute change in the wave-length enormously
reduces the scattering."

It may be remarked that the law expressed by the formula (1)

is of very general character, and is independent of the special

nature of the conditions to be satisfied at the surface of the sphere.

It presents itself in the elastic-solid theory ; and again in the much
simpler acoustical problem, where there is synchronism between
plane-waves of sound and a vibrating sphere on which they im-
pinge.



CHAPTER XVI

OPTICAL PROPERTIES OF METALS

The laws which govern the optical behavior of metals are very
different from those which hold in the case of transparent sub-

stances and substances showdng strong selective absorption. Metals
exhibit in general a very high reflecting power, and in some
cases, also, a powerful absorbing action. We must distinguish care-

fully between absorption and reflection. If we examine a thin film

of silver deposited on glass, we find that it transmits little or no
light, and we might therefore come to the conclusion that the metal
absorbs strongly. A little further investigation will show, however,
that over 90 % of the fight has been reflected, the remaining 10 %
having been absorbed. Platinum, however, has a much lower re-

flecting power, combined wdth equally great opacity; consequently
we may regard platinum as possessing a stronger absorbing power
than silver. Gold is, however, as compared to silver and platinum,
extremely transparent, ordinary gold-leaf transmitting no incon-

siderable amount of green fight.

AVhile metallic absorption is not in general characterized by such
marked selective action as is the case with the colored media which
we have studied, the phenomenon of selective absorption is by no
means absent, as the strong coloration of the light transmitted
by gold-leaf proves : silver, too, while it appears to favor equally
all wave-lengths in the visible spectrum, is fairly transparent to

ultra-violet radiation comprised within the range .305-.320 : its

reflecting power is correspondingly low for these same wave-lengths.
The colors which metals exhibit are due to a selective reflecting

power, which is especiafiy marked in the case of gold and copper.

If two gilded glass plates are mounted parallel at a distance of a cen-
timetre or so, with the reflecting surfaces opposed and a beam of

light caused to travel back and forth between them, suffering a
number of reflections, the surface color is still more marked, the
filament of an incandescent appearing as red as if seen through
ruby glass. This method of bringing out the surface color is anal-

ogous to the method of Rubens and Nichols for isolating long
heat-waves by multiple reflections from surfaces of quartz and
rock-salt. The same phenomenon can be seen in a less marked
degree by looking into the interior of a gilded goblet, the bottom
of which appears of a fairly deep-red color.

Glass plates can be easily gilded by exposing them to the dis-

charge from a gold cathode in a vacuum tube ;
jilates gilded by

the application of g()ld-l(>af, in the manner employed for lettering

on Avindows, would doubtless answer as well, and can be readily

obtained from a sign-painter.

456
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The phenomenon of elliptical polarization is exhi})ited in a high
degree when light polarized in an azimuth of 45° is reflected

obliquely from a metal surface.

In the case of transparent substances, we have seen that this

result can occur if the surface is contaminated with a film, but in the

case of metallic reflection the presence of a surface film is not neces-

sary. The first attempt to establish equations for the reflection

of light by metallic surfaces was made by MacCullagh, who assumed
that the reflection was of a nature similar to that of total reflection

in the case of transparent substances, and assigned therefore to

the metals an imaginary refractive index. Cauchy also developed
an equation practically identical with MacCuUagh's, and more
elaborate treatments were subsequently given by Beer, Eisenlohr,

and Lundquist {Pogg. Ann., xcii., page 402 ; civ., page 368 ; clii.,

page 398).

Against the methods employed by these investigators, Ketteler
raised the objection that the development of the equation for the
reflected wave necessitated the existence of a longitudinal disturb-

ance in the ether, against the existence of which there exists the
strongest experimental evidence. Ketteler {Wied. Ann., B. i. and
iii.) developed an equation along different lines, and by adopting
different boundary conditions avoided the necessity of a longitudi-

nal wave. These earlier treatments, based upon the elastic-solid

theory, have been completely supplanted by the methods of the
electro-magnetic theory, which are much more intelligible for the
reason that the physical actions which are going on are definitely

specified. According to our present views, we regard metals as

substances in which electrons exist, which are capable of continuous
movement under the action of a steady electro-motive force. Here-
tofore we have regarded the electrons as bound to positions of

equilibrium by forces of restitution, experiencing only a slight

change of position under the action of a steady electric force.

Upon the removal of the force, the electron returns to its original

position.

We will now investigate the behavior of free electrons under the
action of the rapidly alternating electrical forces of light waves.

Electro-Magnetic Theory of Absorption. — We have already
discussed the propagation of waves in a medium which is a perfect

dX
msulator, in which the current is proportional to — . In such a

ot

medium the current may consist of two parts, a displacement current
I dX

in the ether represented by , and a convection current due to
4: IT at

the motions of the electrons inside the atoms. It is clear that the
current will cease as soon as the electric force ceases to vary; for

example, if the electric force rises from to X, the electron will be
displaced a certain amount, the motion constituting a convection
current, but if the force then remain steady, there will be no further
motion of the electron, and the current will cease.

We will now investigate the propagation of waves in a medium
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which is not a perfect insulator. In such a medium a current will

be set up under the influence of a steady electric force, which ^^^ll be
proportional to the force X instead of to the rate of change of X.
We may think of this current as due to the motion of free electrons,

which will drift along under the influence of the force, giving rise to a
conduction current represented by o-A', in which o- represents the
absolute conductivity measured electro-staticalh'. The current in

an imperfect insulator will then be made up of two parts, one pro-
dX

portional to -^— and the other proportional to X, the former vanish-
ot

ing under the influence of a steady field.

If we have a periodic electric force, as in light-waves, both currents
will be present, and we may have absorption or a transformation
of energy from two distinct causes. If the vibration of the electrons

which are not free is accompanied with something akin to friction,

there will be a heating similar to the heating of the dielectric of a
condenser when it is rapidly charged and discharged. This type of

absorption has l^een discussed in the Chapter on Dispersion. There
ma}" in addition be an ohmic heating, similar to the heating of wires

by steady currents. This we may think of as due perhaps to the
impacts of the free electrons or changes in the potential energy, as

electrons are torn-off atoms under the influence of the electric

force.

If we limit ourselves to plane-polarized plane-waves, we may write
for the current parallel to the x axis

The current is thus seen to be made up of two parts : a displace-

ment current in the ether, resulting only from an electrical force

which changes with the time, and a conduction current proportional
to X \vhich does not depend for its existence upon fluctuations of X.
It will be remembered that the modern theory of metallic con-
duction regards the electrical current as a streaming motion of

negatively charged electrons, which are free to move in the metallic

conductor under the action of a steady electro-motive force.

No further modifications than the one introduced into equation (1)

are needed, and the fundamental Maxwell equations -^^ = r^ — t^ >

c oz oy

etc., and --r- = — --, etc., still hold, if we write the permea-
C at dz dy

bility /A= 1.

This we are justified in doing, even in the case of the strongly
magnetic metals such as iron, nickel, and cobalt, for experiments
indicate that the magnetic molecules are unable to follow the very
rapid changes involved in the case of hght-waves.
The boundary conditions may be written as before, Xi = X2,

Yl=Y2, «! = «,, A = A-
For the present we shall concern ourselves only with the absorp-
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tion due to ohmic heating, i.e. resulting from the term o-A", which

represents the conduction current.

If Jx = T- ~jr , we have-— = - -—^ (eq. (12) )

.

-rr • V ^X _ 1 dj^ , . dj^ _ c^ d'^X Chapter on
^^ -^^ " ''^

' ^ ~
^^ '

'^ '"''''' dt~4.7r dz' Reflection Theory

andfi^' = ^^-| = |^-fY (eq. 7, 8 and 12)
V C C ot oy dzj

dX ^ c" d^X

dt 4 7ro- dz^
'

From (1) we then have

€ d'-X 4 7raaX^3^X

When applied to harmonic motion, this equation has for its solu-

tion

X = Ae' ^ '

""'

, in which m is complex. (2)

Differentiating (2), '^^^'^^' ^^^ substituting in (1),

• ^ € ax ,
^dX T ^f € crTyx

'^'
4:7r dt dt i27r \4:7r i27rj dt'

Multiplying the numerator and denominator of the second term

in the parenthesis by 2 i gives us j^ = ( t^ :r~~ )
~^

'

\4 TT ^ir J Ot

e-2i(TTdX
h=

dt

(3)

For perfect insulators jx=—^^, the only difference being that
4 7r of

in the case of absorbing media the real constant € of the equation

for insulators is replaced by the complex constant e' = e—2i(TT.

Substituting this complex dielectric constant in equation (12), page

359, gives us
€' d^x ^ d^x

& d V- dz-

r^-r, .. ^. /o^ ^^X 4 7r2„ d^X iz!^ vDifferentiatmg (2) , "^ = " "^ ^' ^^
= fT^ >

and substituting in (3), — -=— X = X,
c 1- 1^

— = m^,

and since e' is complex, m is also complex.

(4)
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Now m has the dimension of a reciprocal velocity, and we may

write m =——^ , in which V is the velocity of propagation of the

wave in the absorbing medium.
Substituting this value in (2),

2-ri/ _(1— ik) \ 2iTi/ _z-iKT\ 2 nit 2 iriz jirKZ

in which TV = X.

X = Ae ^e ^^ ^\ (5)

In this expression Ae ^ represents the amplitude, which clearly

decreases as z increases.

After traversing a thickness equal to the wave-length X, the ampli-

tude has decreased by the amount e^'"'. The constant k is the

measure of the absorption, and is called the absorption index.

If we call ^ = w the refractive index of the medium, we have

from equation (4)

.-. £'=n2(l-K2-2?K); (5)

and since £' = £— /2o-r=«^— n^K^— 2n2iK,

we get by equating the real and imaginary parts,

(5a) nHl-x'') = €, n^K^aT.

This last relation is not in agreement with facts, however, as we
shall see presently. The reason of this is that, in the present treat-

ment, we have not taken into account the influence which the

vibrating electrons have upon the propagation of the disturbance.

We have shown that in the case of imperfect insulators we have a
complex dielectric constant, due to the conduction term a-X. In
the treatment of dispersion we have seen that a complex dielectric

constant results from the presence of vibrating electrons, even when
the term (tX is absent, i.e. when no conducting electrons are present,

and absorption will occur if the vibration of the electron is accom-
panied with friction. There are thus two distinct types of absorp-
tion— one caused by conducting electrons, the other by vibrating
electrons, the motion of which is accompanied by friction.

Metallic Reflection. — Consider now the ca.se in which plane-
polarized Hght is incident on a polished metal surface, the plane
of polarization making an angle of 45° with the plane of incidence.

Referring to the treatment of reflection given previously, and
making use of the same symbols, we have in the present case
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Ep= E„ and
sin 4> ,-.

sin x= -7=7-. (6)
Ve

This is simply the previous equation with the complex dielectric

constant e' substituted for c

By equation (24), Chap, on Refl.^ = - |z; Cos(^+x)
R, EeCos{^— x)

we have, since E, = E., ^ = - 52sl^
^

Ks cos($— x)

in which Rp and Rs are complex quantities.

Let Rp = Rpe'^'' and R, = Rs&^% then

f^ = pe'^, in which 8^- 8, = A and p = §

;

Rs Rs

..^= pe'"" = - cos (<^+x )
_ (7)

' '

/?s COS i^—x)'

Since the right-hand member of the above equation is complex,
A must differ from zero, and there is a phase-difference between the

two components of the reflected light, which produces elliptical

polarization.

We will now determine how this phase-difference and the accom-
panying elliptical polarization vary with the angle of incidence.

,A cos $ cos X— sin ^ sin xpe = ;

cos ^ cos x+sm ^ sm x

multipljnng this equation by the denominator and transposing the

terms gives us

1 +pe'^ ^ sin ^ sin x ^^^^^ sinx

1 —pe"^ cos ^ cos X cos x

sin <E> tan $ sin $ - tan ^ sin ^ •= tan ^
Ve'cosx Ve'cos^x / /-. sin^ ^

. lHhpe^_ sin ^ tan ^
'1-pe'^ Vc'-sin^^*

(8)

At normal incidence ^ = 0, pe'^= —1, i.e. A = and p=—l, or

the wave is reflected with a change of sign, but with no phase-
difference between the components ; the light therefore remains
plane-polarized. The reflected waves form, by interference with
the incident waves, a system of stationary waves, and since the re-

flection is accompanied by a change of sign, we shall have a node at
the reflecting surface.

At grazing incidence 4> = 90, p&^=l, i.e. A = and /» = !, or re-

flection occurs without change of sign and without elliptical polar-

ization.
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The ellipticity will be greatest for the angle of incidence for which

A = - . At this angle we have e'^ = %, since e'-^ = cos A -f- 1 sin A = + 1 j»

2

This angle is termed the angle of principal incidence, and we will

designate it by ^.

1 -h ip _ sin ^ tan <^
(^.^-—- - \.y)

l-ip Ve'-sin^"^

Multiplying this equation by its complex conjugate

1—ip _ sin ^ tan ^

l+ip' Ve"_sin2$

in which e" is the complex conjugate of e'.

The left-hand member thus becomes ^ =1, and we have

sin* $ tan" <P= (e'-sin2 ¥) (e"-sin2 $),

or, substituting the value which we have found for e',

(10) sin* $ • tan* $= n4 (1 +^2)2-2 n" (1-^2) sin^ <P+sin* *.

In the case of metals, n^{\ -|-k2) has a value much greater than unity

(from 8 to 30), consequently it is sufficient if we take only the first

term of the right-hand member;

(11) .". sin$tan<I> = wVl+K2.

We can derive this expression from eq. (8) if we disregard sin^ ^ in

comparison to e,

\-\-ip _ sin ^ tan ^
l-ip~ Ve"' '

in which ^e' = n (I — ik), see eq. (5).

Multiplying this by its complex conjugate,

1 ^ sin^^tan^$ _ sin^ ^ tan^ ^
(n— uik) {n+ niK) n^ -\- n^K^

sin^$ tan^ (^ = n^-{-n^K^ = n^ (1-(-k2);

.". sin4> tan* = nVl-|-K2.

If l)y means of a Babinet compensator, which annuls the phase-
difference introduced by the nietailic reflection at any angle of

incidence, we convert the elliptical vil)ration into a plane-polarized

one, the plane of polarization will make an angle * \\ath the plane of

incidence, and we have the relation p = tan *.

If we can establish equations connecting n and k with 4>, A and *, it

is dear that we can determine the refractiv(» index 7i and the ex-

tinction coefficient of a metal by observations made on tiie state of

polarization of the reflected light. Such methods are called katop-
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trie methods in contrast to the dioptric methods employed in the
case of transparent substances. They have l)een largely used in

the determination of the optical properties of intensely opaque
matter. They are obviously not as reliable as the dioptric methods,
for, as we have seen, the ellipticity of the reflected light is pro-

foundly affected by the presence of surface films, and we can seldom
be certain that such films are not present in the case of metallic

surfaces.

We will now establish relations between n and k, and ^, A, and *.

We require first an expression for —^—^, in terms of * and A,

which expression we shall substitute in eq. (8).

sin ^
Since p = tan*= , we may write the above expression,

cos*

1 — tan * (cos A+i sin A ) _ cos*— sin* (cos A, etc.)

l+tan* (cosA-)-isin A) cos*+sin* (cos A, etc.)'

Writing cos* = a, cos A sin*= 6, sinAsin*= c, the above ex-
pression is of the form

a— b— ic

a-\-b-\-ic'

Multiplying the numerator and denominator by a-\-h— ic gives us

a^— b^— c^—2aic

in which we substitute the values for a, b, and c, and find (writing for

cos^* — sin^* its equivalent cos 2*), since cos^ A+sin^ A = l and
neglecting sin- ^,

1-pe'^ = cos 2 *-t sin 2* sin A ^ njl-ix) ^^^ .^s
.

1-hpe^ +sin2*cosA sin <^ tan ^' '

.'.equating the real and imaginary parts,

riK sin A sin 2 * n cos 2 *
sin*tan<I» l+cosAsin2*' sin<i'tan<E* l+cosAsin2*'

iind, dividing the first by the second,

UK _ sin A sin 2 *
n~ cos 2*

cos 2*
K = sin A tan 2 *, n= sin ^ tan 4>

n^(l +'<^) = sin^ ^ tan^ ^

l+cosAsin2*

1 — cos A sin 2 *
H-cosAsin2*

If the light is incident at the angle of principal incidence <E>, the

corresponding angle * is called the principal azimuth. In this case

K = tan 2 * (since sin A == 1),
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Determination of Principal Incidence and Azimuth. — Since re-

flection at the angle of principal incidence converts circularly

polarized into plane-polarized light, we can easily determine the

angle bj^ reflecting a circular vibration, obtained by means of a
quarter-wave plate or Fresnel rhomb, from the metallic surface,

and determining the angle of incidence at which the reflected light

can be quenched by a Xicol prism. The principal azimuth is the

angle which the direction of the plane \ibration (short diagonal

of the Nicol) makes with the plane of incidence. Or we may
start with plane-polarized light and employ a Babinet com-
pensator {'with, its wedges set so as to displace the central fringe

through a distance corresponding to a phase-difference of a quarter

of a period) to analyze the reflected hght, observing the angle of

incidence at w^hich the central fringe returns to the central posi-

tion. The principal azimuth is determined by obser\ang the angle

through which the second Nicol has to be rotated to make the central

fringe black. Colored light, obtained by passing sunlight through

colored glasses or solutions, should be employed, as the optical con-

stants are a function of the wave-length.

Determination of the Change of Phase by Reflection. — The
change of phase produced by perpendicular reflection at a silver

surface is best determined by means of the Michelson interfe-

rometer, one of the back mirrors being coated over half its surface

with a film of silver. The shift between the fringes on opposite

sides of the dividing line gives us the measure of the phase-difference

between disturbances reflected from glass and silver, if we take into

account the slight shift due to the shortening of one optical path by
the material thickness of the film. The thick-

ness can be determined by silvering the plate in

the mamier shown in Fig. 299. The upper half

a, b is first hea\dly silvered, the lower portion be-

ing covered with a glass plate. The left-hand

portion a, c is then treated in a similar man-
ner. The phase-change due to reflection wall be
the same at the surfaces a and b, the shift of

the fringes at the boundary being due to the
difference in thickness, which is obviously the thickness of c. The
shift at the boundary between c and d is next observed, attention

being paid to the direction of shift in each case. From these data
it is easy to calculate the phase-change produced by reflection, if

we remember that reflection at a glass surface produces a change
of half a period. (See Mann's Manual of Advanced Optics.)

Absorption and Reflection by Metals. — The ratio of the re-

flected to the incident intensity at normal incidence is called the
coefficient o/ reflection. For the ratio of the amplitude we have in

the case of transparent media (see page 368),

E, n+1*

In the present case we write for n, the square root of the complex
j

dielectric constant e', since Vc' = n(l — ?k).

Fig. 299.

J
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In the present case, then, we have

Rg ^ Rpe^P ^ n{\-iK)-\
Ep Ep n(l-iK)+r

Multiplying this equation by its complex conjugate, we obtain for

the coefficient

^^ n'^(l+K2)+l-2/t
_

n2(l+K2)+l+2n'

In the case of metals 2 n is small in comparison to n^(l +k2). If we
neglect it, we get i^= 1. In the case of silver 95 % of the incident

light is reflected, i.e. R = .95. The reflecting power will be greatest

for the wave-lengths for which k has its greatest value; thus gold

reflects red light much more powerfully than green. The best deter-

minations of the reflecting power of different metals are those made
by Rubens and Hagen {Ann. der Physik, i. 352, 1900; 8, page 1, 1902).

The values which they found for a number of the more common
metals are given in the table on next page, which will be found
useful for reference in all optical work involving the reflection of

light from metalhc surfaces.

It is apparent from the table that the reflecting power of silver

in contact with glass is somewhat less than that of silver in con-

tact with air.

The same is true for mercury.
An easy way of exhibiting the loss of Hght by reflection from a

metal is to half fill a test-tube with mercury and plunge it in a jar of

clean water; the light reflected from the metal will appear quite

dull in comparison with the hght totally reflected at the glass air

surface.

In the above table there will be found in the last column the values

of R calculated from observations by katoptric methods (yellow

light), i.e. calculated from ^, *, and A. They will be found in rough
agreement with the values observed by Rubens.

In the case of silver the minimum at A = 316 is very remarkable,

the reflecting power of the metal for this wave-length being

about that of glass for yellow light.

The highest reflecting power appears to be possessed by metallic

sodium, for which R = 99.7 according to Drude. This value was
calculated, however.

Effect of Thickness of Film. — The most recent investigations

of the reflecting and absorbing power of metals has been made by
Hagen and Rubens.
The films were deposited upon quartz plates, which permitted

of investigations in the ultra-violet region, and their thickness

determined by two different methods, weighing the film both
before and after its conversion into the iodide and the interference

method of Wernicke.
They first investigated the dependence of reflecting power upon

the thickness.
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Let

then

and since

it follows that

/o= intensity of incident light,

J= intensity of light which enters film,

^= intensity of transmitted light,

R= reflecting power,

J,{\-R)=J,

i , 1 1 «/
p = — and a = - log-

'

-p^Ul-R) and log p = log^+log (1-/2)

log p= — ad+log {\—R).

If we determine p for vari us thicknesses, and plot the values

of log -p as ordinates with the values of d as abscissae, the points

will he in a straight line. Moreover, the tangent of the angle which
this line makes with the axis along which we measure d, will be
the value of the absorption constant a.

This was done for a number of metals, and the linear relation

found in each case, which proves that the law of absorption holds

for metals. The values of a and k for the three metals silver, gold,

and platinum for different wave-lengths are given in the following

table

:

\
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Optical Constants of the Metals. — These may be determined by
various methods, n and k may be determined directly by dioptric

methods, accurate measurements involving great difficulties, how-
ever, or they may be calculated from determinations of ^ and ^,
the angles of principal incidence and azimuth.

Kundt was the first to determine directly the refractive indices of

the metals. He employed exceedingly acute prisms deposited on
glass by means of the cathode discharge or chemical means, and
actually measured the deviation of light produced by them. In
some cases n was found to be less than unity ; in other words, the

light was propagated in the metal at a higher velocity than in vacuo.

Drude gives the following table for the constants of a number
of the more common metals

:

Metal
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or if we call ix = eN-r--, the current due to them,
at

-^.|- + ^J.=X (2)eW ot N
in which m is the mass of the electron, e the charge, and A^ the num-
ber in unit volume.

By eq. (2) (this chapter),-— = X, in which t= —

;

ot T 1

. X = —iT-^, smce - = —I.
Bt

'

I

dj
For periodic changes we can write j^ = ~'^^"^> ^^^ i^ we substitute

these values in eq. (2), we obtain

Hrem Ni ^^
dt

'

which equation can be easily brought into the form of eq. (4), (Elect.

Mag. Disp. Theory), by transposing the terms

. _ J_ ax I
re^Niri TT

Jx
=

4:-ir dt [ im-\-ehT

J_aX
[
4 7rriV

j

47r dt \i^_]]L
f

re

the complex quantity in the brackets corresponding to the dielectric

constant € of the earher formula.

As we have seen in the Chapter on Dispersion, the dielectric con-

stant of a medium containing non-conducting electrons is repre-

sented by

^' = 1 +T ^^^-r-

The dielectric constant e" resulting from the presence of both
types of electrons is therefore

1 + S.

in which

1+*
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ing the real and imaginary parts of the above equation,

n2(l-K2) =l+y ^*' -47rV_!^
+

T
w'Y

and 72^K = 2 TTTV i—

.

Consider now the first of these two equations. In the case of
transparent substances, where we neglect ah, k = 0, and we have

1 +X 1-

for wave-lengths far removed from the natural period of the electron.

In the present case we have a third term to take into account, so

that even in the case of these wave-lengths we may have k>1 (which
means very heavy absorption), since the right-hand member can
become negative as a result of the third term. This term will have
large negative values for small values of r. Now r represents some-
thing which opposes the motion of the conducting electrons, which,
in the Chapter on Dispersion, we called for convenience " friction."

Small values of r consequently represent high conductivity, and
the most opaque metals will be those of the highest electrical con-
ductivity. This point will be more clearly brought out in the sec-

tion following.

The discrepancy between theory and experiment as represented
by the equation deducted at the beginning of the chapter, n~K = aT,
is cleared up b the second of the two equations, if we write it in

the form which i will take when we have infinitely long waves
(t= oo). We must do this if we are to fit our optical equations to

ordinary electrical measurements, made with very slow periods, or

without any periodicity whatever.

For the conductivity we can write o- = 1

, since it is pro-

portional to the number of conducting electrons and inversely as

the frictional force which opposes their motion. Substituting
these values, we get at once

^ r

As has alreadv been pointed out, n'^K = ^.Q in the case of mercury,
while o-r= 20.

If r is small, as in this case, and if we are dealing with small

values of t, as when measuring ri^K bj'- optical methods, we cannot

neglect — in comparison to r : our second member \n\\ then be smaller
T

than in the previous case, since^the denominator is larger, and we
shall have v?k<(tT. It is worthy of remark that the conductivity
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of electrolj'tes is not sufficient to cause appreciable absorption of

light, the conducti\dt3^ of the best electrolytes being only about

TO o"oTT¥ that of mercury. For these a- will i)e of the order of mag-
nitude 7X10", while for hght-waves 7'= 2xl0-l^ therefore
0-7^=14 X 10"^ = .0014. By our formula n"K is never greater than
o-T, generally much smaller, which shows us that k must be very
small in the present case.

Relations between Optical and Electrical Properties of Metals.— Very intimate relations have been established between the optical

and electrical properties of metals by the recent work of Rubens
and Hagen {Ann. der Physik, 11, 873, 1903). Previous to this im-
portant investigation many discrepancies existed between theory
and experiments. The optical properties of metals could not be
represented by Maxwell's theory in its original form. One of the
most difficult things to account for was the comparatively great

transparency of some metals for light-waves. Moreover, the re-

flecting power appeared to stand in no definite relationship vnth
the electrical conductivity. Kundt, moreover, found that the re-

fractive indices of his metal prisms for red light arranged themselves
in the order of the specific resistances of the metals, whereas on
Maxwell's theory the reverse should hold true.

The work of Rubens and Hagen has shown conclusively that

these discrepancies have resulted from the employment of too short

waves. As soon as the optical work was carried on in the remote
infra-red region of the spectrum between wave-lengths 4 ij. and 12 /u.,

most perfect agreement with the theory was found.

They found, for example, that platinum and bismuth, which have
a low conductivity, are much more opaque in the visible spectrum
than gold and silver, which are much better conductors. This is

contrary to what would be expected on Maxwell's theory'. In the
infra-red, however, it was found that they were much more trans-

parent. This effect is not difficult to show. A thin quartz plate

is lightly silvered chemically, the action being stopped when the

film appears blue by transmitted light. On a similar plate a per-

fectly opaque film of bismuth is deposited by the cathode discharge.

If the rays from a Welsbach light, \^^thout its chimney, are allowed
to fall upon a sensitive thermopile, it \v\\\ be found that the silver

plate practically cuts off all of the long heat-waves, while the bis-

muth is fairly transparent for them.
Maxwell's theory gives for the reflecting power of a metal of con-

ductivity 0-, for electro-magnetic waves of period T, the formula

R = 100 z= (see Drude's Physik des Aethers, p. 574). Intro-

ducing in place of the comhictivityfr (measured in electrostatic units)

the conductivity x, i.e. the reciprocal of the resistance, measured in

ohms, which a conductor of 1 mm. cross section and 1 metre in lengtii

would have, and in place of T the wave-length \, the formula takes
the form
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The intensity of the radiation which penetrates the surface is

given by

100- /^ = 36.5

or {lOO-R)Vx=^=CK
Va

This equation shows that
the product of {lOO— R)y/x
is a constant for a given wave-
length and is independent of

the nature of the metal.

The reflecting powers were
measured by means of the

apparatus shown in Fig. 301.

A Nernst lamp B was fixed

on a turn-table in such a
position that its image A,
formed by the concave mirror D, was symmetrically located with

respect to the centre of the turn-table. By turning the table the

filament of the lamp could be brought into the position previously

occupied by its image. The surface of the mirror D was composed

Fig. 301.
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of the metal under investigation. The rays from the filament or

its image were focussed upon the sht of a reflecting spectrometer,

furnished with a fluorite prism, and the spectrum thrown upon the

thermopile at T. It is clear that by this arrangement we have a

means of comparing the incident with the reflected energy, since

the loss by reflections from the surfaces of the optical parts of the

instrument is the same in each case. They investigated a large

number of metals and alloys of knowTi conductivity, obtaining

curves of the type shown in Fig. 302.

It is worthy of note that magnalium, the most brilliantly reflecting
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alloy which we have, is surpassed by iron, in reflecting power, for

wave-lengths greater than 4 /i.. These curves indicate that for

infinitely long waves the metals would reflect 100 % of the incident

intensity, as is the case with electro-magnetic waves of slow period.

According to theory the product (100 — R) ^x should be a constant

for a given wave-length.

This relation was verified in a remarkable maimer as is showm
by the following table, which is for A=12/x:
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Temperature 170'



CHAPTER XVII

ROTARY POLARIZATION

We have seen that, in general, when a ray of plane-polarized light

is passed through a crystal in the direction of its optic axis, there is

no double refraction, and the light emerges with its plane of polariza-

tion unchanged. The discovery was made by Arago in 1811 that

a rotation of the plane occurs when light is transmitted through
quartz in a direction parallel to the optic axis. If two Nicol prisms

are placed in front of a sodium flame and so oriented as to completely

extinguish the light, the introduction between the prisms of a quartz

plate, cut perpendicular to the axis, causes the field to become
bright again. On turning the analyzing Nicol through a certain

angle the light can be completely extinguished, sho-«ang that it is

still plane-polarized, but that the plane of polarization has been
rotated through an angle, which is measured by the angle through

which the Nicol has been turned. If white light

is used the field appears colored, the colors

changing as the anah^zing Nicol is rotated, the

light never disappearing entirely, as was the

case with the monochromatic socUum flame. This
is due to the fact that the different colors are

rotated by different amounts, the phenomenon
being termed rotatory dispersion.

The amount of rotation was found to be propor-

tional to the thickness of the crystal section,

which shows that the action occurs within the

medium and not at the surfaces. Moreover,
some crystals were found to rotate the plane to

the right, while others turned it to the left. The
former are termed right-handed or dextrogyrate,

the latter left-handed or laevogyrate. Simple
inspection of the crystals is sufficient to determine
their character. One can usually find small hemi-

hedral planes which cut off the obtuse angles at

the base of the hexagonal pyramid. The character of the crystal

is determined by the relative positions of the surfaces s and x. If

s and X lie to the right of R, the surface of the hexagonal jiyramid

which both touch, the crystal is dextrogyrate, if to the left, laevogy-

rate, as in the upper figure. The surface x is often absent, in which
case we can determine the nature of the crystal by the striae on the
surface of s, which always run towards the position which x would
occupy if present, as shown in the figures (303).

The direction of rotation of the plane is not affected by turning the

plate around, consequently if the ray is reflected back through the

476

Fig. 303.



ROTARY POLARIZATION 477

crystal, the plane of polarization is turned back into its original

position. This point is very important in connection with the

magnetic rotation, whicliwe shall discuss in a subsequent article,

for in the case of substances which acquire rotatory power by being

placed in a strong magnetic field, the direction of rotation depends
on the direction of the magnetic field, and reflection back through
the plate doubles the rotation.

It was subsequently found that many liquids and solutions

possessed like quartz the power of rotating the plane of polariza-

tion, though in a much less degree. The rotation of the red rays

by a quartz plate 1 mm. thick amounts to about 18°, while that

due to a layer of turpentine of equal thickness is about one quarter

of a degree.

Rotatory Dispersion. — The phenomenon of rotatory disper-

sion was investigated by Biot, who found that the rotation was
nearly, though not exactly, proportional to the inverse square of

the wave-length. Still more accurate measurements were made
by Brock, who obtained the following values for a plate 1 mm.
thick, for wave-lengths corresponding to those of the principal

Fraunhofer lines

:

B C D E F G

P,
17° 30' 17° 24' 21° 67' 27° 46' 32° 50' 42° 20'

pX^, 7238 7249 7511 7596 7622 7841

The values of pX^ are seen to increase with decreasing wave-
length, which shows that Biot's law is only approximately followed.

Brock's experiment, which is well worth repeating, consisted in

passing sunlight through two Nicols, between which a quartz plate

w^as mounted, and then analyzing the light with a spectroscope.

On turning the analyzing Nicol, a dark band entered the spectrum
from the red end, and passed slowly down towards the violet as

the Nicol was rotated. By setting the centre of the band on a
Fraunhofer line and reading the position of the Nicol, the rotation

for the wave-length of the line was determined.

Stefan calculated from Brock's measurements the following em-
8 0403

pirical formula <^= —1.581 + -^-t
—'-, of which the first member

A^IO

represents the departure from Biot's law. If the law held rigorously

it would be equal to zero. Cauchy's formula for ordinary disper-

sion is

in which, however, A is always positive.

The rotatory power of quartz must be kept in mind in all ex-

periments with polarized ultra-violet hght. If quartz plates or

lenses are used, the planes of polarization of the different hnes in

the spectrum will be in every conceivable direction owing to the

enormous rotatory dispersion. The difficulty can be overcome by
employing equal optical paths of right and left-handed quartz.

Lenses can be made which do not rotate the plane, by combining
two plano-convex lenses, one of right, the other of left-handed
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quartz. Optical apparatus is frequently designed without paying
due reference to this phenomenon. The following table will be
found extremely useful in all polarization work involving the use

of quartz plates or lenses

:

Rotation of the Plane op Polarization by a Quartz Plate 1 mm.
Thick. For Fraunhofer and Cadmium Lines.

A
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/,'ca QuMTz f.m/l._

Fig. 305.

Let the diameter 0°-180° represent the direction of the vibration
of the hght after it has passed the first Nicol. The quartz plate will

rotate the red {B) through an angle of 58° 1'; consequent!}^ we
mark two points on the B circle at 58° and 238°, this diameter rep-
resenting the position of the vibration plane of the analyzing Nicol
when the red is most copiously transmitted. Doing the same for

the other colors and connecting each set of points by a line, we
obtain two spirals, which represent graphically the rotations of
the different colors. The loci of planes perpendicular to these
planes are given by joining points 90° away from the first point.

We obtain in this way two other spirals (dotted in diagram) rotated
through an angle of 90° with respect to the first. For thinner plates

the spirals will have less curvature and be shorter, while for very
thick plates they will have one or more complete convolutions.

These maximum and minimum spirals can be shown experi-

mentally by means of a very ingenious device due to Mach. A
brilliant point source of light, a Nicol and the quartz plate, are set

up in line, followed by a Nicol, and a nearly direct vision prism or
transmission grating mounted
in a tube which can be set in

rapid rotation by means of a
pulley (Fig. 305). The re-

volving prism spreads out the

source of light into the circular

spectrum, which we represented in our geometrical construction,

from which the colors disappear in different regions as the Nicol

rotates with the prism. The circular spectrum is seen traversed

by a pair of intensely black spirals, the direction of rotation of

which depends on whether we use a plate of dextro or laevo-

rotatory quartz. This extremely beautiful experiment can be pro-
jected, though the colors are naturally much more vivid when
viewed subjectively.

Fresnel's Explanation of the Rotation. — A theory was formu-
lated by Fresnel to account for rotatory polarization, which was

based upon the fact that a ray of circularly polar-

ized light is propagated without change through a
quartz crystal in a direction parallel to the optic

axis. A linear vibration can be regarded as the

component of two oppositely polarized circular

vibrations, and Fresnel made the assumption that

the plane-polarized light, upon entering the crystal,

was decomposed into two oppositelj^ polarized

circular vibrations, which were propagated with

unequal velocities. This inequality in the velocity

of propagation will produce a rotation of the re-

sultant, which \\ill amount to 90° after a thickness

has been traversed such that one circular dis-

turbance is half a wave-length ahexd of the other.

Let two points moving in opposite directions

around a circle represent the two circular vibrations. The re-

sultant hnear vibration will be represented by the line joining the

I IG. 306.
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two points at which the mo\dng points pass each other. Let x and
y be the tUsturbances which in the upper chagram have the result-

ant AB (Fig. 306). In the lower diagram the disturbance y is half

a period ahead of x, and the resultant is A'B'.

The existence of these two circular components was shown experi-

mentally by Fresnel, who reasoned that if there existed in reality

two circularly polarized disturbances which travelled with different

velocities, they should be refracted by different amounts on emerg-
ing into the air through an oblique surface ; in other words, quartz

ought to show feeble double refraction in a direction parallel to the

optic axis, and the two images produced thereby should be circularly

polarized. Fresnel first tried a single surface, but the effect was
too shght to be noticed. By the ingenious de\nce of building up a
compomid prism composed of alternate prisms of right and left-

handed cjuartz the effect was
A p /\ A found (Fig. 307). This method

T ?

—

/ \ —7^=-^^^^IIZZ_I
"*"

yi
permitted the use of very oblique

^- \/^~~r ^ refracting surfaces, since only the

Fig. 307. small differences in the velocities

came into play, while in the case

of a single prism we have the refractive index with respect to air

to consider, and if the prism be too large, hght cannot be made to

traverse it, owing to total reflection. By Fresnel's de\dce the
separation is increased at each surface, as will be seen from the fol-

lowing consideration. The difference between right and left-handed
quartz lies in the fact that the right-handed circular component is the
faster in the former, the slower in the latter, that is, the R prisms
in Fig. 307 act as the rarer, the L prisms as the denser media with
respect to this component. The reverse holds true for the left-

handed component, the R prisms being the denser in this case.

The former component is therefore bent down and the latter up,
the angular separation increasing at each surface. If the two
images of the source seen through the compound prism are ex-

amined with a Nicol, they are seen to remain unaltered when the
Nicol is rotated. This means that the compound crystal prism
has either depolarized the light completely or transformed it into

circularly polarized Hght.

The introduction of a quarter-wave plate of mica causes the
images to disappear in succession as the Nicol is rotated, which
proves the two images to be circularly polarized, and in opposite
directions, the mica plate transforming them into plane-polarized
images, the planes of polarization being at right angles.

Cornu has recently shown that ^^^th a single 60° prism of quartz
the separation of the rays can be shown, the angle amounting to 27"
for sodium light. This means that even a quartz prism
so cut that the rays travel along the optic axis yields

double images. To remedy this defect Cornu devised a

l)rism consisting of two rigiit-angled prisms, the one of

right, the other of Icft-iuinded (juartz (Fig. 308). It Fiu. 308.

is apparent that the optical path parallel to the base of

the prism is the same for the two circular components; conse-
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quently the double refraction, which would otherwise cause a
doubling of the spectrum lines, is eliminated.

Prisms of this type are used in practically all of the quartz
spectrographs constructed at the present time.

Babinet's Experiment. — The difference between the velocities

of right and left-handed circularly polarized rays in quartz was
shown in a different way by Babinet, who made use of the fringe

system produced by a pair of Fresnel mirrors. The incident light,

which was monochromatic and ptane-polarized, passed, before

falling on the mirror, through a quartz plate which was covered

with two - plates of mica, one of which produced right, the other
4

left-handed circular polarization. The two oppositely polarized

circular disturbances passed through the same quartz plate and
fell, the one upon the mirror, the other upon its neighbor. Since,

however, a path-difference between two interfering rays which are

circularly polarized in opposite directions does not affect the in-

tensity of the illumination, but only the direction of the resultant

plane-polarized vibration into which they unite, no maxima and
minima fringes are produced ; there exists, however, a fringe system
differentiated not by intensity but by the position of the plane of

polarization. If the path-difference is zero the plane coincides \\ith

that of the light originally ; if there is a path-difference of - the

plane is rotated through 90°. The system when viewed through a

Nicol prism becomes visible, owing to the extinguishing of the light

in those regions where the plane of vibration is crossed with the

plane of vibration of the analyzer. If, now, the beams of right-

handed and left-handed light traverse the crystal with equal

velocities, the fringes should occupy the same position as in the

original Fresnel experiment. If, however, one travels faster than
the other there will be a path-difference, and a corresponding shift

of the fringes. This was found to be the case, for when the plane

of the incident light was rotated through 90°, the two quarter-wave

plates exchanged properties, and the fringes shifted in position.

In this experiment we have the equivalent of two circularly

vibrating sources, of the same period, but with opposite directions

of rotation. Changing the plane of the incident light by 90° is

equivalent to reversing the revolutions of the sources.

Unequal Absorption of the Circular Components. — The ex-

istence of the two circular components was shown in another way
by Dove,i who found that in colored crystals of quartz (amethyst)

the two disturbances were absorbed in different amounts. A
similar phenomenon has been more recently observed by Cotton,

who found that the strongly colored solutions of certain tartrates

absorb right and left-handed circular vibrations in unequal amounts.

These cases will be referred to again when we consider the theory

of rotatory polarization.

Other Rotatory Crystals. — Descloizeaux found that crystals

1 Pogg. Ann., ex.

2i
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of cinnabar have a rotatory power siAiilar to quartz, but fifteen

times stronger, some crystals being right-handed, others left.

Sulphate of strychnia and sulphate of aethylenchamin have the same
property.

The curious discovery was made by Marbach that crystals of

sodium chlorate show the phenomenon of rotatory polarization in

all directions, sections 1 mm. thick turning the plane (yellow

hght) 3.7 degrees, no matter how they are cut from the crystal.

Sulphate of strychnia has the power of rotating both in the

crystalline state and in solution. As we shall see presently, many
solutions exhibit the phenomenon of rotatory polarization, but in

general the substances crystaUize with two optic axes, the double

refraction which occurs in all directions masking any rotatory

power which may be present. If, however, the substance can be

obtained as an amorphous solid the rotatory power is preserved.

Quartz in an amorphous condition (fused, for example) does not

have the rotatory power, neither have solutions of quartz in potash.

This makes* it quite certain that in the case of quartz and other

active crystals, the optical activity depends on the arrangement

of the molecules in the crystal, while in the case of substances which

are active in the dissolved state the property depends on the ar-

rangement of the atoms making up the molecule.

Rotatory Polarization in Convergent Light. — The behavior of

quartz plates cut perpendicular to the optic axis was investigated

both theoretically and experimentally by Airy in 1831.^ Inasmuch
as only circularly polarized rays are propagated "^^^thout change

parallel to the axis, and plane-polarized rays perpendicular to the

axis. Airy made the hypothesis that in any other direction the only

form of vibration capable of l^eing propagated wthout change was
an. elliptical one, assuming that a plane-polarized ray incident in a

direction inclined to the axis was decomposed into

two oppositely polarized elliptical vibrations which
travelled through the crystal Avith different veloc-

ities. Airy further assumed that the elUpses

were similar, and that the path-difference between
the two elliptically polarized rays was the same
as in ordinary non-rotatorj^ uniaxal crystals, //;-

creased by an amount which was independent
Fig. 309. of direction, and inversely proportional to the

square of the wave-length. This means that in

active crystals the two wave-surfaces are completely separated,
the very small distance between them and the points where they
intersect the optic axis being the increment referred to above.
The wave-surfaces are shown in Fig. 309.

Rotatory Polarization of Liquids. — The rotation of the plane
of polarization l)_y litjuids was accidentally discovered by Riot in

1815, while experimenting upon the effect of the surrounding
medium upon the colors of thin crystalline plates. The changes
which he observed in the colors of plates immersed in oil of tur-

• Cainb. Traits., iv., parti., pages 79-108.
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pentine led him to try the effect of the oil alone on polarized light.

He found that the turpentine behaved in a manner similar to a
quartz plate cut perpendicular to the axis, turning the polariza-

tion plane to the left bj^ an amount proportional to the thickness

of the fluid traversed, and approximately inversely proportional

to the square of the wave-length.

On examining other substances for this property he found that a
large number of fluid organic compounds behaved in a similar way,
some turning the plane to the left, others to the right. The rota-

tory power was, however, very much less than that of quartz,

a column of turpentine 100 mm. long turning the plane of sodium
light 37°. An equal length of a solution of santonid or parasan-

tonid in a mixture of chloroform and bisulphide of carbon, which
is the most active Hquid substance known, gives a rotation of

446°, while a quartz plate of equal thickness would turn the
plane 2167°, or six complete revolutions.

Biot found further that a mixture of an active substance with an
inactive one, chemically inert towards it, had a rotatory power pro-

portional to the amount of active substance present ; in other words,

the rotation was simply proportional to the number of active

molecules in the path of the light, and wholly independent of the

proximity of similar or different molecules.

The neutral effect of dilution with an inactive substance made
the investigation of solid substances possible by bringing them into

solution in some optically inactive liquid.

In this way the number of active organic substances was
enormously increased, many sugars, gums, albumens, alkaloids,

fruit acids, etc., being added to the hst. We shall see presently,

however, that in some cases the solvent, even if optically inactive,

is not without influence on the rotatory power.

Rotatory Power and Change of State. — Biot found that sub-

stances were which active in solution preserved their property in

the solid state, provided they were prevented from crystallizing.

Sugar and tartaric acid can be obtained as amorphous solids, and
are optically active in this state. If the substance crystallizes, the
double refraction completely masks the rotatory polarization.

Bringing the substance into the vaporous state does not affect

its activity, as Biot ascertained in 1818 by means of a tube 15

meters long filled wdth the vapor of turpentine. His apparatus
took fire before the completion of the experiment and was destroyed,

and it remained for Gerney to make careful measurements of the

rotatory powers of vapors. He found that the specific activity

was the same in the vaporous state as in the liquid, i.e. a long column
of vapor has the same rotatory power as the short column of liquid

into which it condenses (the cross sections being, of course, equal).

Rotatory Dispersion of Liquids. — The rotator}^ dispersion

of liquids was found by Biot to be similar to that of quartz.

That the increase in rotation is not strictly proportional to the
inverse square of the wave-length he showed by filling a tube wdth
a mixture of dextro-rotatory and laevo-rotatory liquids in such
proportion that perfect compensation was secured for a single
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color. If the law of the inverse squares of X was strictly fol-

lowed, the compensation would be perfect for all wave-lengths,
which was found not to be the case, the hght appearing colored
through the analyzer. The departure from the law is different

for different liquids, being very small for the oils and very large in

the case of a solution of camphor in alcohol.

Molecular Rotation and the Influence of the Solvent on the
Rotatory Power. — The fact that the rotation produced by a given
substance appeared to be proportional to the number of molecules
in the path of the hght, gave rise to the opinion that the rotatory
power was inherent in the molecule, and led to the term molecular
rotatory power. This we may define as the amount of rotation

produced by a column of the solution I dm. in length containing
1 gram of the substance per cubic centimeter. If we dissolve p
grams of the substance in q grams of the solvent, the density being

8, then —— S is the amount of the substance contained in unit

volume of the solution, and if we fill with this solution a tube of

length I and observe a rotation for some particular wave-length,
we have

in which [p] is a constant for the substance, and is defined as the

molecular rotatory power. This constant may also be defined

as the rotation produced by a thickness of 1 dm. of the pure sub-

stance divided by the density of the substance. Biot found that

the rotation was not strictly proportional to the amount of dis-

solved substance, and that it varied, moreover, wdth the nature of

the solvent. If the change in the rotatory power with changing
concentration is continuous, a formula may be deduced by which
we may determine the molecular rotatory power of the pure sub-

stance from observations of solutions.

This matter was very carefully investigated by Landolt, who
worked with fluid substances, so that the activity of the pure sub-

stance could be directly determined, and then compared these

values with the values calculated from observations made with the

substance dissolved in various inactive solvents.

He found that the molecular rotatory power could be expressed

as a function of the quantity of active substance contained in

solution. If q represents the weight of the solvent in 100 parts

by weight of the solution, an equation of the following form could be
applied

:

{p)=A+Bq+cq\

The constants could be determined by making observations with
solutions of various concentration, the constant A being the molec-
ular rotation of the pure substance {q = Qi).

In this way l)oth th(> effects of the nature of the solvent and the

degree of concentration are eliminated.

For example, the value obtained witii sodium light for pure oil of
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turpentine was 37°.01, the equations obtained with alcohol, benzol,

and acetic acid as solvents being

1. Alcohol.

[p]o= 36°.974+.004816g+.000133g2.

2. Benzol.

[/>]o= 36°.970+ .02153 g+.00006673 q^.

3. Acetic Acid.

[/o]o= 36°.894+.02455 5+.0001369 q\

In some cases concentrated solutions are dextro-rotatory ; dilute,

laevo-rotatory. Such is the case with malic acid, which is repre-

sented by the equation

[p]o= 5°.891-.08959 5,

right-handed rotation being regarded as positive.

For q=——-=65.7 we have an optically inactive solution.
^ .0896 ^ ^

Anomalous Rotatory Dispersion. — In the case of solutions of

tartaric acid in water, the dispersion at first increases with decreas-

ing wave-length, reaches a maximum, and then decreases. Measure-
ments made by Arndtsen ^ for 50 parts of crystallized acid in 50
parts of water gave the following values

:

c
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presence of both a dextro- and laevo-rotatory system within the
molecule. We have a somewhat remote analogy in the achromatic
prism. Considered as a single dispersing system it may be said to

show anomalous dispersion, the outstanding colors due to imperfect

compensation being arranged in anomalous order, as we have seen.

Double Refraction of Active Liquids. — The division of the

plane-polarized ray into two oppositely polarized circular disturb-

ances was shown experimentally by F. v. Fleischl - b}' a method
identical wdth the one employed b}^ Fresnel in the case of quartz.

A long narrow trough was divided into 22 pris-

matic compartments by means of oblique par-

titions of plane-parallel glass (Fig. 310).

These compartments were filled alternately

Fig. 310. with dextro- and laevo-rotatory hquids of the
same refractive index, the best results having

been obtained \\ith oil of orange and a mixture of the oils of tur-

pentine and ricinus. A small source of polarized-sodium light

appeared doubled when viewed through the compound-fluid prism,

and examination ^^^th a quarter-wave plate and Nicol prism showed
the two images to be circularly polarized in opposite directions.

Theory of Rotatory Polarization.— The first attempt to bring the
phenomenon of rotatory polarization wnthin the range of math-
ematical analysis was made by M'CuUagh in 1836. Making
no assumptions regarding the ultimate physical structure of media
which had the power of rotating the plane of polarization, he in-

vestigated the changes which were required in the equations of

wave-motion in doubly refracting substances, to make them in-

clude the phenomenon of rotation. His treatment would be out of

place here, as it is purely mathematical, and is of no assistance in

forming an idea of the possible cause of the rotation. He found,

in brief, that if the introduction of a third derivative into the equa-
tions of wave-motion was made, the equations broke up into ex-

pressions representing circular \nbrations which were propagated
with different velocities.

The equations of Avave-motion in doubly refracting media are

df dz^' df dz"

for polarized vibrations propagated along the optic axis, which
coincides \\\\\\ the z axis of coordinates.

M'Cullagh modified these equations as follows

:

df dz- dz'' dt^ dz- d^'

the introduction of the tliird derivations being purely arbitrary.

Solving these equations, he found that they represented right and
left-handed circular vibrations, the former being propagated faster

or slower according as the constant c was taken positive or negative.

* Ber. Wien. Akad., 1884.
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The resultant plane-polariz6d vibration was rotated by an amount

in which A and T^ represent wave-length and velocity of propaga-

tion in the crystal. If we disregard dispersion, i.e. consider V in-

dependent of A, the expression shows that the rotation varies as

the inverse square of the wave-length, as Biot originally believed

it to be. M'Cullagh introduced the same arbitrary modifications

into the expressions representing rays propagated in other directions

than that of the optic axis, and showed that they represented

elliptical vibrations, as had been imagined by Airy in his treatment

of the subject. His treatment of the whole subject is given in

Verdet's Optics, together with a theoretical investigation of the

rotatory power of liquids, based upon the somewhat fanciful sup-

position that they are made up of, or contain molecules, which,

separately considered, act like crystal films, breaking a linear

vibration up into two elliptical vibrations.

Physical Explanation of the Rotation. — In the case of rotation

by crystals we can refer the phenomenon to the crystalline structure.

Ewell 1 has shown that twisted gelatine cylinders show rotatory

polarization. If we imagine a bar of elliptical cross-section which

has been twisted torsionally, we have a rough analogy, which may
help us to understand how a spiral arrangement of the axes of maxi-

mum and minimum elasticity may account for the rotation of a

plane-polarized vibration.

In the case of liquids and solutions, however, we must necessarily

refer the rotatory power to the structure of the molecule. All rota-

tor}^ liquids contain carbon, and their power has been ascribed by
Le Bel and Van't Hoff to the quadrivalence of this element.

If the four atoms or radicals, which are in combination with the

carbon atom, form the corners of a regular tetrahedron, we can

arrange them in two different ways, such that one is the looking-

glass image of the other, and yet no amount of turning enables them
to be brought into coincidence. One of these we may consider

dextro-, the other laevo-rotatory. Right and left-handed spirals

have similar geometrical properties.

The earliest attempts to explain rotatory polarization were based

upon an experiment made by Reusch, who found that, if thin mica
plates were superposed, each plate having its principal section

turned through a definite angle either to the right or left, with ref-

erence to the principal section of the plate below, the combination

imitated the behavior of a quartz plate cut perpendicular to the axis,

rotating plane-polarized light to the right or left according as the

pile of plates were built up clockwise or counter-clockwise. The
thinner the plates and the greater their number, the more nearly

the pile imitated a rotatory crystal. It was quite natural, in view

of this very suggestive experiment, to ascribe a somewhat similar

structure to quartz, but the efforts to explain the rotation of liquids

' American Journal of Science, 8, 89, 1899.
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on the assumption of molecules having a laminated structure was
pushing the analogy too far. The modern ionic theory is capable

of explaining both the natural rotation of Hquids and solids, and
the magnetic rotation discovered by Faraday.

We will Ijegin -uith the case of rotatory liquids, following the

admirable treatment given by Drude.
We assume that the electrons, which are set in \dbration bj' the

light-waves, are forced to move back and forth over a spiral path
instead of along straight hues. The force of restitution is supposed

to act along the axis of the spiral, and to vary vdth the displacement,

precisely as we assumed in the case of the electrons which caused

dispersion. It is clear that the electron ^\all be urged along its spiral

path, the axis of the spiral being parallel to x,

not only by the force X, but also by the

forces Y and Z. If the spiral is oriented as in

Fig. 311, a positive electric force X wdll dis-

place the electron to the right, regardless of

its position. The y component will aid or

oppose the x component according as the

Fig. 311. electron is on the lower or upper side of the

spiral. If it is at B, a positive Y will carry

it to the right, if at A to the left. If Y has the same value at both
points, there will be compensation, but if Y varies with z, there

\x\\\ be an outstanding effect for each revolution which the electron

BY
makes, which will be represented bv —r— , if Y increases with z.

oz

In the same way the z component, which aids X when the electron

is at D and opposes X when it is at C, exerts an outstanding effect

dZ
represented by —- . The necessary modification which we must

make in our previous conception of the electron's motion is there-

fore that it moves not onl}' as the result of the force X at the point

which it occupies, but also as the result of the values which the y
and z components have in its immediate vicinity. With this modi-
fication our equation for the motion of the electron l^ecomes

5/2 [M^-tl
47re2 di

6 dt

For the condition shown in Fig. 311, /' is of course negative, and
its value depends on the diameter of the spiral path and its pitch.

If the pitch is small, the electron is obliged to make a larger number
of revolutions in travelling a given distance along the x axis, and the

resultant effect of the y and z components of the electric force is

greater than when the pitch is large. If the pitch is infinite, the

spiral degenerates into a straigiit line and/' = 0.

The electric convection current due to the motion of the electrons

along the x axis we will designate, as before, by

at
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For periodic changes we have $=Ae''', from which we get, as

before,

47r

^1
T ,

in

l + 'oi-

whichX' =Z+/f2--|^Y

This gives us (j^) = ON

4.(1 + ^-1^^^
^iX+f

dY _ dZ'

dz dy

For periodicities not too near the free period of the electron

we neglect the friction term . Adding to (jx)i the quantity
T

1 dX
(ix)o

= r- , which represents the displacement current in the
4cTr at

ether, we get for the total current

6N I
4 7r 1- [^+<f-f): (1)

which, if we consider that we have electrons of different free periods,

and write, for abbreviation,

c=l+2
OnN,

1- ^=X
OJ.'Nn

1-

becomes

The fundamental Maxwell equations now take the form,

\lt-f
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By elimination of «, /3, y from the fundamental equations (2) and

(3) we get

(10)

1 52
:X+/

-^{eZ+ f

. . (4)

~dY_dZ
_ dz dy_

~dZ__d]r

_dx dz

_

'dX_dY~
dy 5.T_.

If we are dealing with plane-Avaves propagated along the z axis

we can wTite

= AZ.

(11) X= Mei"'''"\ Y = Ne'''-'"\ Z = 0,

in which p represents the reciprocal of the wave-velocity.

Differentiating and multiplying by e gives us

e = e^ ^ a similar expression lor -r— and e -i-r= 0,

OZ T

dy ' 5f2l^a.ry t3

Substituting in the first of equations (4),

Now

or

cilf - {t-pz)
, ,iNp -(t-pz)'

= AX.

.1/ - «-pz)

- (t-P2) 1
' eM^ANp'

2 "^
3

P'^c

71/ ,
i («-P-')

^.V-/
LYp

=3/p^

tM-~fpN= Mp'^&,

cN+^JpU^Np^c"

Multiplying the first equation by A'', and the second by .1/,

and subtracting, gives us

-im^iW or A/2= -Ar2 or M= iN, M= -iN.

i M
Substituting these values in c— p-c'^= — -fp'-^r gives

T A

e-p^C^^,.-p^<-=-fP,
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equations which show us that we have two different values of p,

i.e. that we are deaUng with two waves of different velocities. To
find these velocities, we solve the two quadratic equations by com-
})leting the squares, and get at once

1_^
V' 2 TC2

The nature of these waves we find from the equations connecting
N and M, the amphtudes. In M = iN, if M is real, N must be
imaginary, i.e. if the wave has a real ampHtude along the x axis, it

has an imaginary amplitude along y. The physical significance

of this can be at once found, if we remember that, as before, only
the real part of equation (11) is to be taken.

Writing now equations (11) in the form

X =M cos ~(t- pz)+Mi sin ^-(t-pz),
T T

Y=N cos^-(t-pz)+Ni sin- (t-pz),
T T

and substituting for N its equivalents -r and r, we get, if we

confine ourselves to the real parts only,

X= Mcos^~(t-pz), Y = Msm^-{t-pz) (for iN=-M),
T T

and X = McoA{t-pz), F = -M sin -^- {t- pz) (for iN= M),
T T •

which represent circularly polarized waves, which are propagated
with the velocities given by the expressions which we have already

deduced for p' and p".

The amount of the rotation computed from the above equations is

T 2 2t2c2 A2
'

in which A is the wave-length of the light (in vacuum).
This expression shows us in the first place that the amount of

x~^ 6'' f 'N
rotation is proportional to / which we have written for z,

—"——~
l-(7j-

The sign of / depends on whether t is larger or smaller than t^, conse-

quently we should expect the rotation to have its largest value when
T is very nearly equal to t^ and to change its sign when we cross the

T
region of the spectrum defined b}^ t^= -—, that is the centre of the

2 TT

absorption band caused by the electrons in question.

This is in perfect agreement with the experiments of Cotton, who
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found anomalous rotatory clispersion in the case of certain strongly

absorbing active substances.

It A\dll be remembered that certain cases of anomalous rotatory

dispersion have been cited, which did not appear to be due to the

presence of an absorption band.
We are now in a position to explain this curious phenomenon.
Real and Spurious Anomalous Rotatory Dispersion. — The rota-

tion of the plane of polariza-

L /, tion as a function of the wave-
length of the hght is given by the
formula

h

visible pegcon «.

Xwi

the summation being restricted

to the electrons which produce
optical acti\dty.

Now the sign of kn depends on
whether the electron for which it

stands isdextro or laevo-rotatory,

consequently if we have an infra-

red dextro-rotatory electron and
anultra-\aolet laevo-rotatoryone,

the sign of the rotation for all

wave-lengths comprised between
the two will be the same, since

A2— Aft^ is negative if A.ft>A. and
positive if \>\n- In this ease the rotation will have a minimum
value somewhere near the middle of the visible spectrum. If the

sign of /.'a is the same for both electrons, the rotation wall be zero

near the middle of the ^^sible spectrum, and will be of opposite

sign on either side of this point, increasing as the absorption bands
are approached. This is the conchtion in the case of solid tartaric

acid, as we have seen. The rotatory (Uspersion curves for the two
cases just considered are shown in Fig. 312.

Rotatory Dispersion. — The variation of the rotation with the

wave-length is given by the formula

Fig. 312.

^*.f/-V,

A2^

If
( — j'^ is small in comparison to 1, as will lie the case when the

period of the electrons is small in comparison to that of the waves
(ultra-violet electrons), the terms summed v\ill give us a constant,

and we can write our formula 8= -
, which is identical with Biot's

A-

empirical formula.
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For a limited range of the spectrum this formula often represents

the dispersion with a fair degree of accuracy. If, however, we extend
our observations over a wide range of wave-lengths, we must use the
complete formula.

If we appl}^ the formula

8 =
A2

to the observations which have been made with quartz, we shall find

that much light is thrown upon the nature of the different electrons

which give rise to absorption and dispersion. These observations
cover a range extending from wave-length 2.14 /x in the infra-red to

.219 /A in the ultra-violet. As we have seen in the Chapter on Dis-
persion, we have three absorption bands which have to be taken into

account, two in the infra-red at A2= 8.5/x, and A3= 21^t, and one
in the ultra-violet at A, = .1/a. There are in addition other bands
further down in the ultra-violet, for which Aj is small in comparison

k'
to A. These give us the term — , and we write our formula

A2

S = h k-i k'

A2-Ai2
(Ultra-violet)

A2-A22
(Inf.-red)

A2-A32 A2

(Inf.-red) (Remote
ult.-violet)

If now we calculate the constants from the observations of the

rotations for various wave-lengths, we find that both k2 and ks are

equal to zero, which shows us that the infra-red electrons do not

contribute to the rotatory dispersion, i.e. they are inactive. We
can therefore write the formula

A2-Ai2 ' A2'

in which fci=12.2, k'= -5.046.

The accuracy with which this formula represents the rotatory

dispersion of quartz can be seen from the following table

:

A
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region under investigation, we cannot neglect the friction coefficient

an, and both e and / of equations (4) become complex :

f__ \^ '^hjli -^' ft

T T^ T T'

In the Chapter on Absorption (equation (4)) we have seen that

if € is complex, then p in the equation X = Mer ^'
(eq. (11),

of this chapter), must be complex as well, which, as we have seen,

means absorption.

Bearing in mind that p is the reciprocal of the velocitj^ in the

medium, and writing as before p= , it becomes at once evi-

dent that, since we have two different values for p, corresponding
to right and left-handed circularly polarized rays, we must also

have two values of k, the extinction coefficient. In other words,
for a given wave-length of circularly polarized light, the absorbing
power of the medium ^^-ill depend on the direction of revolution of

the luminous vibration.

This effect has been observed by Cotton (Comptes Rendus, 120,

pp. 989, 1044) in the case of solutions of copper tartrate and chro-

mium tartrate in potash. The chromium salt has an absorption
l)and in the yellow, transmitting red and green. Cotton found that

if circularly polarized sodium light of unit intensity was passed
through 1 cm. of his solution, the emergent Hght had an intensity

of .0077 if the vibration was left-handed, while in the case of a right-

handed vibration it was .0059. The cUfference is ver}- marked,
though the strong absorption indicates that the original light must
be ver}' intense. The effect can be very easily shown by preparing
a quarter wave-plate of mica and cutting it in two along one of the

directions of vibration ; the two halves are to be mounted A\dth

their edges in contact, one plate being turned through an angle of
90° ^ith respect to the other. If plane-polarized light is passed
through this plate (the plane making an angle of 45° with the direc-

tions of vibration in the mica) , we shall have two emergent beams
of oppositeh' polarized circular light. The polarizing system is

illuminated -with a brilliant sodium flame, and the field examined
through the absorbing solution, when one half will be found to be
much darker than the other. If white light is employed in place

of the sodium flame the two halves of the field appear differently

colored.

This difference of absorbing power for oppositely circularly

polarized vibrations leads us to a somewhat startling conclusion,

Avhich was foreseen by Cotton and verified by experiment. Or-
dinary unpolarized light can be regarded as containing equal

amounts of oppositely polarized circular vibrations. (See Cha])t(M-

on Natural Light.) It ought tluM-efore by mere passage through
the solution to exhibit traces of circular polarization. This was
found to be the case.
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If a suitable medium could he found it might he possible to obtain

in this way circularly polarized hght just as plane-polarized hght is

obtained by means of a tourmaline plate. The plane vibrations

in the natural light would give no trouble, for, as we know, they
are decomposed into circular vibrations, which traverse the medium
with different velocities.

Elliptical Polarization produced by Absorbing Active Media.

—

In the case of transparent active media, the plane-polarized light

remains plane-polarized during transmission, emerging with its

plane rotated through a certain angle. The emergent plane vi-

bration is the resultant of two equal circular vibrations. As we
have seen, in absorbing mecUa, one of these may be reduced in in-

tensity more than the other, and the resultant of two circular vi-

brations of different amplitude is not a plane vibration but an
elliptical one. Cotton found that the tartrate solutions above
mentioned transformed plane into elliptically polarized light, it

being impossible to completely extinguish the emergent light with

a Nicol. The elHpticit}^ was found to be greatest in the region of

the spectrum where the difference of absorbing power was greatest.

Possible Production of an Optically Active Substance from an
Inactive, by Circularly Polarized Light. — Since the absorption

of light is often accompanied by chemical change, i is possible

that a solution containing equal numbers of dextro- and laevo-

rotatory molecules, and consequently inactive, might acquire rota-

tory power by the action of circular hght. If the molecules

were unstable and easily decomposed by light, the effect of a cir-

cular \'ibration would be to break down one set of molecules and
leave the others unaffected. Both Le Bel and Cotton have pointed

out the possibihty of effecting unique chemical transformations by
the action of circularly polarized light.

Rotatory Dispersion in Absorbing Media. — One formula for

the rotatory dispersion shows us that on crossing an absorption

band the sign of the rotation may change, or we may have a high

positive value on one side and a low positive value on the other.

This amounts to saying that anomalous dispersion of the rotation

is to be expected in absorbing media. Cotton found that this was
the case.

In the case of the chromium tartrate the rotations were as

follows:

657



CHAPTER XVIII

MAGNETO-OPTICS

The Faraday Effect : Magnetic Rotation of the Plane of Po-
larization. — The discovery was made by Faraday that a trans-

parent isotropic medium, when placed in a powerful magnetic field,

acquires the property of rotating the plane of polarization, when
the light traverses the medium in the direction of the lines of mag-
netic force. The phenomenon differs, however, from natural

rotation, in that the direction in which the plane of the \abratioa

turns depends upon whether the light rays are passing through the

medium from the north pole of the magnet towards the south, or in

the reverse direction. The rotation is therefore doubled if the light

is reflected back through the medium, instead of being annihilated

as in the case of quartz and other active substances. The effect is

most pronounced with media having a high refractive index, such

as bisulphide of carbon or dense flint glass. With a powerful

Ruhmkorff magnet, the poles and cores of which are bored out to

allow of the passage of light rays along the lines of force, the rotation

can be easily observed with a thick piece of ordinary plate glass.

Sun or arc light is passed through a Nicol prism, the hollow magnet
cores, and the glass block between the poles. A second Nicol is

placed in such a position as to extinguish the emergent beam. On
throwing the current into the magnet, the field immediately be-

comes brilliantly illuminated, and by turning the analyzing Nicol

until darkness is again produced the amount and direction of the
rotation can be determined.

0^^^ng to the rotatory disper-

G B sion this position \\\\\ vary with

^ the color, and the field will appear
blue, purple, and red in succes-

sion, as will be readily under-
stood from Fig. 313, in which the

dotted arrow represents the orig-
^ ^ ^

inal direction of the \ibration,
^'°- ^^^- and the arrows the rotated red,

green, and blue \ibrations. The
analyzing Nicol in its original position is indicated by N. The
rotation in this case is clockwise, and all of the colors are trans-

mitted with more or less freedom, consequently the field appears
nearly white. On turning the Nicol in tlie same direction it will

extinguish the red first, leaving an outstanding color of a bluish

green; the green goes next, leaving a purple field made up of the
transmitted red and blue, and finally the blue disappears, leaving,

the field orange-red. If we examine the light through a spectro-

496
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scope, as we turn the Nicol, we shall see a dark band enter the

spectrum on the red side and leave it on the violet side.

Explanation of the Magnetic Rotation. — The explanation of

the natural rotation in active substances which Fresnel gave, was
that the plane vibration was decomposed into two oppositely

polarized circular vibrations, which were propagated with different

velocities. The same explanation will do for the magnetic rotation,

provided that it can be shown that the refractive index of a medium
in a magnetic field for circularly polarized hght depends upon the

direction of revolution. The matter was attacked experimentally

by Righi and Becquerel independently, and both investigators found
that the interference fringes, formed by two streams of circularly

polarized light, one of which had traversed a block of glass placed

between the poles of a magnet, were displaced when the magnetic

field was formed. The direction of the displacement depended on
whether right or left-handed circular hght was used, which showed
that the effect of the field was to increase the refractive index for

one type of vibration and diminish it for the other. It remained

only to show that the actual decomposition of the plane vibrations

into circular ones actually occurred by some experiment analogous

to the one which Fresnel made with his battery of quartz prisms

built of right and left-handed crystals in alternation.

Resolution into Circular Components. — The experimental reso-

lution of the light into its two circular components in the Faraday
effect is a much more difficult problem than the one which con-

fronted Fresnel, since we do not have at our disposal two hquids of

the same index of refraction and of opposite magnetic rotation,

with which hollow prisms might be filled, in the manner adopted

by Fleischl in the case of natural rotation. The problem has,

however, been attacked and solved in a very beautiful manner by
Brace.^

It will be remembered that in Fresnel's arrangement of right and
left-handed quartz prisms, the clockwise circular component which

travelled at the higher velocity in one prism, travelled at the slower

velocity in the following prism. The very ingenious idea occurred

to Brace to reverse the direction of revolution of the circular vibra-

tions at the boundary surface between the two prisms, which can

be done with a half-wave plate of mica. By this artifice the same
thing is accomplished as by employing prisms of dextro- and laevo-

rotatory media in succession. A double prism of extra dense flint

glass was employed with a half-wave plate cemented between the

two components. The experimental difficulties were, however,

found to be too great and no conclusive results were obtained. It

subsequently occurred to Brace to make use of reflection instead

of refraction, and look for evidences of a division of the ray into

two circularly polarized rays. This at first sight seems to antag-

onize the law of reflection, but it must be remembered that the

law of equality between the angles of incidence and reflection is

based upon the fact that the velocity is the same before and after

1 Wied. Ann., xxvi., p. 576, 1885 ; Phil. Mag. (6), i., p. 464, 1901.

2k
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reflection. If we apply the Huygens construction for reflection to a
case in which the velocity is less after reflection than before, we
shall find that the angle of reflection is less than the angle of incidence.

Suppose now that our two circular components in the magnetized
medium encounter a reflecting surface which reverses the direction

of revolution of each. The fast component now^ becomes the slow,

and vice versa, and we have a division of the ray. The reversal

of the circular \dbrations was accomplished by a reflection at 72° at a

glass-silver surface, but the separation of the two rays was too small

to be detected.

Under these conditions a division of the ray into three rays is to be
expected, for the silver-surface transforms the circular vibrations

into plane ones, i.e. it acts like a - plate. Each of the resulting plane

\ibrations is again broken up into two circular Aabrations bj' the

medium. Of these one pair have the same direction of revolution

as the components from which they were originally derived, and
these ^vill be reflected under the condition i = r. Of the other two,

one is a right-handed revolution derived from the original left-

handed component, which we will assume was the " fast " one,

and the reflection is under the condition i>r. The opposite is true

for the other component, or r>i. For the block of glass used the

angular separation between the central ray and one of the deviated

rays was calculated to be less than 3" of arc, which was less than
the instrument was capable of resolving.

The difficulty was finally overcome by making use of multiple

reflections. A rectangular block of glass was made by cementing
two right-angled prisms (n = 1.903) together, with a half-wave plate

of mica between them to reverse the direc-

tion of the circular vibrations (Fig. 314).

f^ The incident light enters the prism nor-
^—^

—

—Ms^^^P,'^/^ mally through a small auxiliary prism A,

rry^\ traverses the - plate, which turns its plane
aIJ/ <.X ^
/\ < ;>x of polarization through 90°. The light is

/ : _ ; ^, \p'^^^ travelling perpendicular to the fines of

XT
;

\\

"/
force, consequently the magnetic field does

^^-..-.ify::/ not aff"ect it. As soon, however, as it

^
I \ / suffers total reflection, it travels along the

;; lines of force, and is consequently broken

i;. up into circular components, one of which
^' travels faster, the other slower, than the

original disturbance before reflection. A
FiQ- 314. division therefore results, and we have two

reflected rays. Total reflection transforms

a jilane vibration into an elliptical one, while two total reflections

give approximately a circular vil)ration. This makes it a little

harder to study out just what hapi)(Mvs than in the previous case.

The arrangement figured so alters the vibrations that tiie change is

alwaj's from fast to slow and from slow to fast, the angular separa-

tion increasing each time the rays are reflected along the lines of
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force. The light travelled around the prism five times, undergoing

twenty internal reflections, and emerged through a second auxiliary

prism B at the top of the block. The source was a vertical slit

powerfully illuminated with an oxy-hydrogen flame fed with sodium.

On turning on the magnetic field the image in the telescope was seen

distinctly doubled, and on examination with a Nicol prism the

two lines were found to be nearly plane-polarized, due to the fact

that the last reflection, combined with passage through the - plate,

introduced a phase-difference of f A between the components of

the circular vibrations, by which thej^ were changed into ellipses of

considerable eccentricity. The positions of the major axes of these

eUiptical vibrations (they were at 90° to one another) showed that

the circular vibration, in which the direction of revolution was the

same as that of the Amperian currents, was accelerated, while the

other was retarded by the magnetic field.

The velocity of right- and left-handed circularly polarized fight in

a magnetized medium was measured by Mills (Phys. Rev., Febru-

ary 1904) by means of a Michelson interferometer. By means of a

Brevais double plate, one half of the field was illuminated with right-

the other half with left-handed circularly polarized light, the fringes

crossing the field in a direction perpendicular to the dividing line

between the two halves of the plate. On exciting the magnet the

fringes on one side moved up, while those on the other side moved
down. The accelerated ray was found to be the one in which the

direction of the circular vibration was the same as that of the

Amperian currents.

Direction of the Magnetic Rotation. — The results of the earfier

experiments upon magnetic rotation appeared to indicate that all

substances rotated the plane of polarization in the same direction,

when placed in a magnetic field, but continued investigations

showed that this was not the case, many diamagnetic substances

being found which gave a rotation in the opposite direction. A
generalization cannot, however, be made, for dextro- and laevo-

rotation are to be found in both paramagnetic and diamagnetic

substances, as is shown by the following table

:

Diamagnetic
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Relation between the Field Strength and Rotation. — The
angular rotation increases in general in proportion to the strength

of the field, but this rule is not strictly followed, the most marked
exceptions being sho^vn by iron, nickel, and cobalt. In the case of

iron the relation between the field strength H and the rotation 8 is

shown in the following table. If the rotation was proportional to

H, the figures of the last column would be approximately the same

:

H
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refusing absolutely to transmit it in the reverse direction. Two
Nicol prisms are mounted with their directions of vibration at an
angle of 45°. Between them consider a medium in a magnetic
field of strength sufficient to produce a rotation of the plane of po-

larization of 45°. The polarized light passing through one Nicol

will be rotated into such a plane that the second Nicol will stop it.

If we reverse the direction of the light the polarized vibration will

be brought into the plane of vibration of the second Nicol and be
freely transmitted, since the magnetized medium rotates the plane

of polarization in the same absolute direction {i.e. considered with-

out regard to the direction of propagation) whichever way the light

be travelling.

It is thus possible to construct an apparatus through which we
can see without being seen, provided we limit ourselves to mono-
chromatic light. It might be supposed, at first sight, that, by
making use of this contrivance, an exception to the second law of

thermodynamics might be realized, a radiating body throwing more
energy into a second body than it received in exchange and thus

elevating its temperature. Wien considered this case in his treat-

ment of the theory of radiation presented at the International

Congress of Physics, held in Paris (1900), and offered certain ways
of escape out of the difficulty. Lord Rayleigh shows, however
(Nature, Ixiv.), that, after all, no difficulty really exists.

The Kerr Effect. — The important discovery was made by Kerr ^

that plane-polarized light becomes elliptically polarized when
reflected from the polished pole of an electro-magnet. The incident

fight must be polarized either in, or perpendicular to, the plane of

incidence, otherwise elliptical polarization results from the metallic

reflection. On setting a Nicol prism in such a position as to com-
pletely extinguish the reflected light, and exciting the magnet, the
fight instantly reappeared, and could not be extinguished by further

rotation of the Nicol, except by the introduction of a quarter-wave
plate. The ellipticity is not very great, and we can regard the effect

as a rotation of the plane of polarization.

Intimately connected with the Kerr effect is the rotation of the

plane of polarization by thin films of iron in a magnetic field, which
was studied by Kundt. Films with a thickness of about one-third of

the wave-length of the light were employed, which when placed in a

strong magnetic field gave a rotation of over 4°. An iron plate 1 mm.
thick, if it were possible to get any light through it, would rotate

the plane through 20,000° or 66 complete turns, while a quartz

plate of equal thickness gives a rotation of about 20°. If now we
consider that the light penetrates the surface of the magnet pole in

the act of reflection, the rotation is at once accounted for. A more
complete explanation will be given when we come to the Theory of

Magnetic Rotation, and the simple explanation just given is quite

inadequate, for it has been shown that the effects are considerably

modified by surface-films.

Magnetic Rotatory Dispersion. — The angular rotation of the

1 Phil. Mag., May 1877 and March 1888.
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plane of polarization in a magnetic field of given strength increases
as the wave-length decreases, provided we limit ourselves to a region
of the spectrum within which the substance shows no absorption
bands. In the case of absorbing media anomalous rotatory disper-
sion may occur when we cross the absorption band, provided that
the absorption and rotation are both due to the same electron, as
in the case of substances which show natural rotation.

The behavior of alcoholic solutions of the aniline dj^es in a mag-
netic field has been studied by Schmauss,^ who claimed that the
effect of the dye was to increase the rotation of the alcohol on the
red side of the absorption band and decrease it on the violet side.

If this is the case we should expect the solid dj-e to rotate the plane
of polarization for waves on opposite sides of the absorption band
in opposite directions. The author has, however, been unable to
detect any trace whatever of rotary polarization in a fihn of sohd
cyanine so thick that nothing but red light was transmitted. Sat-
urated solutions of cyanine between plates of very thin glass also

showed no trace of the phenomenon, and it seems probable that the
results obtained by Schmauss were due to experimental errors.

Bates (Ann. der Physik, 12, page 1901 (1903)), making use of a
much more sensitive method, failed to detect any anomalies, and
came to the same conclusion as just stated.

A solution of a didymium salt, which has a strong absorption
band in the yellow, has been examined by the author (Phil. Mag.,
May 1904), and found to exhibit apparent evidences of anomalous

rotary dispersion at the
edge of the absorption
band. The curve ob-
tained is shown in Fig.

315 a.

i ''''-— Contrary results have
-^i:::;:!^^

^ff
^
^g^a been obtained in the

Fig 315 ^^^^ ^^ sodium vapor, in

which the rotation has a
high value on both sides of the D lines, the direction of rotation,
however, being the same, as shown in Fig. 315 b. These cases will
be more fully considered in the section on the Theory of Magnetic
Rotation.

The question of the manner in which absorption bands affect
the magnetic rotation for wave-lengths in their vicinity is of great
importance in connection with the theory of rotation, as we shall
see presently. A study of the rotation in the infra-red should also
add valuable data, as will be apparent when we stop to consider
the part played by the infra-red investigations of Rubens and his
collaborators in the development of the ordinary dispersion theory.

Ingersoll ^ has carried out a difficult and important investigation
of the Faraday and Kerr effects in the infra-red region of the spec-

' Ann. der Physik, 1902-1903.

«. ..' V,^- Ingersoll, on the " Faraday and Kerr Effects in the Infra-red Spectrum."
Phil. Mao-, Januar>' 1906. 1
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When the hght was examined in a direction perpendicular to the
hnes of force, the edges were found to be plane-polarized, from which
Zeeman drew the conclusion that, with a sufficiently strong field, the
line would appear triple, a prediction which was speedily verified by
experiment, the two outer components being polarized with their
vibration directions perpendicular to the lines of force, while the
central component vibrated along the lines of force.

Soon after Zeeman's announcement Michelson made a very com-
plete study of the influence of magnetism upon radiations by means
of the interferometer. From the visibihty curves obtained with
this instrument, he concluded that the lines were doubled when the
light was examined in a direction perpendicular to the lines of force.

This was subsequently found to be due to the fact that the light of

the central component was polarized in such a direction that the
oblique interferometer plate refused to reflect it.

The phenomena of radiation in a magnetic field are easily ex-
plained on the electron theory, at least the simple cases just de-
scribed. A further study has shown, however, that many lines are
broken up into quadruplets and sextuplets, the D lines of sodium
belonging to this class. In a powerful field Di is seen to be a quad-
ruple fine, the inner components being polarized with their vibra-
tions along the lines of force, the outer components perpendicular
to them. Do is a sextuplet, with its four outer components vibrat-

ing perpendicular to the field. It was formerly supposed that
certain iron lines appeared as triplets with the directions of polari-

zation the exact reverse of the usual order of things. Recent work
in Zeeman's laboratory has shown however that this is probably
not the case.

No simple explanation can be given for these more complicated
cases. They will be considered in the section on the Theory of

Magneto-Optical Phenomena.
We will now consider the formation of the circularly polarized

doublet seen in the direction of the field, and the plane-polarized
triplet seen perpendicularly to it.

Consider the source of monochromatic vibrations as a swarm of

atoms, the charged electrons of which rotate in circular or elliptical

orbits, or vibrate back and forth along straight lines. On either

hj'pothesis we can account for the altered appearance of the line in a
magnetic field, by considering the force which a charged particle in

rapid motion experiences in a magnetic field. This force acts in a
direction perpendicular both to the direction of motion of the

electron, and to the direction of the lines of force, and is equal to

zero only when the direction of motion coincides with the direction

of the field.

We will first consider electrons revolving in circular orbits, the

planes of which are oriented in all jiossil^le positions. Those elec-

trons which are moving in or])its p(Ti>endicular to the lines of force

are sul:)jected to a force wliich is directed towards or away from the
centre of rotation, according to the direction of revolution. The
ones which are revolving in such a direction that the force acts

towards the centre are drawn in and have their period of revolution
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Fig. 316.

accelerated, while those rotating in opposite directions have their

centripetal force tliniinished and their periods slowed down. The
force which acts on the electron as a result of the field, either in-

creases or diminishes the

centripetal force which
holds the electron in its

orbit. An apple whirled

around on a string is a use-

ful mechanical analogy. If

we increase the tension on
the string, we pull in the

apple and decrease the time
of its revolution. If we re-

lax the string, the orbit

opens out and the time of

revolution becomes greater.

Consider now the types of waves sent out by the two types of

revolving electrons which we have considered. In a direction par-

allel to the lines of force, the whirling electrons will radiate circu-

larly polarized rays, one ray polarized clockwise, the other counter-

clockwise. The periodic time of one is accelerated, while that of

the other is retarded ; consequently we get two lines in the spectrum,

circularly polarized in opposite directions.

In a direction perpendicular to the

lines of force the two electrons give off

vibrations plane-polarized in the plane

of their orbits (Fig. 316), of periods

identical with those of the circular

vibrations. These rays give us the

outer components of the normal
Zeeman triplet.

In the case of an electron revolving

in an orbit the plane of which is parallel

to the lines of force, the force exerted on the electron will be perpen-

dicular to the plane of the orbit. The circular vibration can be
resolved into two rectilinear vibrations at right angles to one
another. Consider two orbits oriented as shown in Fig. 317. The
component parallel to field will be unaffected, and we shall have
plane-polarized vibrations of unchanged period emitted in a direc-

tion perpendicular to the field. This component sends out no
radiation in the direction of the lines of force, however. The other

component must be regarded as affected in the manner about to be
described. After considering the effect of the field upon an electron

moving in a straight line, it will be found profitable to apply the

same reasoning to the present case. It will then appear that right-

and left-handed circular vibrations are given out along the lines of

force, and plane-polarized vibrations of accelerated and retarded

frequencies perpendicular to them.
We will now examine the effect of a magnetic field on electrons

which normally vibrate back and forth along straight lines, instead

of moving in circular orbits. They will be subjected to a force

Fig. 317.
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which acts in a direction perpendicular to the field and their direc-

tion of motion. Let AB (Fig. 318) represent the normal path of

the electron, and consider the hnes of force as perpendicular to the

paper. If the electron is at 0, and moving down at the moment
when the field is thrown on, it will be deflected to C, moving in

a curve, the convex side of which is towards the right. On its

return trip it Avill move along a curve, the
convex side of which is to the left, since the
force acting on it is now in the opposite di-

rection, owing to the reversal of its direction

of motion. It will thus pass in succession

through the points D, E, F, G, the curve re-

minding us of the type of vibration resulting

from the passage of a plane-polarized ray
through a rapidly revolving Nicol prism.

(See Light-Beats.) As we have seen, a vi-

P ojc bration of this type is the equivalent of two
oppositely polarized circular vibrations of

different periods ; consequently the rays sent out in the direction

of the field, i.e. perpendicular to the paper, are resolved by the
spectroscope into two rays circularly polarized in opposite directions.

The rays sent out bj^ the electron perpendicular to the lines of

force, i.e. in the plane of the paper, vdW be plane-polarized, and at

first sight would appear to be monochromatic. If we remember,
however, that the electron cannot give out transverse waves in the
direction of its motion, we shall see at once that the amplitude of

the waves sent out in any given direction, say AB, will depend upon
the position of the electron in its star-shaped orbit, attaining its

maximum value when the loop E is being traversed, and its mini-

mum (practically zero) when the vibration is along GC. At any
given point in the plane of the paper, the illumination due to this

electron will fluctuate between zero and, say, unity. Now a pre-

cisely similar condition of affairs results when two periodic disturb-

ances of slightly different periods pass through the same point.

At a given instant the phases will be the same, and we shall have
increased illumination, the next instant the phases will be opposed
and we shall have darkness. We have the same phenomenon in

acoustics, two tuning-forks of nearly the same pitch producing
beats, or periodic fluctuations of intensity. We shall thus have a

type of radiation emitted perpendicular to the lines of force, peculiar

in that the intensity suffers extremely rapid fluctuations, which the

spectroscope separates into two lines, plane-polarized in a direction

perpendicular to the field. The period of the ])eats will be the period

of revolution of the orbit, which we shall presently see is about

2 0.0 0,0 0.0 ^^ ^ second. As Lord Rayleigli has pointed out in

his Theory of Sound, if we should interrupt a train of sound-waves
of frequency N, n times per second, the resultant disturbance would
contain three frequencies (jV-fn) A^ and {N—n). It would be
extremely interesting if we could interrupt a beam of monochromatic
light rapidly enough to cause the line to become triple in the spec-

troscope. The thing might possibly be done by means of a revolv-
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ing diffraction grating, fine lines parallel to the radii being ruled

through a silver fihn deposited around the edge of a mica disk. The
elements of the beam would in this case be interrupted in succession

by the bars of the grating. If 20,000 lines to the inch were ruled on
a 10-inch disk, driven at a speed of 1000 revolutions per second
(which is possible), a modern interferometer, e.g. the one of Fabry
and Perot, should easily separate the components corresponding to
the frequencies (N-\-n) and (N—n).
An apparent difficulty may occur to the reader in connection with

the manner in which we have considered the spectroscopic analysis

of the " beats '^' coming from the electron moving in the star-shaped

orbit. Beats result when two continuous trains of uniform ampli-
tude, and slightly different frequencies, pass through a point simul-

taneously. The components, therefore, into which the spectro-

scope analyzes the disturbance must be continuous in time, i.e. must
show no fluctuations in intensity. How now is it possible to have
continuous illumination in the spectroscope when there are mo-
ments at which the slit is in darkness ? This question has nothing
to do with the persistence of vision : the illumination must be con-

tinuous, regardless of any physiological peculiarities of the eye.

The difficulty is only apparent, as can be seen by the following

considerations. An effect at the slit occupying an infinitesimal of

time is by the action of the grating or prism spread out over a finite

interval of time when it reaches the eye. This will be better

understood after reading the Chapter on the Nature of White Light.

In the case of the grating there is no difficulty, since the disturbances

from the different grating elements, resulting from a single disturb-

ance at the slit, reach the eye in succession. This being true it is

obvious that what occurs at the eye at a given instant is the result

of disturbances lasting for a finite time at the slit. There is thus

no trouble about having a continuous disturbance at the eye, where
there is a discontinuous disturbance at the slit.

From our knowledge of the magnitude of the separation of the
components of the Zeeman doublet, we can calculate how many to-

and-fro excursions the electron makes while the path makes one com-
plete revolution. In the strongest fields known the separation

amounts to |- of the distance between Di and D2, which means that

each component moves ^ of this distance from the original posi-

tion of the line. Taking the frequency differences for the D lines,

and dividing this by 12, gives us the frequency difference corre-

sponding to the shift. If n is the normal frequency of the light,

and the plane of polarization turns N times per second, the two
component circular vibrations into which it can be decomposed
have frequencies (n-hN) and (n— N) (compare Righi's Experi-

ment). The frequency difference in the above case turns out to

be roughly 40,000,000,000, and if we divide this number into the

original frequency, we shall obtain a number representing the

number of to-and-fro excursions made by the electron while its

path turns through one complete revolution. This number turns

out to be 15,000, which gives us the number of loops in the star-

shaped orbit previously figured.
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Complicated Types of the Zeeman Effect. — The elementary-

theory shows us that the middle line of the triplet should have an
intensity equal to the sum of the intensities of the outer com-
ponents. As a matter of fact, many triplets have been observed

for which this relation does not hold, the outer lines being actually

stronger than the middle lines in some cases. Zeeman has sho^^^l

that many of these cases can be explained by the polarizing power
of the grating, which reduces the intensity of- the vibration perpen-

dicular to the grooves in a greater degree than in the case of one
parallel to them. With a horizontal magnetic field and the grating

vertical, as is usually the case, the middle line of the triplet will be
weakened in intensity to a greater degree than the outer lines.

In working with a grating, if we wish to obtain the correct intensity

distribution we must rotate the vibrations through an angle of 45°^

in which case the grating treats all alike. Cases have been observed,

however, in which real abnormalities in the intensity distribution

exist. These are best explained b}^ assuming that the magnetic
field has a tendency to orient the orbits of the electron, setting

them perpendicular to the lines of force. If this orientation were
complete, i.e. if we had only circular orbits perpendicular to the

lines of force, it is clear that the central component of the triplet

would vanish entirely. As to the probability of the occurrence of

such orientation, more will be said presently.

The circularly polarized doublet seen along the lines of-magnetic
force, and the plane-polarized triplet seen in a direction perpen-

dicular to the lines of force, may be regarded as the normal t>T3es.

Many lines, however, behave quite differently. The D lines of

sodium, when examined at right angles to the field, were found by
Cornu, and independently by Preston, to act in a curious manner.
D^ gave instead of a triplet a quadruplet, the two central compo-
nents being polarized in the same plane as the central line of the

normal triplet, while Do gave a sextet, the two central components of

which were plane-polarized in a similar manner, while the four outer

components were plane-polarized like the outer lines of a triplet.

The quartet results from a sjTnmetrical splitting of the central

line of the normal triplet. In some cases this separation may be
as great as that of the outer components, as is the case with the iron

line 4251, which shows as a doublet in a direction perpendicular

to the field. In case of the line 2411 the components of the middle
line pass over the outer lines, giving us a quartet ^v^th reversed

polarization. In some cases the middle line of the triplet splits

into three components. In all of these cases we observe a normal
doublet along the lines of force, since the vibrations perpendicular

to the field (outer components of triplet) are affected in a normal
manner. A doubling of all three lines gives rise to a sextet, such as
we observe in the case of the sodium line D2. The mercury line

5461 yields a nonet, formed by a tripling of each line of the normal
triplet. Still more complicated types have been observed, in which
each line of the triplet is replaced by four or five. The most com-
plicated case thus far observed is furnished by the spectrum of

molybdenum, the lines of which show 17 to 19 components.



MAGNETO-OPTICS 509

A number of these interesting cases are shown in Fig. 319, which

is taken from Voigt's most interesting book on Magneto and Electro

Optics. No. 1 is a photograph

JI

i

»

¥iG. 319.

of the molybdenum line 42G9.4

taken in the second order spec-

trum. On the left, we have the

components, eight in number, in

a direction perpendicular to the

lines of force, and on the right,

the five components seen parallel

to the field. This photograph

was taken in Professor Voigt's

laboratory, while the six v/hich

follow were made by Dr. Loh-

mann in Halle with an echelon

grating. No. 2 shows the neon

line 6600 in a magnetic field of

10,800 Gausses. No. 3 is the

6718 line (field strength 5700). j/j
No. 4, X = 6507, H - 9950.

No. 5, A. = 6143, H = 9300. In

No. 6 we have a decomposition

into 12 components (A = 6335,

H = 8420). No. 7, X = 6402,

H = 15,350. jy
Asymmetrical Separation of

the Triplet. — Voigt from theo-

retical considerations came to

the conclusion that the outer

components of the triplet seen

perpendicular to the lines of

force should show the following V
asymmetry: the component on
the red side should show the

greater intensity, while the one

on the violet side should be found
at the greater distance from the

original fine. Zeeman observed yj
an effect of this type in the case

of one of the yellow mercury
lines. The vacuum tube was
placed in the very non-homo-
geneous field between the conical

pole pieces of the magnet. The VI2
largest separation of the lines

will occur at the centre of the

tube where the field is strongest,

decreasing gradually to zero both
above and below. By project-

ing an image of the tube on the slit of the spectrograph it was
possible to obtain with a single exposure a photograph showing
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the separation in magnetic fields of very different intensities.

Voigt's prediction was verified in the case of the yellow line 5791,

but no trace of the effect was observed in the case of the 5770 line,

for which the separation was symmetrical. The difference in the

behavior of the two lines is clearly shown in Fig. 320. Effects of

a similar but opposite nature were found in Voigt's laboratory in
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Zeeman accordingly investigated the matter with his method of

non-uniform fields. As we have seen, a change of wave-length

gives us, in this case, a curved line, the outer components of the

normal triplet appearing bowed out, the spindle-shaped figure being

bisected by the straight middle component. This middle com-
ponent would appear slightly curved if it had suffered any change

of wave-length. Photographs made with the grating showed no
evidence of this, and Zeeman accordingly tried the echelon, giving

us the following account of his results

:

" The shift of the middle line of the triplet may be demonstrated

also by our method of the non-uniform field, if an echelon spectro-

scope is made use of. A curvature of the middle' line will be the

immediate effect of the shift. If we use Rowland's grating such

a curvature would be invisible, nor have I observed it in ^at
case.

" The visibihty of the curvature will be much increased by taking

care that in the image points corresponding to very different inten-

sities of fieldj, lie clo^ly

together. In order to '
''''~'

'- ^ '^"'"n' !

obtain this an eleven

times reduced image of

the vacuum tube, charged
with mercury and placed

in the field, was projected

on the slit of the auxili-
,

ary spectroscope. The
lens used was a photo-
graphico objective of 10

cms. focus. f

" The plate (Fig. 321)

gives somewhat enlarged

reproductions of nega-

tives relating to line 5791 *,;

resp. line 5770. The %;:, . ,
^

\^ i

middle line is given in J* "
*" -^ i

two succeeding orders. Hg. 5770 5791
Between these the other

^^^ 32 ^

components of the trip-

lets are seen. With increasing magnetic force the components de-

viate further and further from their own middle line. In the cen-

tral part of the field of view the maximum distance is reached.

The component towards the red in the figures is always at the left

of its middle line, being concave to it in the central ; the second

manifestly curved line is the component towards the violet belong-

ing to the other order.
" The curvature of the middle lines, the demonstration of which

is the object of our present experiment, is undoubtedly visible in the

figure for 5791. It is still more easily seen by comparison with a
straight* bit of paper.

" In the figure for 5770 this kind of curvature is absent.
" The asymmetry of the magnetic resolution of line 5791 is at once
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evident by the fact that one of the middle Hnes is approached more
nearly by the outer component than the other."

These photographs are, at first sight, a little confusing, owing
to the circumstance that the echelon gives two orders of spectra.

The middle line of the triplet is represented by the two outer lines

of the photograph. Their curvature at the centre can be best

seen by holding the eye nearly in the plane of the paper and sighting

along them. The outer lines of the triplet start at the top and
bottom (not reproduced) in coincidence with the outer lines (in

reality the middle line of the triplet) , swerving away the one to the

right, the other to the left, and crossing each other a little above
and a little below the centre, where the field intensity has its great-

est value.
'^ test whether the as^anmetry was due entirely to the shift of

the middle line, Zeeman tried to photograph it with the field on
and the field off, and determine whether the shift was of the same
magnitude as that calculated on the assumption that the outer

lines of the triplet were sjonmetrically placed with respect to the

original line. The shift, however, was too slight to make reliable

measurements possible.

The Zeeman Effect and Spectral Series. — As we have seen, spec-

trum lines are divided in all sorts of ways in a magnetic field, the

normal triplet being the exception rather than the rule ; the normal
triplet occurs however in hundreds of examples in the spectra of

zirconium and titanium. A great number of lines of the iron

spectrum also become triplets under the action of the magnetic
field.

The measurements of Runge and Paschen and others have shown,
however, that in the case of lines belonging to the same spectral

series, the tj'pe of magnetic separation is the same, i.e. all fines of

a given spectrum that can })e represented by a formula are divided

in the same way. As Lorentz says

:

" In those series which consist of triplets or doublets, the mode of

division of the lines is in general different for the lines of one and the

same triplet or pair, l3ut, according to the law just mentioned, the
same mode of division repeats itself in every triplet or every doublet.

Thus, in each triplet belonging to the second subordinate series of

mercury, the less refrangiljle line is split into nine components, the

middle line into six, and the most refrangible line into three com-
ponents.

" Equal modes of division are found not only in the different lines

of one and the same series, but also in the corresponding series of

different elements. For the lines D] and Do of soilium, which form
the first member of the principal series, are changed into a quartet

and a sextet, and the first terms in the principal series of copper
and silver present exactly the same division."

As an example of spectral series we may take the case of sodium.

Here we have three series of close double lines, the principal

series and two subordinate series, in which the spacing of flie lines

along the spectrum can be represented by a simple formula.

The D lines form the first observed pair of the principal series,
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the other menil)ers being in the ultra-violet, the distance between
the pairs decreasing in a uniform manner as we proceed down the
spectrum. Investi- c

gations of the ab-

sorption spectrum
by the author have
raised the number
of members of this

series from the seven
previously knoA\Ti

to forty-eight, the

largest number that

has been observed
for any element thus
far. A photograph
of a portion of this

series is shown in

Fig. 322 a, the num-
ber of each unre-
solved pair being in-

dicated. Just below
this, in spectrum b,

we have the same
absorption spec-

trum, with an iron

comparison spec-

trum. The short

wave-lengths are to

the left, and the

remarkable general

absorption which
begins at the head
of the series and ex-

tends to extreme ul-

tra-violet is shown.
Spectrum C was
taken ^vith denser
vapor, and shows
that each pair of

the series is im-
mersed, so to speak,

in a band spectrum,
analogous to the

one accompanying
the D lines, the
magnetic rotation

of which we have
just considered.
The second subordinate series consists also of a series of double
hnes, and there is undoubtedly some connection between the two
series, for the first members of each series, as represented by the

2 L
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formula, fall at the same wave-length. The first members have
not been observed, however, i.e. no spectrum lines have been found
at this point. That there is some intimate relation between the

lines of the two series is also shown by the Zeeman effect, for obser-

vations have shown th^t the more refrangible components of the

doublets of one of these series exliibits the same type of magnetic
separation as the less refrangible components of the other series.

An account of the various attempts that have been made to

explain the more complicated types of magnetic separation would
require too much space, and the reader is referred to Lorentz's

interesting book, The Theory of Electrons, for a very complete
presentation of all that is kno'wn at the present time about the

subject.

Magnitude of the Separation. — Spectroscopic recognition of the

Zeeman phenomenon requires an instrument of high resolving

power. The most convenient form is undoubtedly the echelon

grating devised by JVIichelson ; it can be adjusted in a few minutes,

gives a large amount of light and is fairly compact. The author
has seen the effect without difficulty with an echelon improvised
from four interferometer plates which were mounted on the table

of a spectrometer with a step-width of 1 mm. A small screen of

cardboard with a rectangular opening 5 mms. wide and 2 cms.
high limited the beam coming from the collimator. This was
mounted in such a position as to have a strip 1 mm. wide along the

edge of the grating, five interfering beams, with high relative retar-

dations, being obtained in this way. The spectrometer was illumi-

nated with the light from a mercury vacuum tube placed between
the poles of an electro-magnet and a small direct vision prism
placed between the echelon and the telescope to separate the mer-
cury lines. The splitting up of the green line on exciting the magnet
was easily seen with this improvised apparatus. A helium tube is

equally satisfactory and less troublesome, as it requires no heating.

The sodium flame is unsatisfactory, owing to the small distance

between the D lines.

The results obtained with the echelon are not, however, easy to

interpret, and the proximity of the spectra of other orders gives

trouble, when anything more than a qualitative experiment is to

be made. For accurate quantitative work the concave grating is

undoubtedly the best type of instrument to use.

The magnitude of the sc})aration, even for very intense fields, is

very slight. Zeeman concluded from measurements of photographs
that for a field-strength of 10,000 c.g.s. units the distance between
the outer components of the Di quadruplet amounted to yV of f^^6

distance between Di and Z>2. The same separation will of course

be found in the case of the two circular components seen along the

lines of force.

The magnetic separation of the different lines in the spectrum of a

given substance is by no mc^ans the same. Tiiis is of course to Ix^

expected, for the effect of the field on tiie motion of the electron will

depend upon the ratio of its charge to its mass. Certain lines in the

spectrum are, however, supposed to have a common origin, and

A
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theory shows that in this case the magnetic separation will decrease

with the wave-length. If we represent the separation by dA we

should have the relation -7j= const., which has been verified for a
A

number of lines by Preston, Reese, Kent, and others. This relation

holds, however, only for lines which belong to the same series. It

is interesting to remark that in the case of helium the lines of all

the six series of lines split up into normal triplets.

We should expect the magnitude of the separation to vary directly

with the field-strength H. Any departure would be difficult to

reconcile with the theory of the phenomenon. Kent and Reese were
of the opinion that the separation did not increase in proportion to

the field-strength, the linear relation only holding up to values of H
in the neighborhood of 15,000 c. g. s. units. Above this point the

separation becomes less than the required amount. The departure

is very small, however, and more recent work by Runge and Paschen
makes it appear probable that if high enough resolving powers are

used, the separation is strictly proportional to the strength of the

field.

Study of the Zeeman Effect without a Spectroscope. — A very
convenient and simple method of showing the change in the wave-
length is that employed by Cotton ^ and Koenig.^ The spectro-

scope is dispensed with entirely, and an absorbing flame put in its

place. As is well known, the sodium flame has the power of absorb-

ing, strongly, radiations of the same wave-length as those which it

emits. If we place a bright sodium flame between the poles of an
electro-magnet and in front of it a second sodium flame, preferably

a less luminous flame, such as can be obtained by burning a jet of

illuminating gas at the tip of a piece of soft glass tubing drawn
down to a point, the light which is emitted by the first flame will

be partially absorbed by the second, which will appear dark in con-

sequence. If the second flame contains much sodium, it may hap-
pen that its edges only appear dark.

If now the magnet is excited, the wave-lengths emitted by the

first flame are changed, and the second flame, no longer able to

absorb them, brightens up in consequence, or, to be more exact, it

no longer appears darker than the background. It is best to try

the experiment first along the lines of force, using perforated pole-

pieces, and placing the second flame close to one end of the magnet.
The phenomenon is less marked in a direction perpendicular to the

lines of force, since in this case the emission line breaks up into a

triplet, and the second flame is capable of absorbing completely the

middle component, the period of which is unchanged. This central

component is, however, plane-polarized and can be cut out by
means of a Nicol prism, under which conditions the brightening up
of the flame is quite as conspicuous as in the direction of the lines of

force. We may modify the experiment by placing the absorbing
flame in the magnetic field. In this case the vertical vibrations will

predominate in the beam coming from the two flames, for the flame

1 Comptes Rendus'cxxv., p. 865. ' Wied. Ann., 63, p. 268.
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in the field absorbs only the horizontal vibrations coming from the
other flame. The presence of polarized light can be easily recog-

nized b}' means of a Savart plate. This experiment was performed
by Lorentz in connection with a study of an effect found bj^ Egoroff
and Georgiewsky, which will be presently considered.

The Inverse Zeeman Efifect. — The division of absorption lines

into triplets and doublets when the absorbing medium is placed
in a magnetic field is known as the inverse Zeeman effect. It

results from the circumstance that the vibrating mechanism which
gives rise to emission is also responsible for absorption, and the
natural frequencies are affected by the magnetic field in the same
way in the two cases. The amount of absorption produced by either

component of a doublet or triplet, however, depends upon the state

of polarization of the white light from which certain wave-lengths
are abstracted by absorption. If the white light is circularly

polarized, and traverses the magnetized absorbing medium parallel

to the lines of force, one component of the doublet will be abso-

lutely black, while the other will be invisible. If the direction of

rotation be reversed, the other component of the doublet appears

and the first fades away. The same is true with the triplet and
plane-polarized light. If the light is unpolarized to start with, all

of the components appear, but they are not black, since only a

portion (namely, that polarized in the proper way) is absorbed by
the medium. In this case the components can be caused to appear
black by employing a Nicol prism or a circular analyzer (X/4 plate

and Nicol) for viewing the spectrum. Zeeman and Winawer have
made an extensive study ^ of the phenomenon on account of its im-

portance in connection with G. E. Hale's remarkable discovery

of the Zeeman effect in sun-spots, which will be discussed presently.

They employed a doubly refracting rhomb of Iceland spar so

oriented that the two plane-polarized images overlapped in a narrow
strip along the centre of the field, this strip showing the appearance

of the phenomenon with unpolarized light. Their paper is illus-

trated with a large number of photographs, and gives a very com-
plete and interesting account of the nature of the absorption, not

only when the light traverses the medium parallel and perpendicular

to the field, but also when the direction of the waves is oblique, in

which case we have elliptical polarization. Two of their photo-

graphs are reproduced in Fig. 323 (upper two pictures). The left-

hand one was made with the Fresnel rhomb, the right-hand one with

the circular analyzer.

Their observations are too numerous to be recorded in full, but

their recent discovery of unpolarized components in the case of

absorption lines is of too great intercvst and imj)ortance to be

omitted. They passed the light of tlie arc through the absorbing

flame (in the magnetic field at a small angle with the lines of force)

and obtained results wliich are best given in their own words.
" A still smaller angle between the directions of the beam and of

the field may be employed by looking through axial holes and

1 Proc. Amsl. Acad., April uud June, 11)10.
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deviating the beam in the field by means of two small prisms. A
remark of Professor Wertheim Salomonson induced us to give

prisms a trial."

The arrangement for '^ = 16° is shown in Fig. 323, a.

The prisms are fixed to copper tubes, which are put into the

bored cones of a du Bois electro-magnet and may be turned about

their axes. It is therefore possible to adjust the parallelism of the

planes of prisms and to arrange vertically the edges.

To tAACTiclT)
// TO MfKQtStELD

Sun-spot lines (Mitchell). Magnetic resolution in non-uniform field.

Fig. 323.

Even with very dense vapor, the field being of the order of 20,000

Gauss, the phenomenon closely resembles the pure longitudinal one.

No trace of the middle components is visible.

After an increase, however, of the vapor density to the limit

obtainable by the introduction of a glass rod charged with melted

salt into the gas-oxygen flame, two new black lines appeared in

the vicinity of Di ; they were clearly visible against the rather

dark background formed by the broadened outer components.

These new lines, which have the same 'period as the middle compo-

nents, are unpolarized.
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We have come to this conclusion after trjdng in vain to detect

any trace of polarization phenomena of the new components.
In the first place, rotation of a Nicoh placed before the sUt of the

spectroscope, gave no change of intensity of the lines; only the

background formed by the nearly, but not accurately, circularly

polarized outer components was slightly changed.

Fig. 324.

After removal of the Nicol a quarter-wave plate with its principal

direction under 45° was inserted in the beam and a broad hori-

zontal sht placed near the field. By means of a calc-spar rhomb
two stripes are obtained, separating the oppositely polarized cir-

cular vibrations.

With vapor of intermediate density, A in Fig. 325 gives the

appearance for Di. The vertical line represents the reversed line

due to the arc-light.

With very dense vapor, we get the phenomenon represented in

B. New components appear in the initially bright parts of the

field of view.

The positions of the new components correspond to those of the

inner components of the quartet, at least as far can be judged by
eye observation. This observation is confirmed by measurements
made on a photograph of, it must be said, only moderate quality.

As to the polarization of the new lines a few remarks may be
made. From an inspection of B alone, one might infer a circular

polarization of the inner components of a sign opposite to that of

the outer ones.

One might be tempted to infer tluit, under the circimistances of

the experiments, the inner components are due to the motion of

positive charges.
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Fig. 325.

There is no need of discussing the probability of such a conclu-

sion, as it is refuted by the next observation.

If the quarter-wave plate be rotated in its own plane so that the

principal direction more and more nearly approaches the horizontal

position, the intensity of the outer components decreases. The
inner components, which at first are invisible in two of the quad-
rants, being entirely hidden by the

black, broad, outer components, are

presently seen as continuous bands
crossing at right angles the horizontal

hne of separation.
_

'• ^
Finally, when the principal direc-

tion of the quarter-wave plate has
become horizontal, there is, as far as

concerns the inner components, no
difference at all between the upper
and lower fields, and only a slight

one as far as concerns the outer

components.
From the observations recorded

we cannot but conclude that under
the circumstances of the experiment
the inner components of the new
quartet are unpolarized.

This result seems paradoxical, be-

cause one now has become accus-
tomed to expect polarization of all magnetically separated and dis-

placed lines.

The result, however, seems to be in perfect accordance with
theory, at least if it be permitted to apply to the middle compo-
nents of the quartet the theoretical inference drawn for the central

component of the triplet.

Lorentz has proved that in the case of a triplet for a frequency

n= n(, and '^<'9i, two oppositely elliptically polarized beams may
be transmitted, having the same index of absorption, but unequal
velocities of propagation. The characteristic vibration ellipses for

the two beams are the same, but described in opposite directions.

Since the indices of absorption of the two beams are equal, we
may expect that, under the circumstances mentioned, a magnetized
vapor can produce in a continuous, unpolarized spectrum only
unpolarized absorption lines.

The Zeeman Effect on the Sun. — One of the most brilHant dis-

coveries ever made in Astrophysics was G. E. Hale's observation
of the Zeeman effect in the spectrum of sun spots. His photo-
graphs, made with the spectro-heliograph, by means of which an
image of the solar surface is made solely by light of a single wave-
length, showed that in many cases the luminous matter surrounding
the spot was rotating at high speed in the form of a vortex or gigantic

maelstrom. If the solar gases contained free electrons, their rota-

tion should produce a magnetic field, and the light emitted by the

spot should be circularly polarized, or in the case of absorption lines
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we should have the polarized doublet described in the previous
section. Observation of the spectrum through a circular analyzer
showed that the absorption line was displaced by the rotation of

the A./4 plate, proving the existence of the Zeeman doublet. The
triplet was discovered with a Nicol prism in the case of spots near
the edge of the sun, in which case the lines of magnetic force were
nearly perpendicular to the direction in which the light was emitted.

This discovery of the existence of magnetic fields of vast size on the

surface of the sun, produced by whirling vortices of electrically

charged matter, comparable in intensity with those which we can
produce in the laboratory by the aid of every instrumental refine-

ment over an area of only a few millimeters, is one of the most sen-

sational discoveries ever made.
Zeeman has published in his paper two photographs which illus-

trate in a striking manner the resemblance between photographs
of the absorption lines in the spectra of sun-spots and the mag-
netically divided lines obtained when the absorbing vapor is placed

in a non-uniform field. The intensity of the magnetic field is

greatest at the centre of the spot, for it is here that the velocity of

the whirl of charged electrons is greatest. These photographs
are reproduced in Fig. 323 (lower figures) . The left-hand one rep-

resents a portion of the solar spectrum, the dark band across the

centre representing the spectrum of the spot. The widening of the

Fraunhofer lines as they cut across the spot is strikingly analogous

to the appearance of the lines obtained by Zeeman in a non-uniform
magnetic field.

Partial Polarization of the Light emitted by a Flame in a Magnetic
Field. — We have seen that the light emitted in a direction perpen-

dicular to the lines of force consists of three

different sets of vibrations, one polarized parallel,

the other perpendicular, to the field. If the total

amount of light in the two outer components of

the triplet is greater or less than the amount in

the central component, the light should exhibit

traces of plane-polarization. We may regard

the revolving electrons as circular or elliptical

Fig. 326. convection currents, each one accompanied by
its own magnetic field, and it would seem there-

fore as if the external field might well exercise a directive force upon
the orbits, orienting them in the same manner as the hypothetical

molecular currents arc supposed to be oriented in Ampere's theory

of magnetism. If this were the case we should expect the light

emitted in a direction perpendicular to the lines of force to be more
or less completely plane-polarized, as will be readily understood by
reference to Fig. 326, in which the electronic orbits have all been
brought into the same plane. Though traces of j)olarization iiavc

been detected by EgorofT and Georgiinvsky it is very doubtful if the

phenomenon is to l)e referred to this action. In the first place an
orientation such as we have assumed would result in an emission

of circularly polarized light of a single type and wave-lengtli along

the lines of force, instead of the two equal components of different
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periodicities and opposite directions of revolution. How then are
we to explain the presence of plane-polarized light in the beam
emitted perpendicularly to the field? The experiments above
referred to showed that fully 11 % of the emitted light was plane-
polarized, with its vibration direction perpendicular to the field, just

as it should be if a partial orientation, as assumed above, had taken
place. But it was found that the phenomenon only appeared in the
case of luminous vapors which showed strong absorption, in other
words it only occurred in the case of lines easily reversed. This
appeared to indicate that absorption played some part in the pro-
duction of the polarization.

As we have seen, we may have plane-polarization produced when
we have two flames, one in the magnetic field, the other outside.

The same thing can take place if we have a single flame in a non-
homogeneous field. Cotton, however, found that even in homo-
geneous fields the emitted light was partially plane-polarized. The
complete explanation was given by Lorentz,^ who showed that if

the intensity of the outer components of the triplet is only one-half

that of the inner (which is to be expected if no orientation has taken
place), then the absorption coefficient for the vertical vibrations is

only half as great as for the horizontal. If the original intensity

of the central component is 7i and the intensities of the outer com-
ponents are I2 and /a, we have

l2+h= h.

The outer absorbing mantle of the flame is in the magnetic field also,

and as the absorbing power is proportional to the emissive power, it

will absorb the central component (horizontal vibrations) more
powerfully than the outer components (vertical vibrations.) We
have, therefore, after absorption

or, since li and I^ consist of vertical vibrations, we are able to detect

traces of polarization.

Egoroff's experiment therefore cannot be regarded as evidence of

an orientation of the orbits. If polarization could be found in the

case of some gas which does not exhibit the phenomenon of reversal,

for example helium or hydrogen, it would be pretty certain evidence

that the orbits of the electrons were brought to a greater or less

extent into a plane perpendicular to the lines of force.

Abnormal Zeeman Effect in Band Spectra. — Repeated investi-

gations failed to show the existence of the Zeeman effect in the case

of the individual lines of which band spectra are formed. Quite
recently, however, Dufour has found that the edges and in some
cases the individual lines in the band spectra of the fluorides and
chlorides of calcium, barium, and strontium, obtained with the electric

arc, show the effect. He made his observations in a direction parallel

to the field, converting the circular vibrations into plane ones with
a quarter-wave plate and observing them with a Nicol prism.

1 Rapp. pres au Congres Intern, de Phys. (Paris, 1900), vol. iii., p. 29.
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This enabled him to extinguish either component of the doublet at

will, and he found the head of the band displaced to the right or

left of its normal position, depending upon orientation of the quarter-

wave plate. Fig. 327 is a drawing made from Dufour's photograph
of the spectrum of calcium fluoride in the orange region ; the upper
and lower pictures show the bands under normal conditions, the

two middle ones when the source of light is in a magnetic field,

and the quarter-wave plate first in one position and then in the other.

The shift in the position of the edge of the band is seen to be differ-

X>"
Fig. 327.

ent in the two cases and to be different as well in the case of the
different bands. In the case of the band D", the shift of the two
middle spectra, with reference to the upper and lower, is precisely

opposite to that which obtains in the case of the other two bands,
D and D'. This method of observation will be recognized as the

one originally employed by Zeeman in proving the existence of the
two circularly polarized components of the doublet before he was
able to effect their complete separation. Dufour's experiment
showed that the direction of rotation of the two circular components
of the doublet seen along the lines of force in the case of the band D"
was the same as in the normal type, and that the band was therefore

due to the vil)rati()n of negative electrons. Tlie opposite states of

polarization found in the other two l)ands would on the elementary
theor}' indicate tiiat they had tlieir origin in the vibrations of

positive electnms. The magnitude of the displacement was about
0.3 of an Angstrom unit, witii a field strength of 10,000. In addi-

tion to the anomalously disjjlaced component in the bands D and D'

,

there were fainter components displaced in tiie normal direction, as

indicated in the figure, which could be explained by assuming a
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slight ellipticity in the vibration. In a direction perpendicular to
the field, Dufour ol).served a quartet in the case of each band. In
the case of the band D" the separation of the component in which
the vil)rations were parallel to the field was greater than that of the
perpendicular components. In the case of the other two bands tl)6

separation was the same in each case, that is, the middle line of the
triplet was divided into two, which fell in coincidence with the two
outer lines.

Still more recently Dufour has found (Compt. Rend. 1908) that
in the band spectrum of hydrogen (sometimes called the second
spectrum) we have lines which show the normal Zeeman effect,

others which show no effect at all, and still others which exhibit

the abnormal effect, i.e. reversed circular polarization in the doublet.
These observations, in connection with the work of Becquerel

on the abnormal effect in certain absorbing crystals and the author's
discovery of positive and negative rotation by magnetized sodium
vapor, suggest — but by no means prove — the existence of posi-

tive electrons. Voigt, who has probably given more attention to
the theoretical side of magneto-optics than any other worker, is

strongly opposed to the conception of positive electrons, and it is

probable that, in time, all of these anomalies will be satisfactorily

explained, either by Voigt 's assumed change of field inside the mole-
cule, or by the action of negative electrons moving under constraint

or under the influence of their neighbors.

Theory of the Zeeman Effect. — The very elementary and non-
mathematical treatment of the Zeeman effect which has been given
shows us why the doublets and triplets appear, but tells us nothing
regarding the magnitude of the effect. The treatment given by
H. A. Lorentz in his Theory of Electrons enables us to determine
the nature of the charge on the electrons, and the ratio of the
charge to the mass, from the magnitude of the separation. To
the components of the elastic force which causes the vibration of

the electron are added the components of the force due to the
magnetic field, which is proportional to the velocity of the electron.

The equations of motion, for a magnetic field parallel to the Z axis,

are thus of the form

df" •'

'

in which TO = mass, e = charge, ^ = field strength and /=the elas-

tic force. The last equation shows that the vibration parallel to

Z is not affected.

The first two equations admit of two particular solutions:

^ = aiCos (nit-\-pi), r)= — Oisin (ni^+pi);

^ = 02 cos {n4-\-p2), 7; = a2sin (n^^-l-pi);
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in which the frequencies r?i and /?2 are determined by

mc

mc

in which n^ is the original frequency.

The two solutions given above represent circular vibrations of

opposite direction and perpendicular to the field. The frequency n-i

is higher than ??o if eH^ is positive.

Experiment now shows us that the change in frequency is very
small in comparison to the frequency, consequently we can write,

n\ = /?oH and 720 = no -•

2 mc 2 mc

Zeeman found that, in the case of the circular^ polarized doublets

the light emitted in a direction coinciding with that of the magnetic
force showed right-handed polarization for the low frequency line

of the doublet, which proves that, for a positive value of H^, the first

of the two frequencies given above is the smaller, and that the

charge e of the electron must be negative, which is in accord with
other experiments. If we measure the distance between the lines,

we can determine rii — no, and, knowing the strength of field,

calculate the value of the ratio — • Zeeman calculated this ratio
m

for the D lines of sodium and obtained a number of the same order

of magnitude as that obtained for the electrons constituting the
cathode rays of vacuum tubes and the /9 rays of radium.

Theory of Magnetic Rotation. — The theory of magnetic-rotatory
dispersion has not been as completely worked out as the theory of

ordinary dispersion, and very few experimental verifications of the

formulae have been made.
Drude in his Lehrbuch der Optik has deduced two different for-

mulae expressing the relation between wave-length and magnetic
rotation in terms of the wave-length corresponding to the free period

of the electron and certain constants. Two different hypotheses are

made to account for the rotation. The first assumes the existence

of molecular currents, as conceived by Ampere and Weber, to ex-

plain magnetism and diamagnetism. In paramagnetic substances
these currents are already in existence, the action of a magnetic
field merely orienting them so that their lines of magnetic force are

superposed on the exciting field. In diamagnetic sul)stanccs the

currents are induced within the molecule (Weber's theory) as soon
as the substance is brought into a magnetic field. These currents

will persist as long as the body remains in the field, for the molecular
circuits are assumed to be devoid of resistance, and they will be in

such a direction as to be repelled by the pole from which spring the

lines of force which have brought them into existence.

We can best think of these currents as revolving electrons, which
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have, in the ease of diamagnetic substances, been set in motion by
the inductive action of the field, and which will continue to rotate

until the field is destroyed, when the opposite inductive action

brings them to rest. When now these revolving electrons are acted

upon by the periodic electric forces of the light-waves, the points

around which they rotate will suffer periodic displacements, and
the lines of magnetic force resulting from the whirling electrons

will be moved back and forth with the molecular currents.

The result of this is that the moving electron not only contributes

to the electric current density j^ in the fundamental equation (as

is the case in ordinary dispersion), but also to the density of the
magnetic current s^. The difference is seen to lie in the fact that
ordinarily the electron is not accompanied by a magnetic field,

whereas in the present case it is.

The assumption of these molecular currents is a natural hypoth-
esis to make as a basis for a theory of magnetic rotation, since it

has been found useful in explaining the phenomena of magnetism
and diamagnetism of substances, and the magneto-optical properties

of matter are without doubt closely related to their magnetic prop-
erties. The hypothesis, however, leads us to equations which,
while they account for the rotation of the plane of polarization, call

for rotations of opposite sign on opposite sides of an absorption band,
that is, the magnetic dispersion curve expressed by the final formula
has the same general form as the ordinary dispersion curve, with
oppositely directed branches at the edge of the absorption band.
As a matter of fact, we have no experimental evidence of magnetic
rotatory dispersion of this type. The results, which have appeared
to indicate it, have been shown by Becquerel, as we shall see,

to depend upon other complications. As we shall see presently,

the vapor of sodium in a magnetic field rotates the plane of

polarization in the same direction on opposite sides of the absorp-
tion bands (D lines) ; and the same has been shown to be true of

the numerous absorption bands exhibited by crystals containing

erbium, praseodjonium, and neodymium. We must therefore

make some hypothesis which leads us to equations calling for rota-

tions of the same sign on opposite sides of the absorption band.
The second hypothesis is that of the '' Hall effect."

An electric current or a moving electron is subjected in a mag-
netic field to a deflecting force which is at right angles to the direc-

tion of the current and the hues of force. In a magnetic field, then,

an electron which is thrown into vibration by light-waves will

experience a force which will be proportional to the velocity with
which the electron is moving, and this force must be added to the
forces which we have already considered in forming the differential

equation which expresses its motion. As we shall see, this method
of attacking the problem leads us to a rotatory-dispersion formula
which agrees with the results found in the case of sodium vapor
and other absorbing media.

Hypothesis of the Hall Efifect. — If an electron is set in motion by
light-waves in a magnetic field it will experience a force which acts

at right angles to its direction of motion and the direction of the
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magnetic lines of force. This force will l)e proportional to the veloc-

ity with which the electron is moving, and to the strength of the
field. It will be zero when the electron reaches its turning point,

and ^\'ill attain its maximmn value at the moment when the position

of equilibrium is passed. If the charge of the electron is e, and if

it moves a distance d-q in time clt along the y axis, the force acting

on it in the direction of the x axis will be represented by

cot

in which h^ is the strength of the magnetic field, which we mil assume
parallel to the z axis. If the magnetic field is parallel to the y axis,

and the electron moves along the z axis, the force will be

cot

These forces are to be added to the right-hand member of the
equation of motion of the electron,

(42, „,|f..X-t=lV..|+ ^(|..-|A,).

The equations for the electric and magnetic current-densities are
as before (Dispersion Theory)

:

4 7rj,= ^(X+4 7r2e.V|), etc.,
dt

A da .

47rSx= — , etc.
ot

For periodic disturbances we write as before

\ T TJ 4 TTCT 4 TT

If we take the z axis parallel to the lines of force, h^= hy= 0,

and write

T T^ 4 TTCre

Q
we have e^®— ic-q^ = —-X,

4 IT

a

4 TT

47r
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Multiplying the first two equations first by and then by *, and
then multiplying the second pair of equations thus obtained by i,

and solving for ^, rj, and ^, gives us

4 ire^ (02-<E>2) =^(0X+i<^F),

4 TreT/ (©2-<I>2) = ^(0F- ic&X),

4 7re^0 = ^Z,

which by differentiation and substitution give

-" dt\ ' Zy(H)2_<j,2y '

a; z^@2_$2

which can be abbreviated by writing c" for the term in the paren-
thesis and V for the second summation

:

. . „dX,. dV
''

dt dt

. . „dY . dX
•^'

dt dt
'

^""^'^'Tt-

Light-Rays Parallel to the Magnetic Field. — In this case, «, /8,

A^, and F depend only on z and t, and substitution of the above
values in the fundamental equations gives us

~c\ dt
^'^ dt) dz' cV dt '"dt J dz'

Ida^dY 13^^_3X y^v^n
cdt dz' c dt dz

'

Eliminating « and ^ by differentiating the first pair of equations
with respect to t and the second pair with respect to z,
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Alultipljing the first equation bj' A' and the second byM gives us

M = ± iN, and by substitution of these values in the equations

gives

We have seen in the Chapter on Optics of Metals that when p is

1 — /k
complex, we can write p =

^^ ,
in which T^ is the velocity in the

medium. In the present case we can therefore write

9 9 Mo /I • M\9 (/

p^c^ = n -{I — IK )- = ( —y,

in which n' and k represent the refractive index and extinction

coefficient for left-handed circular vibrations, 7i" and k" for right-

handed vibrations.

Substituting for e" and v their equivalents

If we limit ourselves to a region of the spectrum outside of the

absorption band, we can neglect i- and write k' = k" = 0, and

since ^ is small in comparison to 0, I

In the Chapter on Natural Rotation we have seen that the rota-

tion of the plane of polarization in terms of the refractive indices

for the two circular vibrations is given by

8= z-(n' -n)=z-
,

,A X n +/? J

in Avhich we can write 2n for n" -\- n,' n being the mean refractive '

index for the circular vibrations.

Substituting in 8= 2-— the values for n""^ and n'^ \A 2 n

gives us 8= V -—
• for the rotation

and n2 = l+V^'^
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Magnetic Rotatory Dispersion.— Substitution of the values of

and ^ in the above equation gives us

TT Z

2 n A2 bV

TTZ
Let A = /?, tiien S

nX^Xu
iflNl_ 1

bV'eN'

mO
and remembering that 6 = -—

- = t^^ (t^ being the free period of
47re^

the electron), and that 6N — 0„',

S=Ay ^;

1- -^

2 J_
'eiV'

Consider two t3npes of electrons to be present, then

S= A[

and since

1

eiA^i

1

^N2

1 +
^'' ]=^ 1

1-^'\2 eW'

there being no free charge, we can combine

-— with our constant, if we change the sign of the second parenthesis,
(N

8=A 0,'
]

2

1- 1-

If we now consider the second parenthesis as representing the
effect of remote ultra-violet electrons, for which t^' is very small
in comparison to r, the term reduces to (^ft")^ as we showed in the
Chapter on Dispersion

;

nA2 1-f^
(-on,

and substituting A for r,

nk- [ VA2-AiV J

Squaring the parentheses, dividing A^, and writing B = Ai{BnY
and C = ^i {O^'y, we get

8=V^4 5A2

2 M
n\ X" (A2-Ai2)!
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In this formula the first term in the parenthesis represents the

effect of an absorption band so far down in the ultra-violet that it

can be regarded as contributing a certain rotatory power which
varies inversely with the square of the wave-length. In the dis-

persion formula the corresponding term contributes a certain fixed

amount to the refractive index, independent of wave-length, while

in the present case we have A^ occurring in the denominator. The
second term is the more interesting, for we have (\'^— Xi^y in

the denominator. The term will have large values for values of

A very near A^, but the sign will not change when we cross the

absorption band, since the square of the minus quantity, which
we have when Ai>A, is a positive quantity. This shows us that

the sign of the rotation is the same on opposite sides of the absorp-

tion band, the rotation decreasing, however, as we recede from the

band in either direction.

Proof of the Rotatory Dispersion Formula.—The experiments of

Macaluso and Corbino ^ have showm that the rotation is in the same
direction on opposite sides of the absorption band in the case of

sodium vapor. A small sodium flame, placed between the poles

of an electro-magnet, was traversed by a beam of polarized white
light, in the direction of the lines of magnetic force. A Nicol prism
was oriented so as to completely extinguish the light when the cur-

rent was not traversing the coils. On forming the magnetic field

a brilliant yellow light was found to be transmitted by the Nicol,

which the spectroscope showed to consist of narrow bands sym-
metrically placed on each side of the D lines. By turning the Nicol

first in one direction and then in the other it was easy to see that

the rotation was of the same sign on opposite sides of the band.

The formula thus applies qualitatively to the magnetic rotation

exhibited by a sodium flame. To test it quantitativel}^ the rotation

must be observed over a ^vdde range of wave-lengths on opposite

sides of the absorption band. In the case of sodium vapor n varies

but little from unity, except within a small fraction of an Angstrom
unit of the D lines. Moreover, we are concerned only with the

effect of the electrons which cause the D lines, for since those of

shorter period exert no appreciable influence on the refraction, as we
have seen, it is justifia])le to assume their effect on the rotatory

(J
power as negligible. We can consequently neglect the term ——

'

and write the formula

8=
^''

A2

(A.2-A„2)2

If the formula is to be used in the immediate vicinity of. or

between, the D lines, we must make use of two terms and write,

g^ AA2 , BX"-

' Comi/I. Rrnd.. rxxvii., p. 548.
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This formula has been verified by the experiments of the author,'

at least for the region of the spectrum not comprised between the D
lines. Prehminary experiments in collaboration with H. W. Spring-

steen 2 showed the feasibility of testing the formula by measuring
the rotation of the vapor of metallic sodium, formed in exhausted

tubes in a powerful magnetic field, and established the fact that the

numerous absorption lines of the vapor in the red and green-blue

region exercised powerful rotatory effects.

In this preliminary work glass tubes were used, which were ex-

hausted and sealed off from the pump. It was subsequently found
that the hydrogen liberated from the sodium interfered greatly with
the rotatory effects, and in the subsequent work the tubes were kept
in connection with the pump. As the phenomena exhibited by the

vapor are extremely beautiful, and very easily shown, the apparatus
in its final form will be described in detail.

N/co/ l=a
Spectroxcfis

'Arc

Fig. 328. %

A piece of thin, seamless steel tubing (bicycle tubing) of such

diameter as to permit of its being slipped easily through the hollow

cores of the electro-magnet is procured. A short piece of small

brass tubing is brazed into one end, through which the tube is ex-

hausted. The ends are closed with small pieces of plate glass

cemented with sealing wax. The arrangement of the apparatus

is showTi in Fig. 328. A piece of sodium the size of a walnut is

rolled out into a cylinder and inserted into the tube just before the

second end-plate is cemented on. The tube is at once placed in

position in the magnet and exhausted. If a piston pump is used for

the exhaustion, a glass stop-cock should be put between the pump
and the tube to prevent back leakage of air. Care must be taken

to have the lump of sodium midway between the poles of the magnet.
The steel tube is now heated by means of a Bunsen burner, and the

pump worked to remove the hydrogen liberated from the sodium,

after which the burner is removed and the tube allowed to cool.

Light from a heliostat, or an arc lamp, is now passed in succession

through a Nicol prism, the steel tube, a second Nicol, and then con-

centrated on the slit of a spectroscope. If the instrument has a
large dispersion (a 14-foot concave grating was used in the present

case) all of the phenomena now to be described can be seen.

' " Magneto Optica of Sodium Vapor and the Rotatory Dispersion Formula,"
Phil. Mag., Oct. 1895.

2 Phijs. Rev., June 1905.
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The Nicols are set for complete extinction and a small flame

placed beneath the tube. As soon as the vapor begins to form, two
very bright lines w^ill appear in the position of the D lines the mo-
ment the magnet is excited. These Unes represent the constitu-

ents of the white light, which are rotated through 90° l)y vapor and

passed by the analyzing Nicol. The lines are in reality double,

though their duplicity cannot be made out when they first appear.

As the density of the vapor increases the components separate,

four lines being distinctly visible. This condition is sho\TO in Fig.

329 a, which is from a photograph. The lines continue to separate,

and presently a second pair appears between them for which the

rotation is 270°, the dark regions between representing rotations

of 180°. This stage is shown in Fig. 329 6 and c.

In the former the two inner 90° lines are beginning to fuse to-

gether, the centre being partially dark, however ; in the latter the
fusion is complete and the centre of the system of lines is bright.

With a further increase in the vapor density the outer lines (90°)

separate still further, and widen out into broad flares of light, other
lines appearing between them corresponding to larger rotations, the

system rcseml)ling a set of diffraction fringes, as siiown in Fig. 330,

which is from a photograph made with a large plane grating and a
lens of 3 metres focal long. Tiiese l)rigiit lines represent rotations

of 270°, 450°, 630°, etc., and by measuring tlieir positions with an
eye-piece micrometer, the wave-lengths corresjionding to these

rotations were determined. The centre of the system, as we may
designate a point midway betwiH'n /), and D.>, becom(^s bright and
dark in succession, as many as eight complete alternations iiaving

been observed in some instances. Tills corresponds to a rotation

of 1440°. If the burner is removed the changes take place very
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rapidly, the centre " winking " bright and dark ahnost as rapidly

as one can count.

The results obtained from measurements made with the microm-
eter are shown in the form of a curve, Fig. 331, observed values being

represented by circles. Values of the constants A and B in the for-

mula were calculated from two observed values of 8, and the values

of 8 for various wave-lengths calculated. These calculated values

are represented by crosses on the plate, and will be found to fall

almost exactly upon the experimental curve. The value of the con-

stant B, which is associated with the absorption line Dj, was about
double that of A, which belongs to Di. Tables of rotations for

D. 2), 1
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measured subsequently. Owing to the great density of the vapor it

was found that D\ and D> could be considered as forming a single

absorption band, and A„ was given an intermediate value 5893.

For a particular density and length of vapor column, the constant
B was found from a single observation of 8. The observed and
calculated values are given in the following table :

Value of Constant B = 135600

X
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vapor in the vicinity of the D Hnes the complete curve is discussed.

Photographs were made on a much larger scale which permitted of

more accurate measurement. A porcelain tube was used in this

work, heated by a small electric oven ; the current in the magnet
was kept constant by means of a rheostat and ammeter, and other

precautions taken to exclude sources of error. In some of the pho-

tographs a pair of faint bands of considerable width was observed

within the region of absorption, i.e. nearer the centre of the absorp-

tion line than the narrow bands due to large rotations. The cause of

these has not been ascertained and should be investigated. Both
absorption lines were taken into account, and it was found that the

rotation of wave-lengths between the D lines, which obviously re-

sults from the combined effects of the two lines, is greater than the

sum of the separate rotations due to each line as calculated from
the rotation of wave-lengths below D2 and above D^. Thus the

formula does not hold if we try to apply it to the region between
the lines. There is room for further investigations on this

point.

The Bright-Line Rotation Spectrum of Absorbing Vapors.— With
the apparatus described in the previous section, a very remarkable
phenomenon appears when the vapor has consideral)le density.

With the Xicols crossed and the magnet excited, the transmitted
light,, when examined with a prism spectroscope, will be found to

form a most beautiful bright line spectrum, the general appearance
of which is shown in Fig. 3 of the colored frontispiece. Over two
hundred lines can be counted in the red, and about one hundred
and thirty in the blue-green, region. A photograph of a portion of

Red Orange DiD Yellow

Fig. 333.

the spectrum is shown in Fig. 333, while Fig. 3 of the colored frontis-

piece gives a good idea of the general appearance of the entire

spectrum These lines have been photographed with a 14-foot

concave grating, and found to coincide with a))sorption lines, the
significant fact l)eing, however, that comparatively few of the ab-

sorption lines are represented in the rotation spectrum. Just why
this is so is not apparent. The rotatory power of an electron is prob-
ably inversely proportional to its mass. Tlio lighter the electron
in proportion to its cliange, the greater will be the perturbations in

its orl)it pro(hiced by the magnetic fi(>I(i. It is possible that the
absorption lines which exercise rotatory power result from the nega-
tive electrons of small mass, wiiile the other absorption hnes are due
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to heavier corpuscles, perhaps carrying positive charges. The
fact that the bright hues of the fluorescent spectrum appear to

coincide with those of the magnetic rotation spectrum, favors this

hypothesis, for we should expect the lighter electrons to be set in

more violent vibration by the light-waves than the heavier ones.

The lines were found to form groups, which could be identified by
comparison with the fluorescent spectrum which we shall take up
later. An extended study of the magnetic rotation spectrum has
been made by F. E. Hackett in collaboration with the author (Astro-

physical Journal, XXX, No. 5, December 1909). A photograph of

the spectrum in the blue-green region, in coincidence with the iron

comparison spectrum, is shown on Plate 7, opposite page 577, Fig. 2.

Just above (Fig. 1) is a photograph of the fluorescent spectrum
which will be discussed in a subsequent chapter. The similarity

between the two is obvious. Figs. 3 and 4 show small portions of

the magnetic rotation and fluorescent spectra in the green region

on a larger scale. Fig. 15 shows a portion (about one-half) of the

rotation spectrmn in the red. These photographs were made with
a Rowland concave grating. All trace of the rotation disappears

if hydrogen or nitrogen at a pressure of more than a few centi-

meters is present in the tube ; this is also true for the fluorescence.

Iodine vapor also gives a very beautiful bright-line spectrum. A few
crystals are introduced into a small glass bulb which is highly

exhausted and sealed off from the pump. This l)ulb, when placed
between the perforated conical pole pieces of a Ruhmkorff magnet
(Nicols crossed) and gently warmed, restores light of a most beauti-

ful emerald green color, which the spectroscope shows to be dis-

continuous. It is instructive to prepare two bulbs, one exhausted,

the other at atmospheric pressure. The latter shows no effect

whatever. A photograph is reproduced on page 581 in the Chapter
on Fluorescence,

Positive and Negative Rotation by Absorption Lines. — The
greater part of the evidence which we have obtained thus far re-

garding the structure of the atom indicates that the centres of

vibration which emit the spectral hnes are negatively charged
corpuscles. The positive charges appear to be associated with the

atom as a whole, and the assumption is often made that the positive

electrification is of uniform distribution.

The Zeeman effect shows us that the D lines of sodium are due
to vibrators carrying negative charges, a fact which is true of all

other hnes which show the effect. That a negative charge is as-

sociated with the centres of vibration which emit the D lines is also

shown by the direction (positive) of the magnetic rotation of the

plane of polarization, for waves of very nearly the same frequency
as that of the D lines. As is well known, most band spectra do not
show the Zeeman effect at all, consequently we are unable to apply
this test to the investigation of the nature of the charge associated

with the centres of emission of the lines of which the bands are made
up. Quite recently Dufour has observetl the effect in some band
spectra, as we have seen.

Some of the lines which make up the complicated channelled
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absorption spectrum of sodium vapor have been found by the

author to have the power of rotating the plane of polarization when
the light is passed through the magnetized vapor in the direction of

the lines of force.

It is of the utmost importance to determine the nature of the

rotation which gives rise to this multitude of bright lines, i.e.

whether it is positive or negative.

In the case of the rotation for wave-lengths in the vicinity of

the D hnes, there is no difficulty in determining the direction, for

the broad bands of rotated light which border the absorption lines

can be moved from side to side by shght rotations of the analyzing

Nicol ; or we may employ the device so frequently' used, the Fresnel

double prism of right- and left-handed quartz, which tells us at a

glance the direction of the rotation. In the case of the narrow
lines of the channelled spectra, no information can be gathered as to

whether the rotation is positive or negative l)y rotating the analyz-

ing Nicol, for the smallest possible turn from the position of extinc-

tion causes the continuous spectrum to brighten up, obhterating

the rotation lines. An attempt was first made to employ metallic

arcs in place of the white-hot crater, as the source of the light, on
the chance that some of the lines might be of the right wave-length
to suffer rotation in the region of the channelled spectra. If any
of the lines were found to be rotated by the vapor, the direction of

the rotation could be easily determined by rotating the analyzing

Nicol until they were extinguished. No lines were found, however,

which had just the right wave-length. It seemed possible, how-
ever, that the selective rotatorj^ power of the vapor could be util-

ized to furnish a source of light made up of just the right wave-
lengths ; in other words, magnetized sodium vapor between crossed

Nicols could be used as a light filter. The light passed by the crossed

Nicols when the magnetic field was excited was accordingly sent

through another magnetized tube of vapor and examined with a

third Nicol and spectroscope. It was hoped that by setting the

third Nicol for extinction, and causing the bright-line spectrum
to appear again by excitation of the second magnet, it would be
possible to detennine the direction of rotation of the lines ])y observ-

ing in which direction it was necessary to rotate the third Nicol in

order to l)lot them out. The first magnet, with its sodium tube
and polarizing prisms, d(>livers plane-jwlarized light of exactly

the wave-lengths of tlie ])right lines of the magnetic rotation spec-

trum. This light is then passed through a second magnetized tube
of sodium vapor, a Nicol prism, and a spectroscope. The Nicol

having been set for extinction, the bright-line spectrum disappeared,

reappearing again as soon as the magnet was excited. It was found,

however, that rotation of the third Nicol was wholly without effect

on the appearance of tlie lines, notwithstanding the fact that the

light was originally plane-])()larize(l. The ningnctized sodium vapor

appeared to have coinpUtebj depolarized the light. The cause of tiiis

phenomenon is not difficuh to explain. The lines which make up
the magnetic rotation spectrum, thougii they appeared as narrow
as the iron arc-lines in a photograi)h made two years ago with a
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.U>'3'
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concave grating of 12 feet radius, are not in reality monochromatic.
The action of an absorption hne is to rotate the plane of polariza-

tion of waves of nearly the same wave-length through various angles
depending on their proximity to the absorption line. It is tliese

waves which are transmitted by the Nicol. The line therefore has
a finite, though narrow, width, and the second tube of magnetized
vapor rotates the monochromatic constituents, of whicli the line

is made up, through various angles. Some of the light in the line

is therefore passed by the third Nicol in every position.

From their analogy to the bright rotated lines which border the
D lines when examined under similar conditions, we should expect
all of the lines of the magnetic rotation spectrum to be double,
and a good deal of

time was spent in

attempts to show
their duplicity, by
means of an echelon
grating. No very
definite results were
obtained, however,
and more recent

experiments have
shown that the ro-

tatory power of

most of the absorp-

tion lines is confined

to wave-lengths on
one side of the line

only. This same
action is observed in

an exaggerated degree by the ultra-violet absorption line of mercury
(A= 2536), which broadens very unsymmetrically. The form of

the absorption curve and the magnetic rotation as shown with the

Fresnel rotating quartz prisms are shown in Fig. 334, a and h. The
spectrum obtained by passing white light through the vapor placed

between crossed polarizing prisms is shown in Fig. 334, c, the

fainter line being rotated 270°.

This shows us that the lines of the magnetic rotation spectrum
would not necessarily appear double, even with the highest resolving

powers (neglecting rotations larger than 90°). Though the lines

appear as narrow as arc-lines even with a large grating, the magnet-
ized sodium vapor and polarizing prism show us that in reality each

line embraces a narrow range of the spectrum, the individual com-
ponents of which are rotated through very different angles by the

vapor.

The experiment which finally showed clearly the nature of the

rotation was made with a pair of Fresnel quartz prisms. This com-
bination consists of two wedges, one of dextro- the other of laevo-

rotary quartz. Its action is described in the next section. They
were much thinner than those usually employed, as it was felt that

it would be better to work with a single broad band of extinction

Fig. 334.
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than a large number of parallel bands. The magnetically rotated

lines are faint in comparison with the continuous spectrum from
which they are derived, and it is consequently important to have
the background upon which they are to show up as dark as possible.

With a thick Fresnel prism we have the continuous spectrum at its

full intensity traversed by a number of parallel dark bands, which
correspond to the points on the slit at which the plane of polariza-

tion is parallel to the plane of extinction (long diagonal) of the

analyzing Nicol, which is placed immediately behind the slit.

There is in consequence more or less diffused light from the grating,

which renders the background (the dark bands), upon which the

rotated lines are to appear, much too luminous. To get rid of this

effect, the best method is to use a thin prism, and cover the slit

except for a small portion immediately above and below the single

dark band of extinction.

With this arrangement of the apparatus the magnetically rotatetl

line should penetrate the dark band from above or below, according

to whether the rotation is positive or negative. If we excite the

magnet and gradually heat the sodium tube, we see sharp needles

of light shoot clown from the continuous spectrum into the dark
region immediately to the right and left of the D lines, as has been
described by Macaluso and Corbino, Zeeman, and others. If we
reverse the magnetic field the needles of light shoot up from below.

The direction in which the plane of polarization is rotated by the

D lines indicates that the}' are caused by vibrations of negative

electrons. The important question to be answered is whether
the absorption lines of the band spectra rotate the plane of polar-

ization in the same or in the opposite direction, and whether they
all behave alike.

The magnetic rotation spectrum being much brighter in the red

and orange than in the green and blue region, the first observations

were made in this part of the spectrum. The spectroscope was a
medium-sized instrument, consisting of a telescope and collimator

of about 180 cms. focus, furnished with a plane grating.

The sodium tube was heated until the fine black absorption lines

in the red appeared distinctly in the continuous spectrum above
and below the horizontal dark band due to the Fresnel prism.

The current was then thrown into the magnet, the self-induction

of which is so great that the field does not rise to its full intensity

for several seconds, so that there was plenty of time to see exactly

what happened. As soon as the switch was closed numerous needles

of light commenced to penetrate the dark region, some of them
shooting down from above, others shooting tip from beloic, as shown
in Fig. 6 of the colored frontispiece. (Owing to a misunderstand-
ing the engraver has represented the absorption lines at an
angle: they are of course vertical.) Of these, some only extended
halfway or less across the dark band, while otliers crossed it com-
pletely. On opening the switch the luminous needles slowly witli-

drew from the dark l)ackground into \hv bright region from which
they came, reminding one of the tentacles of an alarmed hydroid.

The phenomenon is most beautiful and shows us at once that some
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of the absorption lines rotate the plane of polarization in the posi-

tive direction, while others rotate it negatively.

Photographs of the phenomenon are reproduced in Fig. 335 and
also on Plate 7, Fig. 12. On the elementary theory we should

infer from this experiment that positive electrons were present as

well as negative. We are hardly justified in this, however, as it is

possible to explain the two types of rotation in other ways, e.g.

by a reversal of the magnetic field within the atom.

An attempt was made to study the direction of rotation by
Hackett and Wood in the blue-green rotation spectrum, but there

was little or no trace of the bright needles of light shooting up or

"BLite

Fig. 335.

dowm into the dark interference band. Their failure to appear in

the green is due to the smaller angular rotation of the plane of

polarization. The problem was finally solved in a different manner
for the green spectrum. These wave-lengths in the plane-polarized

light passing through sodium vapor along the lines of force in a
magnetic field are rotated through a few degrees so that they can

pass through a Nicol set at extinction for this region of the spectrum.

A small rotation of the Nicol in either direction will now brighten up
the whole field. In one direction some of the bright lines will still

be seen, though less distinctly, against the bright background of the

rest of the spectrum. Careful observation, however, will show
that if the Nicol is rotated about four degrees in the opposite direc-

tion, these lines disappear. These lines have therefore been rotated

about four degrees in this direction by passing through the sodium

vapor in the magnetic field. It was observed that the rotation in

the brightest lines belonging to the magnetic series was in the sanie

direction as that due to the D lines. The rotation of these lines is

therefore presumably due to negative electrons.

To extend this process to the whole spectrum it was only necessary

to take two photographs of the spectrum on the same plate, one in

which the Nicol was rotated four degrees to the left, and the other

in which it was rotated four degrees to the right. These two photo-
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graphs were totally different, as the bright lines of one were absent

in the other. By careful comparison of this plate with the magnetic
rotation spectrum the direction of rotation of all the strong lines

could be ascertained at leisure.

Magnetic Rotation within an Absorption Band : Experiments of

Zeeman. — It was established theoretically by Voigt {Wied. Ann.,

67, 359, 1899) that, in the case of an absorption line separated into

a magnetic doublet, the rotation of the plane of polarization was
positive for all periods lying outside of the components of the doublet

and negative for all periods between the components, the light trav-

ersing the medium in the direction of the lines of force.

This was verified by Zeeman (Proc. Amsterdam Acad., June
1902), who made use of a method similar to the one which had been
previously employed by Voigt in demonstrating magnetic double
refraction.

The light of an arc lamp, after passage through a Nicol, was
focussed upon the slit of a grating spectrometer, in front of the slit

of which was placed a Fresnel bi-quartz prism, similar to the one
employed in the experiment on the division of a plane-polarized

ray into two circular components by rotatory media. Between the

slit and the grating a second Nicol was mounted which cut off the

vibrations which had been rotated into its plane of extinction by
the quartz wedges. The amount of rotation at each point of the

slit depended on the difference between the thicknesses of the

right- and left-handed quartz elements at the point in question, and
the spectrum was found to be traversed by a system of dark bands

Fh;. 3.30.

parallel to its length. Between the first Nicol and the spectrometer
the absorbing flame of sodium was mounted in a magnetic field, any
rotation produced by it adding itself to that produced by the quartz

wedges. A rotation impressed upon any wa^•(^-lengtll by the fTanu^

thus caused a vertical deviation of the dark band at the corres]M)n(l-

ing point of the si)ectrum, a shift ecjual to tiie widtli of a complete
fringe corresponding to a rotation of 180°.

With a field of 15,000 c.g.s. units the dark absorj^tion line was
distinctly resolved into a doubl(>t, and on increasing the amount of

sodium in the flame the dark l)an(.ls outside of the components
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curved upwards, while the portion of the band between them shd
down in the opposite (Urection, as shown in Fig. 336, in which the

appearances of the bands for different densities of the absorbing
flame are shown. Photographs of the phenomenon are reproduced
in Fig. 337.

Increasing the strength of the field caused the portion of the band
between the components to move back towards its original position,

Avhich was in agreement with Voigt's prediction that the negative
rotation within the band decreased with increasing field strength.

This is, of course, true only with fairly strong fields ; in other

Fig. .337.

words, for a given density of vapor the negative rotation between
the components reaches a maximum value for a certain strength of

field. In. the case of the positive rotation which occurs outside of

the lines, no such turning-point is found.

Magnetic Rotation at Low Temperatures. — Some very remark-
able experiments have been made by Jean Becquerel, and by
H. du Bois and J. Ehas (Ann. der Physik, Vol. 27, p. 233, 1908),

with crystals at low temperatures, which throw a great deal of

light upon the much disputed question of the nature of the mag-
netic rotatory dispersion in the vicinity of absorption bands.

The effects of low temperatures on the absorption bands of

tysonite and xenotime have been mentioned in the Chapter on Ab-
sorption. Becquerel placed the crystals at the temperature of

liquid air in a strong magnetic field and found that the position

of the bands changed, the phenomenon being of the same nature

as the Zeeman effect, only on a much greater scale, the separation

of the components of some doublets amounting to a distance greater

than that between the D lines. Still more remarkal)le was the

discovery of the fact that, in the direction of the magnetic field,

the bands corresponding to the absorption of the circular compo-
nents of given sense are not all displaced in the same direction in

the spectrum. On the elementary theory this would indicate

that some of the bands are due to negative and others to positive

electrons, and this is the interpretation which Becquerel gives.

The effect is very clearly indicated in Fig. 338 for the two absorption

bands 5221 and 5252 of xenotime. This photograph was made
by Becquerel with a Rowlancl^ concave grating in the second order,

and the scale is 1 mm. = 1.6 Angstrom units.

The upper spectrum represents the absorption when we employ
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circularly polarized light of a certain sense, passing it through a
crystal plate 8 mms. thick, immersed in liquid air in a strong mag-
netic field. On reversing the direction of rotation of the circular

light we obtain the lower spectrum. As will be seen, the 522 band
moves to the right, the 525 one to the left. The latter shows dis-

sjmimetry clearly. This effect was found by Becquerel only at

very low temperatures (
— 259°). The component which the mag-

netic field displaces towards the blue increases at the exjaense of the
other component.

Fig. 338.

One of the most important points brought out in this \ev\ im-

portant piece of work was that, in every case, the magnetic rotation

was in the same direction on opposite sides of the doul^le band into

which the magnetic field splits the original band, and in the opposite

direction within the band, precisely the same as •^dth absorbing

vapors such as sodium.

Cases in which we appear to have opposite rotations, such as

the praseodjmiium band studied by the author, are shown to

result from superpositions of bands, which can be separated by
lowering the temperature. Moreover, if we have dissymmetry in

the intensity of the circularh' polarized bands to such extent that one
practically disappears, we find what appears to be a band showing
opposite rotations on its two edges. In realit\' one of these rotations

is the rotation within the band, and we cannot offer such cases in

support of the theory of molecular currents.

In conclusion Becquerel states that in no case has am* evidence

been found in support of this theory.

Rays Perpendicular to the Magnetic Field. — On the hypothesis

of molecular currents we should exjiect lU) efTect to be produced by
the magnetization of the medium wlien the rays of light are perpen-

dicular to the lines of force. The Hall effect h>7)othesis, however,

calls for an effect in this case, which, though small, has been

detected. Consider the waves as propagated along the x axis

instead of along the lines of force {z axis). In this case we have
the relations

(."—- -\-iv—- = 0, smce J, = 0,
ot dt
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c\ dt dt J dx' C dt dx

' C dt dx' C dt dx

Eliminating /8 and y gives

€"X-\-ivY = 0,

c2 5^2 ^"aa;2 ^'c2 dp '
c" dp dx'''

Elimination of X from the first two equations gives

dp
~^

dx"'

Writing as before, X^Me'^'""'^', F = iVe'-"~"''', Z= OeT
<"""''•'.

The velocities of the x and y components are obviously the same,

since they are symmetrical about the lines of force. The z com-
ponent may, however, be propagated with a different velocity,

hence we are obliged to distinguish between p' and p.

By differentiation and substitution we get

e"-'^^ = pV, ^ = f^c\ M=-%N.

This equation shows us that the z and y components are propa-

gated with different velocities, and that the vibration, if originally

a plane one, making an angle of 45° with the lines of force, becomes
transformed into an elliptical one, in other words the medium is

doubly refracting. The velocity of the z and y components is given

by substituting the values of t' and t" in the above equations.

p2c2 = ;i2(l_fK)2 = £' = l +V^.

gives the velocity of a vibration parallel to the field, while

represents the velocity of the component perpendicular to it.

The difference between n and n' will be very small unless is very
small, which only occurs in the immediate vicinity of an absorption

band.

The above formulae were derived by Voigt, who writes
(
—

j
for

n'2(l — ik')-, y representing the velocity of light in space and 0,j the

2n
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Calculated.
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complex amplitude of the ij component. The field strength h
occurs in <I> only, consequently the velocity of the z component is

uninfluenced by the magnetic field.

An attempt was made by \"oigt to detect the double refraction by
placing a block of glass between the poles of a powerful electro-

magnet, and causing the light to traverse it a large number of times
in a direction perpendicular to the lines of force. The ends of the
block were silvered, with the exception of two narrow strips for the
entrance and exit of the beam. A Babinet compensator was used
to detect a possible change of phase between the two components,
and though a very slight shift of the fringes was noted when the
field was thrown on, it was too small to be regarded as established.

The effect has recently been found by Cotton and Mouton ^ in the
case of some organic fluids. Nitro-benzol shows it to good advan-
tage, a column 4.2 cms. in length in a field of 18,500 Gausses giving
a retardation to the vibration parallel to the field amounting to a
phase-difference of 36'. Bisulphide of carbon gave a retardation
to the perpendicular component of 6'.

The double refraction was, however, found by Voigt and Weichert
in the case of sodium vapor. They placed a small sodium flame
between the poles of the magnet and passed through it a beam of

white light, polarized at an angle of 45° to the lines of force. The
interference bands seen in the compensator were found to be curved
in opposite directions, on opposite sides of the absorption band, the
appearance being similar to the anomalous dispersion curve exhib-
ited by the vapor. This experiment was subsequently enlarged
upon and improved by Zeeman and Geest {Proceed. Amsterdam
Acad., Jan. 25, 1905). It would be w^ell. worth while investigating

the behavior of dense sodium vapor in vacuo with respect to its

magnetic double refraction.

Double Refraction near the Components of Absorption Lines
magnetically split into Several Components. — Zeeman and Geest
obtained some extremely interesting results by applying the same
method of study to light which had traversed an absorbing flame
in a direction perpendicular to the magnetic field. In this case Di
is split up into a quartet and Do into a sextet. A formula was de-

duced which expressed the phase-difference between the vibrations

parallel and normal to the field, and the deformations of the hori-

zontal fringes, which resulted from the phase-differences, were
calculated and recorded graphically. These curves were then veri-

fied by experiment, the agreement being most excellent. The
calculated curves and observed fringe contortions are shown in

Fig. 339. The calculated curves are for a single dark band. The
observed show two adjacent bands, it being impossible to limit the

observation to a single one. A field strength insufficient to give

the sextet was used, the D2 line appearing as a triplet. The reader

is referred to Voigt's Magneto- and Electro-Optics for a fuller ac-

count of these experiments and their mathematical treatment.

1 Cotton and Mouton, Compt. Rend., 144, p. 229, 1907.



CHAPTER XIX

ELECTRO-OPTICS

In the previous chapter we have studied the optical prop-
erties of bodies when subjected to a powerful magnetic field, and
the effect of a magnetic field upon the emission of fight. In the
present chapter we shall study not only the analogous phenomena
produced by powerful electrostatic fields, in so far as they
are known at the present time, but shall investigate certain other
relations between fight and electricity, such as the discharge of

electrified bocfies by the impact of ultra-violet light-waves. Fara-
da}^ sought in vain, immediately after his discovery of the rotation

of the plane of polarization by bodies placed in a magnetic field,

for some analogous effect resulting from an electric field. Similar

efforts were made by Quincke and b}^ Roentgen, the former measur-
ing, by an interference method, the velocity of light in the dielectric

of a charged condenser, and the latter searching for a possible double
refraction induced bj^ an electric field. The first positive results

were obtained by Kerr, who imbedded the wire terminals of an
induction coil in a block of glass placed between crossed Nicols and
found that there was a restoration of light when the coil was in

operation. The restoration was not instantaneous, however, first

appearing about two seconds after the coil was set in operation, and
not reaching its maximum value for thirtj' seconds. The restored

light could not be extinguished by rotation of the analyzing Nicol,

which showed that the phenomenon was not a simple rotation of

the plane of polarization, but an elliptical polarization resulting

from the fact that the medium had become doubh' refracting. The
phenomenon was observed at its best when the plane of polarization

made an angle of 45° with the direction of the wire electrodes, and
vanished when the plane was either parallel or perpendicular to

this direction. In the case of the resin colophonium a similar

effect but of opposite sense was observed, the two substances acting

like positive and negative crystals. The slo^^^less with which the

phenomenon appeared and disappeared indicated that, in all prob-

al)ility, it was to be referred to a strain induced in the glass resulting

either from the continued action of the field, or possibly from tem-

perature changes due to traces of conductivity. Kerr himself was
of the opinion tliat an orientation of the molecules occurred as

a result of the action of the electric field, and that it was hindered in

a measure by frictional forces.

The Kerr Electro-Optic Effect in Liquids. — If tlie phenomena
discovered by Kerr were merely of mechanical or thermal origin

they would have very little theoretical interest. His discovery

that similar effects were produced by liquitls. in which any consid-

erable strain could not be set up, indicated that the effect was, in

548
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all i)roliability, a true electrical one. He examined a large number
of fluids and tletermined the nature of the double refraction, i.e.

whether positive or negative, by means of a strip of glass, which
when compressed or expanded, as the case might be, compensated
the effect produced b}^ the electric field. It was found that positive

double refraction, similar to that exhibited by quartz in the absence
of an electric field, was exhibited by bisulphide of carbon, bromine,
molten sulphur, and phos-
phorus. Negative refrac-

tion analogous to that of

Iceland spar was found in

the case of many oils.

In the case of small

electrodes in close prox-

imity in the liquid the

curvature of the lines of

force gives a very compli-

cated state of double re-

fraction, and very curious

distributions of light and
shade may be observed
with crossed Nicols. Fig.

340 is from a paper by
Brongersma.^ Roentgen
investigated the effects

of internal motions of the

fluid upon the appear-
ances presented in similar experiments and made the observation
that the horizontal dark strip between the ball and cylinder elec-

trodes in the fourth figure was carried up by an upward motion of

the current, as if a certain time was required for the effect to occur.

The Method of Abraham and Lemoine. — The method originated

by Abraham and Lemoine in their investigations of the time required

for the development of the electro-optic effect is one of great interest

and one that can doubtless be applied in modified form in many
fields of investigation in which the measurement of very minute
intervals of time is required.

By this method it has been found possible to measure a time
interval of one two hundred rnillionth of a second. A rifle bullet,

moving with a velocity of 500 metres per second, would travel about

f^-Q of a millimetre, and a light-wave about 1.5 metres, during this

interval of time. They illuminated the field of their instrument

with the light of a spark produced so to speak by the discharge of the

fluid condenser the double refraction of which was being studied.

If the light from this spark was made to travel over a distance of

400 cms. before passing between the plates of the condenser all

trace of the double refraction disappeared, while a retardation due
to the introduction of a path of only 80 cms. reduced the double
refraction to one-half of its maximum value.

Fig. 340.

1 M. H. Brongersma, Wied. Ann., 14, p. 222, 1882.
10, 77.

Roentgen, Wied. Ann.,
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Electro-Optics of Nitro-Benzol. — An investigation was made
by Schmidt^ of the value of the Kerr constant for a large

number of substances. This constant j occurs in the empirical
formula for the path-difference measured in wave-lengths of the

two components of the vibration.

D=jlK,

in which I is the length of the fluid column traversed by the light

and K the strength of the electric field. In the case of nitro-benzol

he found that the double refraction was 60 times as great as that
of bisulphide of carbon. This substance is therefore especially

adapted to investigations or demonstration of the Kerr phenome-
non, and was used in a subsequent investigation by Aeckerlein^

of the effect of the electric field upon the two components of the
vibration. By employing rapid electric oscillations and an alter-

nating electric field he reduced the troublesome effects due to con-

duction currents, temperature changes, etc., to a minimum, and
found that the vibration perpendicular to the lines of electric force

was retarded, while the parallel component was accelerated, the
acceleration being about one-half of the value of the retardation.

The Electro-Optic Analogy of the Zeeman Effect.— As Voigt
has pointed out in his book, an electric effect is to be expected,

analogous to the Zeeman effect, when a source of radiation is placed

in a powerful electrostatic field. In a direction parallel to the field

we should expect a simple displacement, while in a perpendicular

direction there should be two lines, one polarized with its electric

vector perpendicular to the hnes of force displaced three times

as much as the other oppositely jwlarized component. The calcu-

lated effect is very small, and it has never been observed. Powerful
electric fields cannot be applied very well, o^dng to the conduct-
ing power of ionized or radiating gases. It is possible that some-
thing might l)e found by observing the curious type of discharge

which occurs when the electrodes of a highly exhausted tube are

brought within a millimetre of each other. A very high potential is

required, with a spark gap in the circuit. We then obtain a small

arc-like discharge between the electrodes, and it is possible that an
examination of the metallic lines which it emits with a powerful
echelon might show something of interest. A pai^er by the author
describing this discharge, and the method of obtaining it, will be
found in the Physical Review for 1897.

The Photo-Electric Efifect. — The history of the photo-electric

effect l)egins with the discovery by Hertz in 1887 of the influence

of the ultra-violet light from one spark gap ujion the discharge of a

neighboring gap. If the distance between the electrodes was made
just sufficient to prevent the discharge, illumination by ultra-violet

light from another spark caused tlie passage of sparks. Hertz
found that it was the action of the light upon the negative electrode

only which occasioned the discharge. In 1888 Hallwachs discovered

1 W. Schmidt, Ann. d. Physik, 7, p. 142, 1902.
' Aeckcrlcin, Pftys. Zeit., 7, p. 594, 1907.
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that certain substances, when negatively charged, lost their charge
when illuminated with ultra-violet- hght, and that if originally

uncharged, they acquired a positive charge as a result of the illu-

mination. It has since been ascertained, as a result of investigations

by Lenard, Thomson, Merritt, and others, that the action results

from the expulsion of negative electrons brought about by the

absorption of the light, in other words cathode rays leave the sur-

face of the plate. Two distinct methods of investigation have
been used. In the first, the metal surface is illuminated in a vac-

uum, and the positive charge which it acquires when illuminated is

measured with an electrometer. This method gives us the maxi-
mum velocity with which the electrons leave the surface, for the

potential continues to rise until it becomes great enough to hold
back the electrons which have the highest velocity.

In the second method the illuminated plate is placed in opposition

to and at a short distance from a second plate, which is connected
to earth through a galvanometer, which measures the current

resulting from the discharge of the electrons. This method gives

us the number of negative electrons which leave the surface of the
metal for a given intensity of illumination. The number has been
found to be proportional to the intensity of the light, while the
velocity, which is between 10^ and 10* cms. per second, is inde-

pendent of it.

In the case of the normal photo-electric effect, the orientation

of the electric light vector is of influence only in so far as it affects

the amount of energy absorbed, as has been shown by Pohl for

solid (Zn and Pt) and Uquid (Hg, Na, and K) metals, for ultra-

violet light. If, however, we are dealing with an alkali metal in

the region of spectrum for which the selective effect is found, for

equal amounts of absorbed light we have a far larger number of

electrons emitted when there is a component of the electric vector
perpendicular to the surface. According to Pohl and Pringsheim
this is the reason of the phenomena observed by Elster and Geitel

with fluid amalgams of sodium and potassium in the visible region
of the spectrum. The photo-current due to the electric vector
vibrating in the plane of incidence exceeded that due to the per-

pendicular vector fifty fold.

The variation of the angle of incidence gave only for the com-
ponent -L to the plane of incidence a proportionality to the
absorption, while for the li component, the component of the

photo-current perpendicular to the surface was very nearly

proportional to the calculated J- component of the absorbed light.

The factor of proportionality was naturally much greater in the
latter case.

Photo-Electric Effect and Wave-Length. — The influence of the
wave-length of the light upon the emission of the electrons has been
studied by E. Ladenburg, Markau, and A. W. Hull (Phys. Zeit.,

8, 590 ; 9, 821 ; 10, 537). It was found that the maximum poten-
tial of the illuminated plate increased as the wave-length of the
light decreased, in other words the electrons were driven out at a
higher velocity by short waves. As we have seen, their velocity
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is independent of the intensity of the Hght, which influences only
the number emitted in unit* time. Ladenburg found that the

potential of a platinum plate when illuminated by A=260 fifji was
1.07, the value increasing to 1.86 as the wave-length decreased,
A.=201 fj-fji. The number of electrons emitted also increases

as the wave-length of the light decreases. In determining this,

however, the intensity of the radiation used has to be taken into

account, the number emitted is proportional to the intensity of

the light. If El represents the saturation current showTi by the

galvanometer, which is the measure of the number of electrons

emitted, and Eo the energy of the radiation of wave-length A., we

must plot the quantitv -^ against A in order to obtain a curve

showing the relation between the number of electrons throwTi off

and the wave-length of the light. Ladenburg found that the Ei
curve had a maximum at A=212, falling rapidly on each side of

this point, E2 increased steadily with increase of wave-length,

El .

while TT increased very rapidly with decrease of wave-length, the

curve resembling a dispersion curve in the ultra-violet region.

The observations of Ladenburg do not hold, however, for the

alkali metals. These, according to the investigations of Pohl and
Pringsheim, show in the first place the normal photo-electric

effect, for which, with equal amounts of absorbed energy, we have
with decreasing wave-length an increasing number of emitted

electrons; they show, in addition, a selective photo-electric effect,

limited to a narrow spectral range, indicating that we are dealing

with a resonance phenomenon. This occurs only when there is

present a component of the electric light vector perpendicular to

the surface. This^selective effect may exceed the normal effect in

the same spectral region from twenty to one hundred fold.

Potassium, for example, shows a strong maximum of photo-
electric sensibiUty at A = 4400 -vnth the Ught incident obliquely,

while for normal incidence there is no trace of the maxima, the

curve being identical with that found bj' Ladenburg for platinmn.
Polarization of the Light. — Elster and Geitel, who have done an

immense amount of very valuable work along these lines, made the

discovery that the orientation of the plane of polarization of the

light influenced the rate at which the electrons were given off, but
was without influence on their velocity. If the electric vector

is in the plane of incidence the photo-electric effect is much stronger

than when the vector is perpendicular to the plane. In the former

case there is a component of electric force perj^endicular to the sur-

face, and we ma,y perhaps regard this as better adapted to drawing
the electrons out of the surface, than an electric vibration parallel

to the surface.

It seems probable that the vibrations of the light set up vibrations

of the electrons, the amplitude of which increases until it becomes
so great that the electron escapes from the attractive force whicli

previously kept it within the metal.
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The number of electrons emitted by the surface depends upon
the amount of Ught al)sorbed, at least for vibrations perpendic-

ular to the plane of incidence. In the case of vibrations parallel

to the incidence plane, Elster and Geitel found that the emission

of electrons was proportional to the component of the absorbed
light which was perpendicular to the metal surface. In the case

of the fluid alloy of sodium and potassium, if the electric vec-

tor was parallel to the incidence plane the emission of electrons,

in proportion to the absorbed energy, was fifty times as great as

when the electric vector was parallel to the metal surface, a cir-

cumstance which Elster and Geitel referred to the greater pene-
tration of the light into the metal. In the case of solid and
highly polished metal surfaces, Pohl has found that the emission
is proportional to the absorbed energy regardless of the state of

polarization.

The Normal and the Selective Photo-electric Effect.— The ex-

tended investigations of Pohl and Pringsheim, which have been
referred to in the preceding section, show that the discrepancies

between the observations of different observers are due to the fact

that there are two distinct effects, which are sometimes observed
separately, and sometimes superposed. In the normal effect the
number of electrons liberated increases with decreasing wave length,

and the orientation of the plane of polarization is of influence

only as the absorption of the hght depends upon it. In the selec-

tive effect, which has thus far been found only in the case of the
alkaU metals, the orientation of the plane of polarization exerts a
marked influence, the emission of electrons in proportion to the
absorbed energy being many times greater when there is a com-
ponent of the electric vector perpendicular to the surface. The
two efTects are shown graphically in

Fig. 340 a, v/hich is for the amalgam of

sodium and potassium. The selective

effect extends from A = 3500 to about
A = 4800 and is only apparent in the E n
curve made with the incident light polar-

ized "svith the electric vector E parallel

to the plane of incidence.

So far as observations go at the pres-

ent time, the emission of electrons ap- Fio. 340 a.

pears to be the same in all directions,

that is, the number crossing unit area normal to the surface is

equal to the nimiber crossing unit area parallel to the surface.

The case is somewhat analogous to the emission of X rays, for

which Lambert's cosine law does not hold. It would be inter-

esting to see whether with polarized Ught the emission has a

larger value in the direction in which the electric vibration takes

place. This matter has not yet been investigated.

Photo-Electric Efifect in Gases. — Some doubt has been felt as to

whether gases are ionized by light, the apparent effect being
ascribed by Thomson to the action of the light upon suspended
dust particles. The recent work of Bloch (Compt. Rend., 146, p.
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892) has shown that both effects occur, that due to dust particles,

being the stronger, and disappearing only after the radiation has
traversed a column of the gas half a metre in length. The ioniza-
tion of air carefully freed from dust, or the true photo-electric
effect, was found to be much less, and to disappear entirely after the
radiation had traversed a layer 3 mms. in thickness. Thomson
has published an interesting paper on the subject,^ in which, refer-

ring to Kaye's work, he shows that the ionization of air is 8 times,
of CO^i 16 times, and of ammonia 150 times greater, when illumi-

nated by ultra-violet radiation, than when screened from it.

Theory of the Photo-Electric Effect. — There are at the present
time two theories of the photo-electric effect. We may regard it as
a simple resonance phenomena, the electron vibrating in unison with
the light-waves, until its amplitude becomes so great that it is

expelled from the atom. Whether it derives its energy from the
absorption of the radiation which frees it, or from the internal

energy of the atom, is a question which can be answered onlj^ after

a careful study of all of the relations which have just been discussed.

The effect has been found to be entirel}' independent of temperature,
which shows us that the heat energj^ of the metal plays no part.

It is very difficult to reconcile all of the effects with the assumption
of absorption of a hght-wave, the amplitude of which is constant
over the wave-front, decreasing as the distance from the source
increases. There is a very recent ''Licht-quanten hj'pothese" of

Planck and Einstein, on which we are to regard the energj' of a
system of rays, not as spread continuously over an ever increasing

surface (wave-front) but as made up of localized centres of energy
which move out ^^ithout subdivision, and can be absorbed onl}' as

a whole. These " units " of radiation can be showTi to have an
energy proportional to the oscillation frequency, which explains the

increase in the velocitj^ of the expelled electron, with the decrease
of wave-length, if we assume the " licht-quanten " to give up its

energy to the electron. It also explains the circumstance that the

electron velocity is independent of the intensity, for on Einstein's

hypothesis the intensity of the radiation is represented by the

proximity of the light units. Planck, however, does not consider

that the wave-front is discontinuous, the hj'pothesis being re-

stricted to the absorption or emission of a resonator, which cannot
progressively increase or diminish by infinitesimal steps, but only
by finite " units."

The application of the "light units" to the wave-front is radi-

cally new, and quite at variance with our older notions regarding
ether waves and amplitudes. It is difficult to form a picture of

just what the " licht-ciuanten " is, but Thomson has suggested that

light may consist of impulses running along lines of force. The
wave-front, on this hj^wthesis, would not be uniformly illuminated,

but consist of bright points, so to speak, and what we usually under-
stand by intensity or amplitude would depend upon the proximitv
of the bright points.

' J. J. Thomson, " Ionization of pases bv ultra-\'iolct liRht, and the etructure of
light," Camb. Proc, 14, Part IV., 417, 1907.

I
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An attempt has even been made by G. J. Taylor to prove the

existence of the "hght units" by photographing diffraction fringes

with hght of such feeble intensity that but few " units " were in-

cluded in each Huygens zone. The results were negative, however,
Thomson was driven to this hypothesis by our inability to explain

why only a very small percentage of the molecules of a gas are

ionized by a light-wave. The conception appears very fantastic,

in view of our preconceived ideas regarding ether waves, but it is

very suggestive that something resembling structure in light-waves

is pointed out by no inconsiderable number of recently discovered

phenomena. We may eventually be driven to a compromise be-

tween the old corpuscular theory and the wave theory. Some very
recent work by Baeyer indicates that the energy of each expelled

electron is equal to the energy of one " licht-quanten " of the wave-
length utilized in producing the expulsion. If this is true it is a

very remarkable verification of Planck's hypothesis.

The following summary of the theory was prepared by R. Pohl:

A satisfactory theory of the normal effect must apply if possi-

ble to the electrons liberated by X-rays, as well as by light, and
explain the following facts

:

1. The uniform velocity of the electrons for light of a given

wave-length. 2. The independence of velocity of the intensity.

3. The increase of velocity with decreasing wave-length. 4. The
increase of the number of electrons with decreasing wave-length.

5. The independence of the number and velocity of the electrons

of the temperature. 6. The circumstance that with increasing

wave-length the effect drops to zero.

According to Lenard the emission is due to a resonance phenom-
enon. Light of a definite period excites electrons of equal period,

the vibrations overcoming the forces which hold the electron in

the metal. This force must be independent of temperature, and
the velocity of the electrons is determined by the nature of the

atom and not by the intensity of the light. This requires the

questionable assumption that we have in the atom electrons of all

possible velocities from 1 to 100,000 (electrons liberated by X-rays).

No. 4 is explained by the assumption of an absorption which,

as is the case with cathode-rays, lessens only the number but not

the velocity, and by the existence of the Volta series.

These assumptions of Lenard and others stand in opposi-

tion to the Planck-Einstein light-unit theory. Einstein supposes

that the energy element nh, in which n is the frequency and
/i = 6.55- 10~" erg-sec, is found again in the metal as kinetic

energy ^ ?nv^ (or eV) of the electron. This kinetic energy of the

electron we observe outside of the metal after the subtraction of the

work P of the electron by passage through the surface eV^hn — P.
This formula gives for ultra-violet light of wave-length 200 /i/u.,

for P = 0, 6.3 volts independent of the material, which corre-

sponds to the value found by v. Baeyer (Verh. der deutsch. phys.

Ges., 12, 870, 1910). For X-rays, the wave-lengths of which are

probably less than .01 /Jifi, the calculated value is 10^ volts, while

the value observed by Bestelmeyer is 6.3 • 10^ volts.



CHAPTER XX

TRANSFORMATION OF ABSORBED RADIATION.
FLUORESCENCE, PHOSPHORESCENCE,

AND RESONANCE-RADIATION

In the case of all substances which absorb light, i.e. in cases when
the sum of the transmitted and reflected energy is not equal to the
incident energy, we have a transformation of the radiant energy
into energy of some other form. The commonest case is that in

which the luminous radiations are spent in warming the body, the
absorption of the light increasing the kinetic energy of the molecules.

Just how the transformation takes place we do not know, though it

is not difficult to make assumptions. In the case of selective

absorption, where Ave refer the phenomenon to resonance, or the
vibration of electrons of the same free period as the absorbed vibra-

tions, we assume something akin to friction, which impedes the free

motion of the electron and produces a rise of temperature. In
some way the energy taken up by the electron is spent in increasing

the velocity of the molecule, which makes it seem as if the action

were an action between the molecules, and not something going on
within the molecule, for we cannot speak of a molecule as rising in

temperature. As the temperature of the substance increases, it

emits more and more energy in the form of long heat-waves, and it

is this reemission of energy which prevents the temperature from
rising indefinitely. If the substance absorbs strongly waves of all

lengths, it is possible to throw radiant energj^ into it at such a rate

that its temperature rises to the point of incandescence, as was
shown by Tyndall. The incident energy may consist wholly of

invisible heat-rays, in which case we have a reemission of energy in

the form of waves of shorter wave-length. This phenomenon has
received the name of Calorescence.

Tyndall's experiment consisted in the formation of a dark heat
focus by means of a large condensing lens, the visible radiations

being filtered out by means of a solution of iodine in bisulphide of

carbon, contained in a glass cell. A piece of blackened platinum
foil held in the focus was speedily raised to a red heat. In this case

the emission of light is a pure temperature effect. Certain sub-

stances, however, possess the peculiar property of emitting light

when illuminated, without any apprecia])le rise in temperature.
The emitted light is usually of a diflferent color from that of the

exciting radiation, and the emission may continue for some time
after the illuminating light is cut off.

If the emission ceases as soon as the exciting radiations ceavSe to

fall upon the substance, the piienomenon is called Fluorescence:

550
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if it persists for an appreciable time, the term Phosphorescence is

a])phed to it. In general, fluorescence is only exhibited by gases
and liquids, phosphorescence by solids, though we sometimes find

the terms confused, the term fluorescence being applied to uranium
glass and certain crystals. It is, perhaps, best not to attempt to
draw a sharp line between the classes of phenomena, for it has been
shown recently that we may have a gradual transition of fluores-

cence into phosphorescence.

Fluorescence. — The name fluorescence is derived from fluor

spar, a native fluoride of calcium, a substance which was first ob-
served to exhibit this peculiar emission of light. The subject was
first investigated by J. Herschel {Phil. Trans., 1845, p. 143) and Sir

David Brewster (Trans, of Edin., 1846, part ii., p. 3), who examined
solutions of sulphate of quinine, which emit a brilliant blue light in

all directions when illuminated with a beam of sunlight.

Herschel found that light which had traversed the solution was
incapable of exciting any further emission, and that the blue lumi-

nosity was confined to the surface. He termed the phenomenon
epipolic dispersion, believing that he was dealing with a new type
of polarization. The light on entering the solution became " epi-

polarized," a lateral emission or dispersion resulting from the pro-

cess, and this epipolarized light was incapable of exciting further

fluorescence. Brewster found, however, that by employing an
intense beam of light, the blue emission marked the entire path of

the beam, and he accordingly changed the name to " internal

dispersion."

It occurred to Stokes that the blue light " dispersed " by the
quinine solution might not be the blue light of the illuminating

beam, but a new creation due to the absorption of more refrangible

radiations. This would explain the inability of the light to excite

further fluorescence after it had already traversed a sufficient thick-

ness of the solution, the rays effective in provoking the emission
being removed by absorption. Experiments verified this surmise,

establishing the general law that the fluorescent radiations are

always of longer wave-lengths than those of the light which excites

them. This change in the wave-length can be very easily observed
by interposing colored glass in the path of the illuminating beam.
A beam of sunlight, from which the orange-yellow and green has
been removed by means of a sheet of dense cobalt glass, is con-

centrated with a lens upon a few crystals of uranium nitrate.

Although the illuminating beam is of a deep blue violet color the

crystals shine with a brilliant green light. A piece of the ordinary

canary glass, which is colored with oxide of uranium, can be sub-

stituted for the nitrate crystals. Small vases of this glass, which
can now be found in almost any glass-store, are suitable for the

experiment. It can be easily recognized by the greenish color which
it assumes when held in sunlight, which is in marked contrast to

the yellow color of the transmitted light. One of the best sub-

stances for the exhibition of fluorescence is an aqueous solution

of uranin, an alkaline salt of fluorescene. The solution should be
extremely dilute. It is best to begin with pure water contained in a
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rectangular glass tank, the light from an arc-lamp or the sun being

brought to a focus at the centre of the tank. On adding a drop or

two of a fairly strong solution of the dye the path of the beam
becomes luminous, shining with a brilliant green light. On adding
more of the dye the fluorescence retreats towards the region where
the light enters the solution, owing to the increased absorption of

the ra^'s which are capable of exciting the fluorescence.

Other solutions can be easily prepared which fluoresce with
different colors. An aqueous solution of aesculin, which can be pre-

pared by i^ouring hot water over some scraps of horse-chestnut

bark, shines with a beautiful blue light, while an alcoholic solution

of chlorophyl, which can be prepared b}' soaking green leaves in

strong alcohol, exhibits a red fluorescence. Among other substances

which exliibit the phenomenon maj^ be mentioned, solutions of

sulphate of quinine (acidified with a iew drops of sulphuric acid)

and paraffin oil, both of which fluoresce with a l)lue light.

Methods of investigating Fluorescence. — An exceedingly simple

and ingenious method was devised bj'^ Stokes for detecting fluores-

cence and phosphorescence, which is applicable to cases where the

emitted light is so feeble as to be overpowered by the irregularly

reflected light. This method depends on the change of wave-length
which accompanies both phenomena. Two screens are prepared,

one of which transmits the violet and blue, absorbing the green,

yellow, and red, while the other absorbs the violet and blue, trans-

mitting the rest of the spectrum. Dense cobalt glass combined
with a thin sheet of signal green glass, or a solution of cuprammo-
nium, makes a suitaljle blue-violet screen ; while yellow glass or a

solution of bichromate of potash will answer for the other. The
two together should be practically opaque even to a fairly strong

light.

If, now, a powerful beam of light is admitted to a dark room or

box through the blue screen, ol^jects illuminated by it will be in-

invisible through the yellow screen unless they fluoresce or phos-

phoresce, that is, give out less refrangible radiations than those

which fair upon them. Stokes succeeded in showing that ordinary

paper, cotton, bones, ivor\', leather, cork, horn, and many other
substances exliibit the phenomenon.

This method, while admirably
adapted to the detection of fluo-

rescence, is not suited to the stu .y

of the relation between the wave-
lengths of the fluorescent and inci-

dent light.

The method adopted by Stokes
was analogous to Newton's method
of crossed prisms; a very narrow
and intense solar spectrum was
thrown ui«)n tlie surface of the

li(iuid under investigation, the fluo-

rescence resulting in this case from monochromatic light of vary-

ing wave-length. This spectrum was then viewed through a prism
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held in such a position as to deviate the spectrum in a direction
perpendicular to its leu^th, as shown in I*'ig. 341, in which AB is

the undeviated and A'B' the deviated spectrum, as it would appear
if the surface of the liquid merely reflected or scattered light without
fluorescence. This spectrum will always be visible to a greater or
less degree, owing to the fact that even the surface of a transparent
liquid scatters a certain amount of light without change of wave-
length.

In the case of fluorescent or phosphorescent substances, we have
in addition the complete fluorescent spectrum produced by the
monochromatic illumination at each point of the spectrum. The
fluorescent spectra together form the broad band sho\Mi in the figure,

from which it is apparent that the wave-length of the fluorescent

hght is never less than that of the light which causes it. Any excep-
tion to Stokes's law would give rise to an extension of the band on
the other side of the deviated spectrum.

Stokes's law, that the waves of the fluorescent light are never
shorter than those of the exciting rays, was questioned by Lommel,
who believed that he could detect the complete fluorescent spectrum
of IVIagdala red, which contains red, yellow, and green rays, when
the fluorescence was excited by sodium light alone.

Hagenbach investigated this same substance and came to a
different conclusion. The eye-piece of a spectroscope was replaced
with a vertical slit, upon which the spectrum was focussed. An
image of this slit, illuminated in monochromatic light, was thrown
by means of a lens partly upon the surface of the fluorescent solu-

tion, and partly upon a small piece of white porcelain placed close

to the surface. The porcelain reflected only the monochromatic
light, while the liquid emitted the fluorescent light. On viewing
the image through a prism, the fluorescent spectrum B, and the
monochromatic image of the slit A, reflected from the porcelain,

appeared as shown in Fig. 342 (1). The two images
were separated by a wide gap, the fluorescent light

being much less refrangible than the exciting rays.

By turning the prism of the spectroscope, the wave-
length of the light from the slit was increased, which
caused the image A to approach B, the gap between
becoming narrower as shown in (2). No change in

the fluorescent spectrum was observed. On still

further increasing the wave-length, A came into

coincidence with B. Up to this point the fluores- Fig. 342.

cent spectrum remained unchanged, but from now
on a further increase in the wave-length resulted in a contraction of

the spectrum B, as shown in (4), no radiations appearing in it of

shorter wave-length than those in the image A. An exception to

Stokes's law would have made itself manifest as a faint illumination

in the region to the right of the slit image.
Lommel then repeated his experiments, using both sodium light

and monochromatic light from a spectroscope, and found as before

that not only Magdala red but a number of other substances
showed evidences of emitting fluorescent waves shorter than the

IKl
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exciting ones. He distinguished three distinct classes of fluores-

cence. Bodies belonging to the first class were capable of giving

out their complete fluorescent spectrum when excited by any radia-

tions exciting fluorescence. Under the second class were grouped

substances of which the fluorescent spectrum contained no shorter

radiations than the exciting ones. A third tj^De. which he called

composite fluorescence, embraced substances having a fluorescent

spectrum consisting of two parts, similar respectivel}' to the spectra

showTi by substances of the first two classes. These substances

behaved as would a mixture of a substance belonging to the first

class -vnth one belonging to the second.

A very careful study of the subject has been made recently by
Nichols and Merritt (Phys. Rev., June and July 1904), who meas-

ured with a spectrophotometer the distribution of intensity in

the fluorescence spectrum, when the wave-length of the exciting

light was varied. They found that in the case of all the substances

which they examined there were marked
exceptions to Stokes's law, the position of

the maxima of the fluorescence spectrum
being independent of the wave-length
of the exciting light. They were able to

produce powerful fluorescence when the
exciting light was of much greater wave-

- lengih than that at the centre of the flue-

s' A' C rescent band.

Pjg, 343. An aqueous solution of fluorescein is

admirably adapted for the purposes of

illustration. In Fig. 343 we have the intensity curves of the

fluorescent spectra A, B, and C when excited by approximately
monochromatic light cut out of a spectrum in the region A', B'

,

and C . The fluorescence is seen to be most intense when the
exciting wave-lengths lie on the edge of the fluorescent spectrum
which is towards the violet, C, but still of considerable intensity

when the illuminating light is made up of a band on the red side

of the point of most intense fluorescence.

Polarized Fluorescence. — The fluorescent light emitted in an
oblique direction from the surfaces of isotropic media was found by
Millikan {Phys. Rev., September and November 1895) to be po-
larized in a manner similar to that of light obliquely emitted by
white-hot surfaces. This polarization results from refraction of the
light as it passes out of the medium into the air.

Certain crN-stals possess the remarkalile j^roperty of emitting a
polarized fluorescence. The most interesting case is that of mag-
nesium platino-cyanide, which can be prepared by the addition of

a solution of magnesium sulphate to a solution of barium platino-

cyanide, until no further precipitation of barium sulphate takes place.

The colorless solution is filtered, evaporated and crystallized. The
crystals, which are of a deep red color, have most remarkable
optical properties, showing a brilliant green surface color on the

sides of the prisms, while the ends selectively reflect a deep violet

light, which is polarized even at normal incidence. The crystals



TRANSFORMATION OF ABSORBED RADIATION 561

Crysfa/axis

red

should be mounted in small glass l)ulbs hermetically sealed, as

otherwise they crumble into a yellow powder. If the bulb is

filled with benzol, the violet metallic reflection, due to absorption,

shows to better advantage as the vitreous reflection is abolished.

The fluorescence of the crystals can be best observed by exciting

them in a concentrated beam of sunlight which has been passed

through a piece of dense cobalt glass. We will suppose the crystal

to be standing upright, upon one of its bases, and the incident beam
horizontal. If the fluorescent light, which emerges from the sides

of the prism, be observed through a Nicol prism, it will be found that

the color is orange-yellow when the polarizing plane of the Nicol

is perpendicular to the axis of the prism, and scarlet when the plane

is parallel to the axis. If the exciting

light be polarized horizontally, the color

of the fluorescent light is yellow, changing
to red as the plane of polarization is rotated

through 90°. Examination with a second
Nicol shows that the orange-yellow fluo-

rescence is polarized perpendicular, the

scarlet parallel to the axis of the crystals.

If, now, the crystal be placed in a horizon-

tal position, and the beam of unpolarized

light directed against an end surface, the

fluorescent light will be unpolarized and
of a scarlet color. If the incident light be
polarized in a vertical plane, and the crys-

tal be turned on a vertical axis so as to vary
the angle of incidence, the red color changes
to yellow. If, on the other hand, the plane
of polarization be horizontal, no change is

observed on turning the crystal. This
shows that the change from red to yellow
takes place as the angle which the direction

of vibration makes with the crystal's axis

changes from 90° to 0°, the direction of

vibration being perpendicular to the plane of polarization.

The results obtained in the two positions of the crystal are in

perfect agreement, as will be seen by reference to Fig. 344, in which
the exciting rays are indicated by soUd arrows, the fluorescent rays
by dotted arrows, the direction of vibration in each case being
indicated by double-headed arrows. Polarized fluorescence has
recently been observed by the author in the case of certain gases,

and will be referred to presently.

Variation of the Intensity with the Angle of Emission. — The
intensity of the light emitted by self-luminous solid and liquid

substances varies as the cosine of the angle of emission (Lambert's
law). On this account the intrinsic intensity is not increased by
foreshortening of the source, i.e. by viewing it in an oblique direc-

tion. This is not, however, the case with fluorescent light, as is

indicated by some experiments made by the author.
If a rectangular glass tank, or even a beaker glass, is partly filled

2o

/red. no change
/ on rotation

Z
V

'/-^

/red changing to
.'ye//oiy on rotation

Fig. 344.
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with a solution of uranin (fluorescein) and a condenser discharge

passed between cadmium electrodes close to the surface, the phe-

nomenon can be very clearly seen. The surface is powerfully fluo-

rescent, and if it be viewed from below, the intrinsic intensity will

be found to increase rapidly as the surface is foreshortened, becom-
ing of dazzling brilliancy at grazing emission. If a glass plate is

interposed between the spark and the fluid, the effect of foreshorten-

ing becomes less marked or disappears entirely, for in this case the

fluorescence is chiefly caused by the radiations which penetrate

the body of the fluid, and the powerful surface fluorescence, excited

by the ultra-violet rays, disappears. A still better m.ethod is to

illuminate one face of a right-angle prism of crown glass with the

light of the spark, which causes a blue fluorescence of the surface

layer. The luminous surface is to be viewed through the other

face of the prism. The intensity viewed in the normal direction is

very slight, as can be seen by looking at the reflection of the lumi-

nous surface in the hypothenuse face of the prism. Seen edgewise

the intensity is fully thirty times as great, as was found by measure-
ment at an angle of 5 degrees with the surface.

Fig. 345.
V

Measurements of the change of intensity with the angle of emis-

sion were made in the following way.

A portion of the light from the spark fell upon the prism, while

another portion, after traversing a sheet of ground glass and a

blue screen, was passed through a pair of Nicol prisms and reflected

to the eye by means of the narrow strip of silvered glass A , mounted
on a pivot in front of the prism (Fig. 345). By turning one of

the Nicols the intensity of the light seen reflected in the strij)

could be balanced against the fluorescent background against

which it was seen. The color was very accurately matched by

means of a thin sheet of cobalt glass combined with a gelatin film

stained with one of the blue aniline dyes. The intensity in th(>

normal direction was measured by matching the reflected light

against the image of the fluorescent surface seen by total reflec-

tion in the prism.

I

I
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The fluorescent prism was mounted on the table of a small

spectrometer and viewed through the telescope, the lenses of which
were previously removed, and a small slit put in place of the eye-

piece. In this way the angular direction from which the luminous

surface was viewed could be easily determined.

A number of corrections were of course necessary, for the angles

in air are greater than the angles within the glass, on account of

refraction. Then, too, there is a small loss due to reflection within

the prism which becomes greater as the angle is increased.

m
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for the rays emerging at nearly 90° were incident at nearly the

critical angle and there is a large loss by reflection.

Fluorescence Absorption. — The effect of fluorescence upon
al^sorption was investigated by Burke, who claimed that a block

of uranium glass absorbed light more strongly when fluorescing

than when in darkness. His results were called into question by
Camichel and others, but were corroborated by Nichols and Merritt,

who made a very careful photometric study of the phenomenon.

The effect comes out only when the separately measured intensities

of the source of light and the fluorescent cuIdc are added together

and compared with the measured intensity of the source as seen

through the fluorescing cube. A method was finally devised by
the author, 1 which would show the phenomenon directly if it existed.

The source and fluorescent body were made intermittent, and an

arrangement used which permitted the observer to throw the flashes

in-step or out-of-step. In the former case the flashes from the

source traversed the medium while it was fluorescing ; in the latter,

wliile it was in darkness. The total amount of light received by the

eye was found to be the same in each case, showing that the phenom-
enon was non-existent. Nichols and Merritt have more recently

repeated their work, and have come to the same conclusion, so that

the subject appears to be disposed of.

Phosphorescence. — The term fluorescence, strictly speaking,

should be limited to the cases of the gases and liquids, since, in the

case of solids, the emission of light continues for an appreciable

time after the exciting radiations are cut off. In some cases the

emission of light may continue for several hours, in others it lasts

for but a very small fraction of a second after the exciting rays are

removed. Most remarkable is the prolonged emission of Balmain's

luminous paint, a sulphide of calcium, which glows in the dark for

many hours after exposure to a strong light. It appears probable

that something analogous to a chemical change is produced by the

action of the light, the condition being unstable and the process

reversing as soon as the substance is screened from the action of light.

This reversing of the process may be prolonged or rapid, and is

accompanied by the emission of light. The energ\' of the absorbed

light is stored in the substance in the form of potential energy of

the atoms. At very low temperatures the condition brought about

by the action of light may ])e more or less stable, as has recently

been shown by Dewar. A fragment of ammonium platino-cyanide

was cooled by means of liquid hydrogen and ex]X)sed to a strong

light. On removing it to a dark room no trace of plu)s])horescence

was perceived, but on removing the crystal from the chill(>d tube and

allowing it to warm up, it presently burst into a brilliant green

phosphorescence.

A partial stability can lie shown at ordinary temjieratures witli

Balmain's luminous paint. If this be kept in absolute darkness for

twenty-four hours it becomes non-luminous. A further emission

of light may, however, be jiroduced by concentrating invisilile

1 Wood, " On a Method of showiug Fluorescence Absorption directly if it exists,"

Phil. Mag., December 1908.
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infra-red radiations upon it. This at first sight appears to be an
exception to Stokes's law, but if the experiment be continued for a
few minutes the luminosity ceases. The infra-red radiations have
merely carried on the reverse process, originally produced by violet

light, farther than Jt is able to go spontaneously. Not until the
powder has again been exposed to light and kept overnight in the
dark can the experiment be repeated. The color of the phosphores-
cent light obtained in this way differs from that of the light by the
spontaneous breaking down of the molecular condition produced by
the light, being distinctly greenish instead of deep blue.

If the Balmain paint be exposed to infra-red radiations while it is

phosphorescing the luminous energy is liberated much more rapidly.

This property has been utilized for obtaining records of the infra-

red spectrum. A sheet of glass is painted over with luminous paint

and exposed to sunlight. If a spectrum is then thrown upon it it

will be found that the effect of the red and infra-red region is to

render the portions of the surface upon which they fall, at first more
luminous than their surroundings; the emission soon ceases, and
on examination we find a dark region where the infra-red radiations

have destroyed the phosphorescence. Very good records have been
obtained in this way of the infra-red solar spectrum by Draper,
Becquerel, and Lommel. The phosphorescent plate, after exposure

to the spectrum, was placed in contact with a photographic plate,

by means of which the record was made permanent.
Duration of the Phosphorescence. Phosphoroscope. — While

some phosphorescent substances remain luminous for a considerable

time after their exposure to light, the majority cease to give out
visible radiations in a few seconds after the exciting radiations cease

.

to fall upon them. An instrument was devised by Becquerel for

examining substances in complete darkness, a small fraction of a

second after their exposure to a brilliant light. This instrument,

which is known as the phosphoroscope, consists of two metal disks

side by side on the same axle. The disks are perforated with an
equal number of apertures which are arranged out of step, and are

driven at high speed by a train of cog-wheels. The substance to be
examined is placed between the disks, and a strong beam of light

directed upon it through the apertures of one of them. If the eye
be brought close to the other disk the object will be seen only at the

moments when the light beam is cut off, and it will be visible there-

fore only by phosphorescent light. The disks are mounted in a
cylindrical metal box, to screen the substance from all light except

that reaching it through the perforations.

With this instrument it is possible to observe an object one one-

thousandth of a second or less after its illumination. Becquerel
found that phosphorescence was much more common than had
been supposed. The salts of the alkali metals, compounds of alu-

minium, and nearly all organic compounds were found to be phos-

phorescent. Compounds of the heavy metals for the most part

showed no trace of luminosity, the salts of uranium and platinum
being marked exceptions, however.

All solid fluorescent substances were found to be phosphorescent

;
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fluorescent liquids, on the other hand, showed no trace of the phe-
nomenon. The author has found the same to be true for sodium
vapor. A simple phosphoroscope with a single revolving disk can
be set up in a very few minutes, and gives excellent results with ura-
nium glass, uranium nitrate, and other phosphorescent substances.

The disk, which is 30 or 40 cms. in diameter, can be made of card-
board with holes about half a centimetre in diameter punched at
regular intervals aromid its circmnference. The distance between
the holes should be about 2 cms., not less. The disk can be mounted
on the shaft of a small electric motor, or on a whirling table, or it

may even be mounted on a lead pencil held in vertical wooden
supports and set in rotation with a top string. A beam of sunlight,

reflected from a mirror, is focussed on one of the holes ; the diverging

cone is received by a second lens on the other side of the disk and
again brought to a focus, this time upon the object under examina-
tion, e.g. a lump of nitrate of uranium. On setting the disk in mo-
tion, and viewing the object through the small holes, taking care

not to get in the way of light, the phosphorescence can be easily

observed. Obviously the eye must be moved about until the
position is found in which the incident light is cut off from the
object when it is exposed to view. By laying the crystals upon
white paper the effect is more striking, for it is then apparent that

we are seeing the crystals by their o\m light alone. The room
should be made as dark as possible, of course, though the phospho-
rescence is apparent even in a room brilliantly illuminated with
sunlight.

Influence of Temperature. — It has been shown by Dewar (Chem.
News, 70, 252, 1894; Proc. Chem. Soc, 10, 171) that many sub-
stances at low temperatures exposed to light do not fluoresce until

they are warmed, the change produced appearing to be stable at low
temperatures. It would be interesting to examine the absorption

spectrum of a fluorescent substance at low temperatures before and
after its exposure to light. In this way direct evidence of a molec-
ular change might be obtained. It is even possible that prolonged
exposure to a brilliant light might produce a change that could be
recognized in other ways. It is still apparently an open question

as to how much luminous energy can be stored up in a fluorescent

bod}^ at a low temperature.
Balmain's paint, cooled in solid carbonic acid and ether, and ex-

posed to a powerful light while at a low temperature, emits no light

until it is removed from the freezing mixture. The influence of

temperature can be well shown l)y painting a sheet of metal with the

paint, exposing it to sunlight and then heating it suddenly with a
Bunsen burner in a dark room. The sudden rise of temj^erature is

accompanied by a brilliant emission of light. Dewar found other

substances, however, which phosphoresced only at low temperatures.

Gelatine, celluloid, paraffin, ivory, and horn, which at ordinary
temperatures only exhibited the feeblest traces of ))hos)ihorescence,

became very luminous at —180°. Tlie following substances were
found especially l)rilliant at — 180°: aceto])henon, ])enzo}")henon,

asparagin, hippuric and uric acids, diphenyl, salicylic acid, and egg
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Fig. 347.

shells. Ammonium platino-cyanide showed no luminosity at
— 180° until the liquid air was poured off, when it hnmediately
lighted up like a lamp.

E. Goldstein has recently made some remarkable observations
on the phosphorescent spectra excited by cathode rays. If the
substances were cooled in liquid air the phosphorescent bands broke
up into large numbers of fine lines, resembhng the emission lines

of gases.

Lenard and Klatt have found that in the discontinuous spectra
of many phosphorescent substances, certain bands appear only at
low temperatures, others at high. Quite recently H. Becquerel has
made some interesting observa-

tions on the effects of low tem-
peratures on the phosphorescent
emission bands of some of the

salts of uranium, broad and
diffuse bands breaking up into

sharp and narrow bands. Fig.

347 shows this effect in a strik-

ing manner. The upper spec-

trum is of a double sulphate

of uranium and ammonia, the

middle one of uranium and po-
tassium both at the temperature of Uquid air, the lower spectrum
is of the latter salt at room temperature. The comparison spectra

are of iron.

Spectra of Phosphorescent Light. — The first extended study

of the spectra of phosphorescent substances in relation to the wave-
length of the exciting light was made by E. Becquerel from 1843

to 1872. The substance to be examined was formed into a narrow
rod, which, when illuminated in the phosphoroscope, was examined
with a prism and telescope, the luminous rod taking the place of

the slit. He found that the majority of substances showed spectra

which remained the same when the wave-length of the exciting light

was changed. The spectra were usually portions, more or less

complete, of a continuous spectrum. Barium sulphide, however,

he found emitted red light when illuminated with blue light, and
yellow when the exciting radiations were confined to the ultra-

violet. Especially brilliant and striking is the phosphorescent

spectrum of the ruby. Artificial or synthetic rubies of large size

and wonderful perfection can now be obtained from any jeweller

at very small cost, and make beautiful objects for demonstration.

The light of the sun or arc, passed through a sheet of very dense blue

cobalt glass which removes all of the red and yellow rays, when
focussed on the gem, causes it to emit a beautiful deep crimson

light, which the spectroscope shows to be made up of several nar-

row bands. A small jilano-convex lens with a circular disk of cobalt

glass cemented to it furnishes a very easy and certain test for the

ruby, for a paste imitation emits no red light when placed in the

focus. It will not, however, distinguish between natural and
synthetic rubies, for they are identical in every respect. Chrysogen,
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an organic compound, exhibits a very characteristic phosphorescent
spectrum, when ilkuninated with ultra-violet light ; it consists of

four bright and rather wide bands, extending from the red to the

blue.

The most interesting of all the substances investigated by Bec-
querel are the salts of uranium. Uranyl nitrate, phosphate, and
sulphate show each one its own characteristic spectrum of seven or

more bands in the orange, yellow, and green regions. The appear-

ance of the bands is quite different in each case. Quite recently

(1907) H. Becquerel has found that at the temperature of liquid air

these bands break up into groups of much narrower bands, much as

the absorption bands of the rare earths investigated by Jean
Becquerel. Some very interesting phosphorescent spectra were
obtained by Morse ^ by illuminating different samples of fluor-spar

with the light of electric sparks passed between different metals.

The phosphorescent spectra contained bright lines the positions of

which varied with the nature of the metallic electrodes; that is,

with the wave-lengths present in the exciting light. It is interest-

ing to compare these results with behavior of sodium vapor when
stimulated with monochromatic light.

An immense amoimt of very important work has been done by
Lenard and Klatt ^ upon the phosphorescence of the sulphides of

barium, strontium, and calcium, containing slight traces of other

metals as impurities. They found that the phosphorescence re-

sulted from the presence of the impurity. Some of the bands per-

sisted much longer than others after the extinction of the exciting,

and the duration depended upon the temperature. In general

when the substance is at a very low temperature all of the bands
disappear almost at the instant that the stimulating light is extin-

guished. As the temperature rises, the bands begin to persist for

an appreciable time, or become " Dauer-bands," each band having
its particular temperature of longest duration. A further rise of

temperature converts them again into " JMomentan-bands." Some
bands have their longest duration at —100°, others at 0, and still

others at +100°. This property furnished the investigators \\ith

a means of separating the bands and measuring their position.

Theories of Fluorescence. — The fact that fluorescence is always
accompanied l)y absorption shows that the phenomenon is in some
way connected with the vibration of the electrons.

At first sight it may appear as if all that is necessary is to assume
that the ions set in vibration l)y the ether waves become themselves
sources of radiation. If this is the case all absorbing media should

fluoresce, which is not tlic case. Mon^over, we have seen that we
can have a gradual transition from fluorescence to phosphorescence,
and it is unthinkable tiiat phosphorescence, of even a small frac-

tion of a second's duration, can l)e simply the radiation of an elec-

tron which continues in vibration, after once having been set in

motion. Even if the phosphorescence lasted but jo'irn of a second

the electron would be ol)liged to i)erform of it.self GOO billion vibra-

> Astro-vhys. J., 21, p. 83 (1905).
2 Drude's Annalt^n, 15, p. 225-282, 425-434, G33-672 (1904).
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tions. Though the damping of tlie vibration of an electron by
radiation can be shown to be small, it is scarcely possible that a
vibration, once started, can continue for such a length of time
without receiving energy from some source. Another difficulty is

the circumstance that with monochromatic light as the exciting

radiation, the fluorescent radiation is distributed over a wide range
of wave-lengths chiefly of lower refrangibility.

A satisfactory theory of fluorescence must first of all distinguish

between absorbing media which fluoresce and those which do not

;

furthermore, it must explain the change of wave-length and the

increase in the duration of the emission when the substance is in

the solid form.

As a matter of fact no satisfactory theory exists, but it is instruc-

tive to examine briefly into the attempts which have been made to

establish one. The fundamental assumption which has been made
in every case is that the fluorescent light is emitted by atoms or

electrons which are set in vibration by the light-waves. This ex-

planation was given by Stokes, and it may be in part correct,

though it fails to show why all absorption is not accompanied by
fluorescence. It can harclly be extended to phosphorescence, and
as the two phenomena are so closely related it seems probable that

some at least of the facts of fluorescence are not to be accounted for

on the simple assumption of a forced vibration, but must be referred

to some complicated chemical process.

A theory was developed by Lommel, who built up an equa-

tion of motion of an atom vibrating under the impact of light-

waves. This equation was similar in form to the one which we
have already discussed in the treatment of the Helmholtz disper-

sion theory.

The molecular condition of the substance has apparently as much
to do with its power of fluorescing as its chemical constitution.

For example, many substances which in the solid state show no
trace of fluorescence, when dissolved in various liquids become
powerfully fluorescent. Other substances possess the property

both in the solid and dissolved states, some to a greater degree in

the former, others in the latter. Still others, such as barium
platino-cyanide, which in the crystalline form are powerfully fluo-

rescent, show no trace of the phenomenon in solution. For this

behavior we have at the present time no satisfactory explanation,

no theory of fluorescence having up to the present time been formu-

lated which is capal)le of explaining even the simplest facts.

Effect of the Solvent on the Intensity of Fluorescence. — The
solvent exercises a very marked influence upon the intensity of the

fluorescence. This subject was carefully investigated by Knob-
lauch.' He found that the intensity of the fluorescent light was
strictly proportional to the intensity of the exciting light, but that

this intensity varied greatly when the substance was dissolved in

different liquids, as is shown in the following table :

1 Annalen der Physik, 54, p. 193, 1895.
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short focus, on a point at the centre of the })ulV), wliich is then
warmed as uniformly as possible by waving the flame of a Bunsen
burner about it. A cone of deep violet

fluorescent light will presently appear g

within the bulb. A similar phenomenon .^
-"^

has been observed by the author in a bulb
containing a small crystal of iodine. The
fluorescence in this case can be observed
at room temperature ; warming the bull>

does not increase the intensity of the

fluorescent light. The fluorescence dis-

appears as soon as the vapor becomes
dense enough to exliibit much color.

This matter will be considered more at

length later on, in connection with the
action of chemically inert gases upon the
fluorescence. It has been found that
electro-negative gases exert the most
marked influence. The admission of air

destroys the fluorescence, which only
manifests itself in a high vacuum. It

is worthy of remark that the magneto-
rotatory power of absorbing vapors
disappears almost completely in air ^at

atmospheric pressure ; and in the case

of sodium vapor, at least, the same elec-

trons seem to be responsible for the
magnetic rotation and the fluorescence.

We will now consider one of the most
remarkable cases of fluorescence known,
that of the vapor of metallic sodium, the

study of which is throwing a great deal

of light upon the mechanics of molecular
radiation.

The Fluorescence of Sodium Vapor. —
Wiedemann and Schmidt were the first to

observe the fluorescence of this vapor.

The metal was heated in exhausted glass

bulbs and the spectrum of the fluorescent

light examined with a spectroscope of low
dispersion. The spectrum was found to

consist of broad bands or flutings in the

green, a continuous region in the red, and
a hazy yellow band coinciding with the D
lines. This spectrum was first photo-
graphed, by the author, in collaboration

with Moore (Astrnphysical J. and Phil. Mag., 1903), with a concave
grating of short focus, and appeared to be the complement of the

absorption spectrum taken under similar conditions. The absorp-

tion spectrum of the vapor at different densities is shown in Fig. 342.

With vapor of moderate density (spectrum d) a channelled or

6 »
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fluted absorption appears in the red, orange, and yellow, and another
in the green-blue region, the yellow-green region being transmitted

freely. The red-orange portion spreads over and below the D
lines as the density increases, while the blue-green one pushes up
in the other direction, the two eventually meeting at wave-length

5500, where a broad hazy band appears, which is just appearing in

spectrum 6, and is very distinct in a which was taken with very
dense vapor in a red-hot tube. With a spectroscope of low disper-

sion we see merely a close double green line, and the extreme violet,

everything else being cut off. The color of the transmitted light

is as deep as, and about the color of, that transmitted by the dens-

est cobalt glass. In the study of the fluorescence it was impossible

to use glass bulbs owing to the rapid blackening of the glass due to

the reduction of silica bj' the metal. Steel tubes were used, the
ends of which were closed \\'ith glass plates cemented on with sealing-

wax. On illuminating the vapor with monochromatic light fur-

nished by a spectroscope it was found that when the vapor was
excited by blue-violet light the yellow end only of the fluorescent

spectrum manifested itself, together -svith an emission of hght of

the same color as the exciting light. As the wave-length of the
exciting li^ht was increased, i.e. changed gradually to green, the
fluorescent region moved do^\^l the spectrum, so to speak : certain

changes appeared to take place in the position of the bands, which
indicated that the subject was worthj" of a most careful investi-

gation. The work was carried on by the author during the following

year, the apparatus being gradually improved and the dispersion

of the spectroscope increased. Very remarkable relations between
the nature of the exciting light and the fluorescent light were found,

which we will now consider.

The apparatus in its final form consisted of a seamless tube of

thin steel 3 inches in diameter and 30 inches long, with a steel retort

at its centre in which a large amount of sodium could be stored.

The retort was made by fitting two circular disks of steel to a short

piece of tubing, just large enough to slip snugly into the larger tube.

The circular ends of the retort were provided with oval apertures as
shown in Fig. 349 (Fig. 1). The retort was half filled with sodium,
the molten metal being poured in through one of the apertures. It

was then introduced into the tube and pushed do\Mi to the centre,

after which the plate glass windows were cemented to the ends of

the tube with sealing wax, as shown in the figure. This arrange-

ment prevented the rapid diffusion of the vapor, and enabled a
large supply of metal to be kept at the centre of the tube. The
tubes used in the earlier work required recharging after two hours'

continuous operation, while the retort tube coukl be operated for

several hundred hours on a single charge.
If a steel tube cannot be procured, a large brass tube will answer

the ]iurpose. The retort is not necessary except for long-continued
photographic study, the lump of sodium being placed at the centre

of the tube. The conical })eam of light can be thrown in in an ob-
lique direction, and tlie fluorescence observed through the opposite
end of the tube.
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After exhausting the tube to a pressure of a millimeter or two a
Bunsen burner is placed under the retort, and a cone of sun or arc
liglit focussed on the oval aperture by means of a lens of long focus
placed to one side of the tube, and a small piece of mirror-glass.

Fig. 349.

The arrangement of the apparatus used in the earlier work for

exciting the vapor with monochromatic light is shown in Fig. 349.

As soon as the sodium vapor begins to form, a brilliant spot of

green fluorescent light will be seen at the aperture of the retort.
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The spectrum of the Hght is made up of an enormous number of

fine fines, which in the yeUow and yefiow-green regions are arranged
in groups or bands, which fie close together in the vicinity of the

D fines, widening, however, as the blue region is approached.

This spectrum is shown in Fig. 350 and in the colored frontispiece

(Fig. 4). Coincident with the D lines there appears a hazy band
(the surrounding region being nearly devoid of light), which, if

the vapor is not too dense, can be resolved into a double line, the,

components of which coincide with />i and D.2. These lines appear^

not only when the vapor is stimulated with light of the wav€
length of the sodium lines, but also when a powerful beam of blue

green light is thro^^^l into the vapor. This shows us that the mech-
anism which gives rise to the D lines is connected in some way witl

the one which produces the complicated channelled absorptioi

spectrum. It has not yet been determined whether D-i is emittec

when the vajDor is excited by the light of Di.

Bl Green

Fig. 350.

Yellow

The rest of the fluorescent spectrum behaves in a very different

manner. Stimulating the vapor with light of a deep violet color

from the spectroscope produces no effect ; as the wave-length is

gradually increased a yellowish fluorescence appears, which spec-

troscopic examination shows to be made up of two parts, a reemis-

sion of the same wave-lengths as those absorbed (blue) and the ex-

treme yellow end of the fluorescent spectrum, comprised between

wave-length 571 and 505. This portion consists of bands, which a

high resolving power resolves into fine lines. As the wave-length

of the exciting light is further increased, the point of maximum
fluorescence moves do^\Ti the spectrum, the first bands or groups of

lines disappearing. In other words, as the exciting light moves
up the spectrum, the fluorescent light moves do\Mi the spectrum.

There is, however, in all cases an emission of fight of the same wave-

length as the exciting light. These relations will he l^etter under-

stood by referring to Fig. 351, wh(>n> a numlier of photograjihed

spectra are shown one above the other, and to the c(Uored frontis-

piece (Fig. 8). The region of the spectrum excited is reiiresented

by the luminous band on the k^ft-hand side of the spectra.

Stokes's law is violated in a most flagrant manner, esj^ecially wlien

the exciting light is near the middle of the fluorescent s]XH'trum,

This is well shown in the lower sjiectrum (b) of Fig. 352, in which the

range.' of the .spectrum covered by the illununating light is indicated
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by the white band below the spectrum. The spectrum (a) was
obtained by illuminating the vapor with white light.

The most remarkal:)le phenomenon of all appears, however, when
the slits of the monochromatic illuminator are narrowed to the width
of a hair. The stimulating light now is nearly limited in range

to the width of one of the sodium absorption lines. In other words,

D lines.

Fig. 351.

we take hold of, and shake, so to speak, but one of the many electrons

which make up the molecule. The fluorescent spectrum is now very

weak, and the eye must be carefully rested if the remarkable changes

which accompany a change of wave-length of the exciting light are

to be made out. It is at once apparent that the character of the

spectrum is much altered, and as the wave-length of the exciting

Fig. 352.

light is slowly altered, the lines of the fluorescent spectrum appear

to move about in the liveliest manner. The whole spectrum ap-

pears in motion, the luminous bands moving in a rippling manner,

like moonlight on water. The motion is soon seen to be an illusion

due to the continual disappearance and reappearance of the bright

lines, the phenomenon reminding one forcibly of the scintillations

produced on a zinc sulphide screen by the radium bombardment.

This phenomenon led at once to the discovery of Resonance Spectra.

Resonance Spectra of Sodium Vapor. — When a vapor or gas,

illuminated by a powerful l)eam of monochromatic light, reemits

this light without change of wave-length we may term the emitted
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light Resonance Radiation. Sodium vapor illuminated by sodium
light is an example, as has been shown by the author. Recent
investigations still in j^rogress have shown that mercury vapor at

room temperature emits resonance radiation when excited by the
ultra-violet light of wave-length 2536 emitted b}" the mercury arc.

If, in addition, other monochromatic radiations are given out, we
may term the spectra formed in this way Resonance Spectra. The
best example is the vapor of sodium illuminated b}^ the light of

metallic arcs, previously decomposed by a spectroscope.

The vapor of sodium, obtained by heating the metal in a highly

exhausted steel tube to a temperature of about 400 degrees, yields

an absorption spectrum of great complexity. In addition to the

D lines and the other lines (ultra-violet) of the principal series,

which come out reversed, we find the entire visible spectrum, with,

the exception of a very narrow region in the yellow, filled with fine

and sharp absorption lines. This we shall call the channelled

absorption spectnun, and we find it divided into two distinct regions,

one extending from wave-length 4500 to 5700, and the other extend-

ing from about 5800 to the extreme limit of the red. Photographs
taken with the 21-foot grating in the second-order spectrum, show
that it is even more complicated than was originally believed. We
find, on the average, from 60 to 70 absorption-lines within a space

only 12 Angstrom units in width ; in other words, as many as 30 lines

in a region not wider than the distance between the D lines. This
means that in the blue-green channelled absorption spectrum,
which is about 1200 A.E. in width, there are roughly speaking

about 6000 absorption lines. Taken collectively these lines form
themselves into a number of groups, which resemble the groups seen

in the absorption spectra of iodine and bromine, and in certain

banded emission spectra.

To attempt to unravel this spectrum, or find any regularities in

it by the usual means, is quite out of the question, for the lines are

so numerous and so close together that we could pick out series

that would conform to am' law that we might choose to invent.

As has been shoAMi by the author, however, we possess a very
beautiful experimental method of analyzing the spectrum, and of

determining just which lines belong together ; a method, moreover,
which may in time 3'ield results which will enable the theoretical

physicists to tell us the exact nature of the piece of machinery
which we call the sodium molecule.

If we illuminate the vapor with a powerful beam of white light,

it becomes strongly fluorescent, emitting a spectrum which is

probably the exact complement of the absorption spectrum. This
fluorescent spectrum is obviously of little help to us, for it is

quite as complicated as the absorption spectrum. If, however,
we throw monochromatic light into the vapor, instead of white

light, we observe a very remarkable jiluMiomenon. We now have a

series of l)right lines spaced at very nearly ecjual intervals along a

normal spectrum, and separated l)y a distance equal to about
37 Angstrom units. A'arious series of lines witli varying distribu-

tion of intensity can be l)rought out by changing the wave-length
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of the exciting light. In every case, Hght of the same wave-length

as that of the exciting light is emitted by the vapor, and in addition

a large number of other frequencies, which bear a definite relation

to each other.

A very large amount of experimental work has been done already,

and as much or more remains to be done. It is impossible to give

in a limited space a very satisfactory account of the work, and the

reader is referred to the original papers, which will be found in the

Philosophical Magazine and Astrophysical Journal from 1906 to

1909.

The wave-lengths of the lines in the resonance spectra excited by
the monochromatic radiations from a cadmium-vapor lamp have
been determined to within one or two tenths of an Angstrom
unit. It was found that stimulation of the vapor with the radiation

of wave-length 4800 caused it to emit a series of bright lines spaced

at very nearly equal intervals along a normal spectrum.

Whether the lines are in reality spaced at equal distances is a
matter of considerable importance, since theoretical treatments

of the radiation emitted by electron systems disturbed in various

ways can only be verified by the test of experiment. Professor

Larmor has pointed out to me in a letter that a non-radiating sys-

tem of electrons in steady orl)ital motion, when disturbed by the

absorption of a radiation corresponding in frequency to the fre-

quency of one of the electrons, should then emit radiations giving

us a series of lines equally spaced along a normal spectrum. Ex-
citation by the green line of cadmium gives a resonance spectrum
consisting of a series of doublets, the components being a little

closer together than the D lines.

The bismuth arc is by far the best exciter of the vapor which we
have, and it furnishes the most tj^Dical resonance spectrum. It

has but a single line which is operative, and this line is located in

the remote blue. The resonance spectrum consists of a series in the

blue, which with long exposures can be traced well up into the green,

and a host of lines at the upper end of the spectrum in the yellow-

green region. A photograph of the spectrum is shown on Plate 7,

Fig. 6, and on the colored frontispiece, Fig. 5.

The resonance spectrum excited by the green triplet (6 group)
of the magnesium arc is very remarkable, for we find the triplet

reproduced more or less perfectly at regular intervals. If the spac-
ing of the individual lines forming the series was the same for each
series, it is clear that we should have the triplet reproduced over
and over again along the spectrum. That this is so only to an
imperfect degree is due to the difference in the spacing of the lines

of the different series. This spectrum is reproduced on Plate 7,

Fig. 10. Fig. 7 shows the spectrum excited by the light from the
zinc arc, Fig. 8 from the barium arc, and Fig. 9 from the copper arc.

The light of the lithium arc stimulates a most remarkable group
of resonance spectra. It is the only means that has been found of
exciting definite series of lines in the red region of the fluorescence

spectrum. There are four exciting lines in all, but they are so
widely separated that the resonance spectra excited by them only

2p
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overlap to a very slight degree. A photograph taken on a panchro-

matic plate of the complete spectrum excited by the Uthimn arc

is reproduced on Plate 7, Fig. 5. The points of excitation are

indicated by arrows. Its general appearance is shown in Fig. 7

of the colored frontispiece.

The blue line (A = 4603) excites a resonance spectrum consisting

of a group of nearly equidistant lines in the violet and another group
in the yellow-green.

The blue-green line (A = 4972) excites a remarkable series of

lines midway between the groups. Taken as a whole, this plate

is the most beautiful illustration of resonance spectra excited by
monochromatic stimulations that has been obtained up to the

present time.

A chart (Plate 8) has been made of the principal resonance

spectra that have been obtained thus far, and a study of this will

give an idea of the complexity of the phenomena. The positions

of the exciting lines are indicated by arrows. Channelled spectra

in the ultra-violet region, which accompany the other lines of the

principal series, also exliibit fluorescence. The fluorescent light is

of course invisible, which makes its detection difficult. The
sodium tube was closed with a large quartz lens, and powerful

fluorescence excited with a Heraeus zinc arc in quartz. The image
of the green fluorescent spot was focussed upon the slit of a quartz

spectrograph by means of a quartz lens. Under these conditions

ultra-violet fluorescent light, if present, should appear in the spec-

trum. Such was found to be the case, as is shown by Fig. 353 ; the

Fluorescent Ultra-violet zinc
band lines

Fig. 35.3.

zinc arc spectrum is shown above, the fluorescent spectrum below.

The banded fluorescent spectrum is strongest at some distance above
the zinc lines (i.e. on the side of longer wave-lengths). The inter-

vention of a glass plate between the arc and the sodium tube caused

the disappearance of the ultra-violet fluorescent bands, showimz
that tliey were due to the absorption of ultra-violet and not of vis-

il)le light.

An attempt was next made to see whether any mechanical con-

nection existed between tiic mechanisms whicii produced the I)

lines and the visible channelled spectra (which have been shown
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to be connected) and tlie ultra-violet lines. The zinc ultra-violet

triplet was isolated by means of a quart/ sjiectrograph and focussed

on the aperture of the sodium chamber. The room was absolutely

dark, and all extraneous light carefully screened off. No visible

fluorescence was observed. The ultra-violet fluorescence was, how-
ever, photographed with a second quartz spectrograph. In this

case one is working wholly in the dark, and the difficulties attending

the adjustment of the two optical trains may well be imagined.

This experiment indicates absence of connection between the

two systems.

The converse experiment was next tried. Powerful stimulation

by the entire visible spectrum failed to show any trace of the ultra-

violet band in the spectrum of the fluorescent light, even though
the visible region was overexposed tenfold. This again indicates

absence of connection.

It looks very much as if the different lines of the principal

(Balmer) series and their accompanying channelled spectra may be
considered as produced by different entities. The enormous in-

crease in vapor density necessary to bring out the higher members
of the series may perhaps be ascribed to the possible circumstance
that the entities producing them are present^in smaller numbers.

It appears to me that there are two hypotheses which we may
make : First, that the Balmer lines and their accompanying spectra

are caused by atoms which have lost one, two, three, four, etc.,

electrons. Secondly, that they are produced by aggregates or
complexes of one, two, three, or more atoms. In either case it

seems probable that the members would be present in continuously
decreasing numbers.

These experiments show in a striking manner the complexity of

the piece of machinery which we call the sodium molecule. Pro-
fessor Rowland once said that a molecule is much more complicated
than a piano. In most cases all that we have been able to do is

to strike the entire keyboard at once, but in the case of sodium
it seems possible to strike one key at a time. A study of the fluo-

rescent spectra of other vapors will doubtless do much to clear up
the mystery of the mechanism of molecular radiation.

Fluorescence of Mercury Vapor. — The fluorescence of mercury
vapor was first observed by Hartley. An extended investigation

of it has been made by the author.^ It is best shown by enclosing

a drop of the metal in an exhausted quartz bulb, heating the bulb
over a Bunsen burner turned down very low, and passing a powerful
spark between zinc or cadmium electrodes placed as close as possible

to the bulb. The color of the fluorescent light is a bluish green
mixed with a good deal of white, i.e. it embraces a region of the
spectrum extending from the red-yellow well down into the ultra-

violet. The color of the fluorescent light varies somewhat with the
nature of the electrodes used. The spectrum appears continuous
even with a concave grating of 2 metres radius.

Wood, " The Absorption, Fluorescence, Magnetic Rotation, and Anomalous
Dispersion of Mercury Vapor," Phil. Mag., August 1909.
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Photographed with a small quartz
spectrograph, the spectrum is found to
be continuous, extending roughly from
the yellow down to wave-length 3000,
with a very pronounced minimmn at
wave-length 3600. It was at first sus-

pected that the visible band and the
ultra-violet band might be excited by
different radiations, and a week or more
was spent in photographing the spectrum
emitted by the vapor when stimulated
by hues isolated from the spark-spectrum
by an auxiliary quartz spectrograph.
Very little, if any, difference could be
detected, however. It was found that
if air was in the bulb it was impossible
to excite an}" fluorescence. If, however,
we boil the mercurj^ in an open flask of

quartz it fluoresces brightly as soon as it

is in brisk ebullition, and if the absorp-
tion spectrum is photographed at the
moment at which fluorescence appears,

we find that the absorption-l^and has
j5 contracted on its short wave-length side
' to its position when the vapor is in

i vacuo, due to the expulsion of the air

by the boihng mercury. (See Chapter
on Absorption.) In helium gas at 40
cms. we have strong fluorescence, how-
ever. The fluorescence spectrum is

shown in Fig. 354, excited in this case

by the light from the cadmium spark.

The cadmium lines appear as well owing
to diffused light. As will be seen, there

is in addition to the continuous spec-

trum, a ])right line (indicated by an
arrow) which is not present in the spark

spectrum, and which coincides in posi-

tion with the sharp absorption-line

2536.7, shown by vapor of small density.

It was at first thought that this line was
excited bj^ the bright cadmium line

which falls within the region of the ex-

panded part of the a])soriition-band.

The zinc spark has a bright line which
lies even nearer the mercury line, and it

was expected that the emission line

would be stronger in the case of zinc

excitation. No trace of it was found,

however, and its ai)j)earance was subse-

quently proved to result from excitation by the aluminum line at



,i r B f



Extitafton

Barium.

Lead.

Cadmium 5086

Silver sios

Cadmium 4m

Magnesium 'fcW.

Shmulh ^7^-7

,7. /4680

'*' 14810

Copper^



TRANSFORIMATION OF ABSORBED RADIATION 581

wave-length 1860, or by a group of cadmium lines of wave-lengths
shorter than any usually recorded in the si)ectrum of the metal.

This bright line appears strongest when the vapor density is

such that visible fluorescence does not quite appear. As the tem-
perature is raised, and the visible fluorescence grows stronger, the

Fig. 355.

2536 line fades away as is showTi in the figure, the upper spectrum
having been taken at a low temperature, and the succeeding ones
with increasing vapor density. The fluorescence of the vapor dis-

appears if it is superheated. Whether this is due to dissociation

or not has not as yet been ascertained. The experiment is a very
pretty one, and is easily performed with the exliausted bulb pre-

viously described.

Fia. 356.
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It is heated from below by a small flame from a Bunsen burner
until the fluorescence excited by a cadmium spark placed as close

as possible is at its brightest. The small pointed flame from a
blowpipe is then directed against the side for a few seconds.
The fluorescence promptly disappears at the superheated spot,

reappearing agam as soon as the local heating is stopped. See
Fig. 355.

If the ultra-violet light of the spark is focussed at the centre of

the bulb by a quartz lens of short focus, a narrow cone of brilliant

green light extends from the point at which the light enters the bulb
nearly to the opposite wall. The flame of a blast-lamp directed
against the wall of the bulb at the point where the fluorescence

begins causes the luminous cone to retreat from the wall to a dis-

tance of several millimetres, much as the positive column separates
from the cathode in a vacuum-tube discharge. Photographs of the
fluorescent cone of light in the bulb, with and without this super-
heating, are sho^^^l in Fig. 356. The destruction of the fluorescence

by superheating is also shown in Fig. 9 of the frontispiece. For
a further discussion of the spectrum of the fluorescent vapor the
reader is referred to the original paper.

The Fluorescence of Iodine and Bromine Vapor. — The fluo-

rescence of iodine vapor was first observed by Wiedemann and
Schmidt, and subsequently studied b}'' Konen, who found the lumi-
nosity too feeble to allow a study, either visual or photographic, to

be made of the spectrum. The optical properties of the vapor have
been investigated by the author.^

The fluorescence manifests itself to the best advantage when the
vapor is formed in a high vacuum. A glass bulb from 10 to 30 cms.
in diameter, and containing a few flakes of iodine, is highly ex-

hausted on a mercurial pump and sealed. The fluorescence at once
appears when a beam of sun- or arc-light is focussed at the centre of

the bulb by means of a large condensing-lens, no heating of the
bulb being necessary. The cone of fluorescent light is yellowish

green and of great intensity, and can be shown to a large audience
in a darkened room. Very recently (Dec. 1910) the author has
discovered that the vapor gives resonance spectra when stimulated
with monochromatic light, analogous in every respect to those

found with sodium vapor. The green line of the mercury arc ex-

cites a resonance spectrum made up of 9 or 10 lines about 100
Angstrom units apart, most of them being in the red and yellow.

It will doubtless be possible to effect the analysis of the compli-
cated band spectrum of iodine in the same manner as that of

sodium, and study the behavior of resonance spectra in a magnetic
field.

The destruction of the fluorescence by air or other gases seemed
at first sight to be the result of collisicms of the molecules (as

first suggested by Lorentz), the phenomena requiring time for

their development. The heating of a gas by absorption of radiant

energy must in some way result from a transformation of the energy

' Wood, " Fluoroscpnco, Mapinetic Rotation, and Temperature Emission of

Iodine," Phil. Mag., October 1896.
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stored in the molecule tluring absorption (which we may regard as

potential) into kinetic energy at the moment of collision. That is,

the velocity of the rebound is increased by actions or motions going

on within the molecule. If we consider that the molecule is

capable of storing energy up to a certain point, after which further

absorption results in a reemission of radiant energy (fluorescence),

and if we further assume that at the moment of collision the stored

energy is liberated, or spent in increasing the molecular velocity,

it is clear, if the time interval between collisions is sufficiently

small, that the internal energy of the molecule cannot be increased

up to the point at which fluorescence manifests itself.

If we examine bromine, which shows a similar absorption spec-

trum, in the same way, we find no trace of fluorescence. We can
explain this by assuming for the bromine molecule a greater capac-

ity for storing energy. In other words the path cannot be increased

sufficiently to allow the saturation point to be reached before a
collision occurs.

Some, as j^et unpublished, experiments by the author appear to

be in accord with this theory. By sufficiently increasing the length

of free path, we ought to be able to observe fluorescence, provided
that a sufficient number of molecules remain to produce a visible

illumination. A small amount of bromine vapor was introduced

into a bulb, and condensed upon the wall by the application of

solid carbon dioxide and ether. The bulb was then exhausted to

the highest possible degree and sealed. On warming it to room
temperature, the bromine vaporized, and though it was so highly

rarefied that it showed no color, no fluorescence could be de-

tected.

Sunlight was now concentrated at the centre of the bulb by means
of a portrait lens having a ratio of focus to aperture of 2.3. Even
in a dark room with careful screening off of diffused light no fluo-

rescence could be detected. The outside of the bulb was now
touched with a piece of solid carbon dioxide, which gradually con-

densed the bromine upon the wall. In two or three seconds a
faint green fluorescence appeared, which vanished almost imme-
diately, owing to the complete removal of the bromine vapor.

There appears then to be one density at which bromine shows a
visible fluorescence. At higher densities collisions destroy it, at

lower there are too few molecules present. This appears to be
in accord with our hypothesis regarding absorption of energy, sat-

uration point, etc., a matter which will be more fully discussed

presently. The spectrum of the fluorescent iodine was photo-
graphed with a large three-prism spectrograph. It resembles that

of sodium vapor and is reproduced in Fig. 357, together with the
absorption and magnetic rotatiom spectra, and the spectrum which
the vapor emits when heated to a high temperature, which will be
discussed in the Chapter on Radiation.

Destruction of Fluorescence by Other Gases.— A photometric
study of the intensity of the fluorescence of iodine as influenced

by the presence of various gases mixed with it has been made
recently by the author. The results enable us to test any hypothe-
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sis made regarding the action of the gas in destroying the fluo-

rescence. The intrinsic intensity of the fluorescence, when the

vapor, in a high vacuum, was iUuminated by sunUght concentrated

by a large F 2.3 Voigtlander portrait objective, was over one quarter

that of a Welsbach mantle, the color match being made by a screen

of light yellow glass combined with a verj- dilute solution of Prus-

sian blue.

Green Blue

Absorption

Magnetic
Rotation

Fluorescence

Temperature
Emission

Absorption

Fig. 357.

The reduction of the intensity caused by the admission of air

and hydrogen is shown in the following table

:

If we plot these re-

sults we find ,
that the

curve for air lies below
the one for hydrogen.
With CO2 and ether va-

por curves still lower

down were obtained,

showing that the molec-
ular weight of the gas

was operative in de-

stroying the fluorescence

as well as the pressure.

The subject has been
more fully investigated

by the author in collab-

oration with J. Franck
(Nov. 1910) who had
found that the distances which electrons can travel in a gas are

greatly reduced if traces of an electro-negative gas are present.

Electro-negative gases, such as chlorine, oxygen, and to a lesser

degree hj^drogen, exerted very powerful effects in inhibiting the

movements of the free electrons, and it appeared possible that they
might also be effective in damping the vibrations of bound elec-

trons. The photometric measurements commenced by the author
were enlarged upon, the reduction in the intensity of the fluores-

cence due to helium, argon, oxygen, nitrogen, hydrogen and
chlorine being determined. The results are shown graphically in

Am 4- Iodine
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Fig. 357 a. Hydrogen and argon gave superposed curves, not-
withstanding tlie fact that argon is mucii heavier. HeHum, which
is also heavier tlian hydrogen, had a much smaller effect upon the
fluorescence. In helium gas, at a pressure of 2 or 3 cms., the
fluorescence was distinctly reddish. This was found to be due to
the remarkable fact that helium reduced the intensity of the green
portion of the fluo-

rescent spectrum to a
greater degree than the
red. Curves were
drawn from observa-
tions made through red
and green color filters.

It is probable that
helium reduces the in-

tensity of the fluores-

cence solely as a result

of the damping of the
vibrations by collisions.

The same may be true
of argon. The action
of the other gases is to

be ascribed to their elec-

tro-negative character in part. Chlorine, the strongest electro-nega-
tive gas studied, at 2 mms. pressure, reduced the intensity as much
as air at 2 cms. There thus appear to be two factors at work.
These results explain the effects observed by Elston in the study
of the fluorescence of anthracene vapor.

^

Emission of Polarized Light by Fluorescent Gases. — Until very
recently all attempts to detect polarized light in the emission of fluo-

rescent vapors have yielded negative results. Schmidt's observations
were made with a Nicol only, and he failed to detect any difference

in the brilliancy of the fluorescence as the prism was rotated.

The phenomenon was first detected by the author - in the case
of potassium vapor by means of a Savart plate which is capable of

showing two per cent of polarization. It was immediately picked
up in the fluorescence of sodium and iodine, and it is probable that
other vapors will be found to show it as well.

The apparatus used in the work consisted of a steel tube with a
lateral branch brazed to its centre for the observation of the fluo-

rescent light at an angle of 90° with the exciting beam. This tube
was used in the earlier work upon fluorescence, before the expedient
of " end-on " examination had been adopted. The metal was
contained in a small retort also brazed to the large tube, immedi-
ately below the lateral observation-tube (Fig. 351). The light of

the arc was focussed by a large lens at the centre of the large tube
immediately in front of the lateral branch. Owing to the sensitive-

ness of the Savart plate it was necessary to eliminate all other

Astro-Phys. J., xxv, 3, p. 155.
* "On the Emission of Polarized Light by Fluorescent Gases,'

1908.
Phil. Mag., July,
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possible sources of polarization, such as fog or mist in the tube.
Exhaustion ^\ath a Gaede mercurial pump while the tube was
heated was sufficient to completely banish all trace of fog.

The complete absence of fog can be told by illuminating the vapor
with an intense beam of light embracing the spectrum region com-
prised between wave-lengths 5400 antl 5700, obtained by prismatic

dispersion. Such a beam is incapable of exciting anj^ fluorescence,

and if fog is absent the cone of light is absolutely invisible when
viewed through the lateral tube. The Savart fringes were very
distinct, and the percentage of polarization was determined by com-
pensating it with a pair of glass plates which could be turned about
on a vertical axis furnished with a graduated circle. The first

measurements were made with, the exciting hght polarized (electric

vector) vertically.

Fig. 358.

It was found that the polarization was strongest when the tem-
perature of the tube was comparatively low, i.e. when the fluores-

cence first appeared. At a higher temperature, with very bright

fluorescence, compensation was secured A^ith a single plate at an
angle of 59°, or with two plates at an angle of 47°. Taking the
refractive index of the glass as 1.52, and making use of the formula
which expresses the ratio of the amplitudes of the components
of the vibration in and perpendicular to the plane of incidence,

^ = :^C0S(<J>-X),

we find the percentage of polarization to be 20.

At the lowest temperature consistent with a fairly bright fluo-

rescence compensation was secured with two plates at an angle of

52°. This gives us 30 per cent of polarized light. The change in

the intensity of the fluorescent spot Avhen viewed through a slowly

revolving Xicol was easily observed in this case, and a separate
determination was made by Cornu's method, which gave 28 per
cent of ])()lariz(>d light.

If the exciting beam Avas polarized with its electric vector hori-

zontal, no trace of the Savart fringes could be detected, which was
to be expected, as everything was then symmetrical about the line

of sight.

If the exciting light was unpolarized to start with, the fluorescent
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light was found to be polarized, but not to tiie same extent, the

percentage in each case being one-half of its former value, which
was also to be expected. The question at once arose as to why
we have only a partial polarization of the fluorescent light when we
start with plane-polarized liglit.

Excitation of the vapor with monochromatic light causes it to

emit this same wave-length and a large number of other wave-
lengths, the spectrum exhibiting in the most ty]3ical case a number
of very sharp lines spaced at nearly equal intervals along a normal
spectrum. It was important to see whether the polarization was
confined to the line corresponding to the exciting line, for it seemed
not imjjossible that the electron vibrating in synchronism with the

exciting light might emit light which was completely plane-polarized,

whereas the other disturbed electrons might emit unpolarized light.

The vapor was accordingly excited with the light of the cadmium
arc, and the spectrum examined with a small spectroscope furnished

with a Nicol prism. It was found, however, that the polarization

was quite as strong in all parts of the spectrum as it was at the lines

coinciding in position with the exciting lines. As a check on this

observation the following experiment was then tried. The light

from the arc was passed through a filter which removed everything

above wave-length 5000, i.e. which transmitted a deep blue light.

In front of the Savart polariscope a dense screen of aurantia was
placed which cut off everything below 5000. This removed all the

wave-lengths from the fluorescent spectrum which were to be found
in the exciting light, transmitting, however, the upper end of the

fluorescent spectrum. This light was found to be strongly polar-

ized, the fringes appearing quite as distinct as in the absence of the

screens. It will be observed that this experiment completely
eliminates all possible sources of error, such as polarization produced
by fog or by reflection from the back wall of the tube.

The D lines appear in the fluorescent spectrum stimulated by
white light, and the spectroscope showed that they were polarized

to about the same degree as the rest of the spectrum. As I have
shown, the D lines can also be caused to appear by stimulation with
blue light, but in this case they are too faint to make a study of

their polarization possible.

The foregoing experiments prove that we must seek elsewhere
for the cause of the partial polarization.

That there is a depolarizing agent is probable from the most
elementary theory. If we assume the electrons to be free to move
in any direction, under the influence of the electric forces in the

light-waves, it seems probable that with a polarized beam of exciting

light, we should have plane-polarized light emitted by the vapor
in directions making an angle of 90° with the exciting beam. If the

stimulating light were plane-polarized to start with, there would be
no fluorescent emission at 90° in directions parallel to the electric

vector in the exciting light. In other words, the vapor would
behave in much the same way as a fog composed of very fine par-

ticles, though the physical processes involved would be quite dif-

ferent in the two cases.
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Let us now assume that the electron is able to move along a

straight line, the position of which is fixed within the molecule.

While it is quite improbable that this condition actually holds, the

conception of it will enable us to see how the introduction of con-

strained motion will decrease the amount of polarized light emitted

by the vapor. We can imagine as a rough model of our molecule

a hollow sphere with a wire passing through its centre, along which
a bead can slide. Consider the polarized exciting waves as travelling

along the x axis towards the origin (Fig. 359), with their direction

of vibration parallel to the z axis.

It is clear that the bead will vibrate

with the greatest amplitude when
the direction of the Avire is also par-

allel to the z axis. If the wire lies in

the xy plane no vibration will occur.

/\f\f\/i^ In other positions there will be vibra-

»^ /• -^ i tions of greater or less amplitude,
"•/ / according to the component of the

-u'"^''' force in the hght which is directed

Fig. 359. along the wire. We may represent

the fluorescent gas by an enormous
number of these vibrators with their wires pointing in all possible

directions. The vibrations of the beads along the wires can each
be re.solved into two components, one parallel to the x axis, the
other parallel to the z axis, and the integrated effects of these com-
ponents, or rather of their squares, will give us the measure of the
intensity of the emitted radiation vibrating parallel to the x and z

axes. These integrals stand in the ratio of 6 to 2, which means,
since the total intensity is 8, and their difference is 4, that we are

to expect a polarization of 50 per cent with a vibration direction

parallel to the z axis. By experiment we find only 30 per cent.

As the percentage of polarization appears to decrease as the
temperature of the tube is raised, it is possible that at lower tem-
peratures than any which can be employed satisfactorily the per-

centage may be higher. As to possible depolarizing agencies, rota-

tion of the molecule would doubtless act in this way if the electrons

continued to emit light after the cessation of the incident light, or— expressing it in terms of our imaginary model — if the bead on
the wire continued to vibrate after the wire turned into the zy

plane. It must be remembered, however, that sodium is regarded
as monatomic, and the question arises as to whether we can ascribe

much of the energy of the gas to rotation of the molecule. Anotli(»r

possible depolarizing factor is what may be termed secondary
fluorescence, or fluorescence excited, not by the primary ray, but
by the resonance radiation of the gas. Lord Rayleigh has con-

sidered the possibility of an analogous action in liis treatment of

the theory of the color of tlie sky.

Resonance Spectrum of Iodine Vapor in Helium : Eflfect of Molec-
ular Collisions. A very rcmarkal)]!' elfcct of molecular collisions

upon tiie resonance sped rum of iodine was discovered by the

author, working in collalwration with J. Frank (Dec. I9I0). The
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fluorescence spectrum of the vapor, when stimulated with white
light, resembles closely that emitted by sodium vapor under the

same conditions. If we stimulate it with the monochromatic green

light of the mercury arc, we get a series of 15 bright narrow lines

about 70 Angstrom units apart, one line for each band of the

channelled spectrum. If, however, we have helium gas, which has
been shown to affect the fluorescence not by electro-negative qual-

ities, present at a pressure of only 3 mms., a most remarkable
change in the resonance spectrum is found. The sharp equidistant
lines have faded to about yV of their original intensity and the com-
plete banded spectrum, consisting of innumerable fine lines, appears.

The total amount of light emitted is about the same in the two
cases. The collisions with the helium molecules appear to couple
the electron systems together, so to speak, so that monochromatic
stimulation produces a fluorescence spectrum veiy similar to that
excited by white light. Chlorine gas, which affects the fluorescence

chiefly by its electro-negative qualities, as has been shown, reduces
the intensity of the resonance spectrum without causing the appear-

ance of the banded spectrum. These two different effects are very
important, and the question should be investigated from a theo-
retical standpoint.

We have now to consider cases in which stable rearrangements of

the molecules or atoms are produced by the action of hght, i.e. a
transformation of light into molecular or atomic energy. Two
classes of phenomena come under this head. We may have an
element transformed into some allotropic modification, or we may
have a chemical compound decomposed into its constituents, or a
chemical compound formed from its elements.

Molecular Changes. — We will first consider a few cases in which
light produces a specific action upon elementary bodies. Ordinary
white phosphorus is transformed into the red modification by the

action of light, while sulphur is changed into the insoluble variety.

Ultra-violet light, if sufficiently intense, changes oxygen into

ozone. The new mercury vapor lamps, in quartz tubes, emit the

short waves in such profusion that the odor of ozone is as noticeable

as during the operation of a large static machine.
Amorphous selenium, which is fairly transparent, is a non-con-

ductor of electricity, and under the action of light passes over into

what is usually termed the metallic modification, which is opaque
and conducts electricity. Still more remarkal^le is the fact, dis-

covered in 1872 by May, that the metallic form conducts better

when illuminated than when in the dark.

Chemical Changes. — Examples of chemical decomposition are

very numerous. Peroxide of hydrogen is rapidly decomposed, by
exposure to light, into water and oxygen, the recombination of

which, or the " burning " of the water if it could be accomplished,
would liberate in the form of heat the chemical energy into which
the light has been transformed. Chloride of nitrogen decomposes
explosively when illuminated.

Many salts of silver, gold, iron, platinum, uranium, etc., are

decomposed by the action of light, these actions being at the bottom
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of all photographic processes. In certain cases the decomposition

may be only started, a molecular instability being imparted by the

action of light, the continuation of the process being effected by
reducing agents (developers). Another interesting example of

photo-chemical decomposition has been pointed out by Tyndall.

The vapor of amyl nitrite in a glass flask is colorless and transparent

until illuminatetl by a powerful beam of sun- or arc-light, when a

dense white cloud at once forms, the products of decomposition

condensing to liquid drops which scatter the light.

A remarkable transformation of luminous into chemical energy

on a vast scale is the breaking up of the carbonic acid of the atmos-
phere, which takes place in the leaves of plants. Some of the

oxygen is liberated in the free state, and some enters into the

organic compounds which the plant forms, b}^ the subsequent com-
bustion of which we may recover the original energy of the light in

the forms of both heat and light.

If ultra-violet raj^s are greatly in excess other very remarkable
transformations are produced. Oxygen is changed into ozone, as we
have seen. Permanganate of potash solutions are almost instantly

bleached, and many other chemical substances break down, which
under ordinary conditions are stable.

Chemical Combination. — Examples of chemical combination
resulting from the action of light are not as common. The best-

known case is the union of chlorine and hydrogen to form hj^dro-

chloric acid. The mixture of the two gases is best obtained by the

decomposition of strong hydrochloric acid b}' electricity, the opera-

tion being conducted by feeble lamplight. The gas which comes
off first contains an excess of hydrogen, owing to a solution of a
part of the chlorine in the acid. Subsequent portions may be
collected in small glass bulbs, blo^^^l in strings and separated by
fine thin-walled tubes, which are broken and closed with warm
sealing wax, care being taken not to have the wax on fire. The
bulbs should be kept in a dark box until wanted. On exposing one
to sunlight or the light of burning magnesium, or the electric arc,

a violent explosion is said to occur. Precautions should of course

be taken to avoid injury from the flying fragments of glass.

Transformation of Luminous into Electrical Energy. — Cases
of this sort are worthy of mention, though in none of them is the

transformation direct. In the thermopile, when illuminated by
light, we have a liberation of electrical energy, which is, however,
due only to the heating action of the radiation. In the photo-
electric cell, which consists of two silver plates coated with silver

chloride and immersed in dilute acid, a feeble current flows through
a wire joining them, when one of them is illuminated by light. In

this case the action of the light is primarily chemical, the current

being the result of the chemical decomposition. The case is some-
what analogous to phosphorescence, the difference l)eing that here

the reversion of the process set up Ijy the light liberates electricity

instead of light.



CHAPTER XXI

LAWS OF RADIATION

In the present chapter we shall discuss the laws which govern the
emission of light by bodies in virtue of their temperature. Of
the physical processes which are at work we know but little. In the
heated body we believe that the molecules are in a rapid vibratory
motion, which increases in violence as the temperature is raised, but
the precise mechanism by which this energy is transformed into

radiant energy is but imperfectly understood. The simplest as-

sumption appears to be that the molecular collisions in some way
throw the electrons into vibration, or increase the amplitude of

their vibrations, and that these radiate energy into space. The
same thing does not, however, occur in the case of a gas, for the same
molecules can be heated to a much higher temperature— several

thousand degrees even — without emitting light. Mercury may
be heated " white-hot " in a sealed quartz tube, but mercury vapor
can be heated to the highest temperatures at our command without
emitting any visible light. It would be extremely interesting to

study the emission of light by some fluid which had a critical tem-
perature of about 700°, observing the luminosity as the liquid passed
over into the gaseous state. The phenomenon might be studied

in a quartz tube (which emits but little light, for reasons which
will appear presently) if a suitable substance could be found. Strutt

has experimented with mercury with a view of measuring the elec-

trical conductivity of the vapor at the critical temperature, but
even thick-walled capillaries of fused quartz exploded, or yielded

to the pressure, before any evidence of the approach of the critical

state appeared.

Nothing is to be gained by increasing the thickness of the walls

beyond a certain point, since the inner layers give way or " tear
"

before the strain reaches the outer layer. Possibly the thing
could be accomplished by enclosing the tube in an outer tube con-
taining air at a pressure of several hundred atmospheres. This
principle is the one used in the wire-wound guns.

The electrons of the gas molecules can be made to emit light by
the stimulus of electrical discharges, or chemical changes, and in

one or two cases (iodine and sodium) by virtue of temperature
alone.

All substances in the solid or liquid state emit light as soon as

their temperature is raised above 500° C. The intensity of the light

varies, however, with the nature of the substance, being greatest

for substances which absorb light strongly. A perfectly transparent
solid or liquid would not emit light even at the highest temperature.
No such substance is known, however, though a bead of microcosmic

591
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salt, heated in a loop of platinum wire bj^ means of a blast lamp,
comes pretty near to fulfilling the required conditions. We shall

presently investigate the laws which govern the emission of light by
various substances, and in particular the emission by a substance
which is perfectly black, i.e. perfectlj^ absorbing. No substance
has this property, though by an experimental artifice we can pro-

duce a radiator which will give out radiation identical in every
respect with the radiation which would be given out by a perfectly

black body at the same temperature.

The Relation between Emission and Absorption. — We will now
investigate the very intimate relation which exists between the

emission of heat or light waves by a substance, and its power of

absorbing the same waves.

That some relation existed between the emissive and absorbing
power in the case of radiant heat was indicated by the experiments
of Leslie, IMelloni, Provostaye and Desains, and others. Their
measurements were, however, made for the most part with ap-
paratus of insufficient sensitiveness, the spectrum regions being
only roughly determined by means of absorbing screens. It was
determined, however, without question, that bodies which pos-

sessed a strong emissivity acted also as powerful absorbers of the

radiant heat which they emitted, and the approximate equality

of the emitting and absorbing powers was recognized.

Ritchie's Experiment. — This relation was shown by a very
sin'ple and ingenious experiment devised by Ritchie (Pogg. Ann., 28,

p. 378, 1833). Two air-tight metal chambers were connected by
a glass tube containing a drop of fluid, the whole forming an air

thermometer. Between them a third

n metal chamber of the same size was
mounted, which could be heated by filling

n
JD it with boiling water. One surface of this

heat radiator was covered with lampblack,

the other with the substance under investi-

gation, for example powdered cinnabar.

(See Fig. 360.) The surface of the air

thermometer which faced the radiating
Fig. 3G0. lampblack surface was coated with cin-

nabar, while the surface which faced the

cinnabar radiator was coated with lampblack. With the apparatus
arranged in this way no movement of the fluid drop occurred when
boiling water was poured into the radiator, which established the

fact that the emitting and absorl)ing powers were equal. Let us
assume that the lampblack radiates powerfully, the cinnabar

feebly. The powerful radiations coming from the former arc but
slightly absorl)ed l)y the latter, while the feeble radiations from the

latter are strongly absorbed by the former, the heating of the two
chambers of the thermometer ])eing equal. Calling E the amount
of heat emitted by the cinnabar and A its absorlnng jKiwer, e and

1 the corresponding expressions for the lam]iblack, the lampblack

surface emits an amount of radiant heat c, of which the cinnabar

surface absorbs the amount cA. The cinnabar surface emits an

1
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amount E, which the lampblack completely absorbs (since its

absorbing power = 1). The equality of temperature indicated

by the thermometer shows us that eA = E or — = A. Now — is

e e

the ratio of the amount of heat emitted by cinnabar to the amount
emitted by lampblack at the same temperature. This ratio we
will call the emissivity of the cinnabar, and our equation shows
us that it is equal to the absorbing power.

Kirchhofif's Law. — This relation was reduced to a more definite

form in 1859 by Kirchhoff, and independently by Balfour Stewart,

who showed that it must be true for each wave-length in the emitted
spectrum, and formulated the law which has since gone by his

name. ^' At a given temperature the ratio between the emissive and
absorptive power for a given wave-length is the same for all bodies.''

The theoretical considerations from which Kirchhoff's law is de-

duced will be discussed later on in the chapter. It may be remarked
that we frequently meet with the statement that the absorption

of hght by flames which contain the vapors of metals is a necessary

consequence of this law. This is by no means the case, for Kirch-

hoff's law is only to be applied to radiation which results from
temperature. In the case of the emission by flames, the phenomena
are probably connected with chemical changes which are taking

place.

Cotton has called attention to the fact that there are two distinct

relations which are almost invariably confused : a qualitative rule,

which connects the absorption and emission for a given substance,

and a quantitative rule, which establishes relations between dif-

ferent bodies. From the former we can only draw the conclusion

that if a body emits certain radiations it absorbs them when they
come from without. It may, however, absorb other radiations, as

is illustrated by the selective absorption of colored substances. For
E .

these radiations -4=0, since at the temperature in question there

is no emission of visible radiations.

Absorption by Flames. — The absorption by flames and the rever-

sal of spectral lines are special cases of the qualitative rule. These
cases have been studied by Gouy, who sought to determine by exper-

iment whether flames were transparent to the radiations which they
emitted. His method consisted in comparing photometrically

the light of different thicknesses of radiating gas. If no absorption

occurred, doubling the thickness should double the intensity of tlie

illumination. He found, in the case of every line examined, that

after the line had attained a certain brightness absorption mani-
fested itself. If E and A be the emissive and absorptive powers
of unit thickness of the flame and we increase the thickness, we shall

find that the emissive power (i.e. the intensity sent out by the thick

E
layer) approaches — as a limit.

A
This can be readily seen by calculating the amount of light sent

out in the direction 5 by a flame of thickness 6 (Fig. 361).

2q
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the light of the two D lines in the sodium flame with the total
intensity of a region, completely enclosing the D lines, in the con-
tinuous spectrum of a black substance heated in the same flame.
The total intensity of the D radiation was more than twice as
great as that of the region of the continuous spectrum which en-
closed them, from which the inference can be drawn that something
other than temperature is concerned with the emission of light by
the sodium flame. The same thing was found by Kayser and
Paschen in the case of the ultra-violet bands of the arc, which were
much brighter than a corresponding region of the spectrum of the
positive crater, notwithstanding the fact that the temperature of
the latter is higher thdn that of the arc proper.

The experiments of Pfiiiger and of Ladenburg on the emission and
absorption of ionized hydrogen in vacuum tubes described in the
chapter on absorption have been considered by Ladenburg to prove
that the quotient E/A is not a constant, and that the emission is

therefore not a true temperature effect . Pfiiiger, however (Verh.
der d. phys. Ges., 12, 208, 1910), and Konen (Phys. Zeit., August
1910) claim that this is by no means the case. The source of

light in these experiments did not emit a continuous spectrum,
for there were strong maxima at the positions occupied by the
hydrogen lines. Konen shows that all of the double reversal effects,

and the behavior of the absorption lines, when the intensity of the
source is diminished by rotating one of the Nicols, can be explained,
if we have emission and absorption curves of certain types. His
treatment is too long to be included here, and the reader is re-

ferred to the original paper. Ladenburg has apparently defended
his position successfully, however, and in the opinion of the author
it seems very improbable that the emission of hydrogen is a pure
temperature effect. The question cannot, however, be regarded as
quite settled at the present time.

There are certain cases in which we have a true temperature
emission of a gas. Carbon dioxide, when heated, emits an infra-

red radiation, the spectrum showing a very sharp band at A =
4.3 /A. Paschen {Wied. Ann., 51, p. 1, 1894) found that a layer
of the gas 7 cms. thick emitted and absorbed as strongly as a layer

33 cms. thick.' This indicated that the radiation from a 7 cm.
layer could be regarded as the equivalent of the radiation from
a layer of infinite thickness, or in other words, the radiation of a
black substance at the same temperature. By heating the gas in a
tube, and measuring the intensity of the emitted radiation with a
spectro-bolometer, Paschen found that for all temperatures between
150° and 500° the intensity of the radiation of wave-length 5.12 /x was
only a little below that of a black body at the same temperature. As a
black body he used a smoked strip of platinum heated by an electric

current. The proof of the law follows from the fact that for a layer

' This holds, however, only for the absorption of a narrow range of wave-lengths.
Rubens and E. Ladenburg (Verh. der Deutsch. Phys. Ges., l!)0o) have made a study
of the absorption of €()« for the long waves isolated by a prism of sylvite, and also for
the total radiation. In the latter ease the absorption increased with the logarithm
of the thickness of the gas layer. In the case of homogeneous radiation the
logarithm of the absorption is proportional to the thickness.
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Fig.

from which the radiation is the equivalent of that from an infinitely

E
thick one, we have the relation ~: ~ e, the emissivit}^ of a black body,

Ji.

as we can at once see by comparing the equation eA = E, given

at the beginning of the chapter with the relation previously deduced,
namely, that as the thickness of an emitting absorbmg layer in-

creases, the intensity of the radiation leaving it approaches the

value — as a limit. xVn interesting conclusion has been drawn by
A

Kayser from Paschen's experiment. The thickness of the layer

necessary in order that the radiation may equal that of a black

body will vary for the different lines in the spectrum, the greatest

thickness being necessary for

, J ^ the wave-lengths for which the
absorption is a minimum. It

we employed a layer so thick

that the conditions were real-

ized for all of the Imes, and
plotted the intensities of the

Hnes as ordinates, and the

wave-lengths as abscissae, the

curve joining the points should

be the emission curve of a

black body at the same tem-
perature as shown in Fig. 362.

We may perhaps apply the same reasoning to the case of the
liright lines of flames. The sodium flame, for example, exhibits in

addition to the Z) lines a very faint line in the green. By increasing

the thickness of the flame the ratio of the intensity of the D lines

to that of the green line should become less. Multiplying the flame
by repeated reflections between two parallel mirrors amounts to

the same thing as increasing its thickness, and Wanner {^Yied. Ann.,
68, p. 143) found that a sodium flame placed between two con-
cave silvered mirrors showed the green line with great distinctness.

The D hnes were not increased in brilliancy in anything like the
same proportion, and appeared much broadened, a faint continuous
spectrum appearing in addition. Attempts made by the author
to repeat this exjjeriment both by the use of mirrors and a sodium
flame, over a metre in length, gave negative results.

The most complete investigation of the subject of the relation

between the emission and the absorption of gases has been made
by H. Schmidt ^Ann. der Phys., 29, 1909). He studied the ab-
sorption and emission of the flame of a Bunsen burner, measured
the temperature of the flame most carefully with a th(M-mo-clement,
and found that the laws of black-body radiation could be applied

to it, at least within the region of the strong absorption and emis-
sion bands at 2.8 and 4.3 /u.. By comparing the radiation of the

"

flame with that emitted by a black body at a temperature of 980°,

Schmidt was able to calculate the temperature of the flame ; the

value found was 1670°, in close agreement with the observed value
of 1640°.



LAWS OF RADIATION 597

Very few eases are known in which visible radiations can be ob-
tained by merel}' heating a gas or va))or. An immense amount of

work has been done by Pringsheim and others in endeavors to obtain
a luminous emission from gases as a result of high temperature
alone. Efforts in this direction have been, almost without excep-
tion, in vain, and Pringsheim came to the conclusion that, at least

for temperatures which could be commanded in the laboratory,

gases remained dark.

There are, however, one or two exceptions to this rule, which were
studied by Salet and Evershed. Iodine vapor when heated to a
temperature of only six or seven hundred degrees gives off a reddish

orange light. Tlie experiment is easily performed by arranging a
small spiral of platinum wire, which can be heated by a current, in

a test-tube in which a little iodine is vaporized by means of a Bunsen
burner. An orange-colored flame is seen to rise from the hot wire.

A still better method is to enclose a few crystals of iodine in an
exhausted bulb of fused quartz. The body of the bulb is heated to

a high temperature by the flame of a blast lamp, and the iodine

in the narrow neck then vaporized by the application of a small
fiame as shown in Fig. 363. The quartz bulb emits little or no light

until the vapor enters it, when it immediately glows with an orange-
red light. A similar phenomenon
has been observed in the case of

sodium vapor, but is not as easily

reproduced as the iodine emission.

The best arrangement is a long steel

tube containing metallic sodium, and
highly exliausted, heated by a row of

burners, or better in one of the elec-

trical ovens made by Heraeus of

Hanau. Evershed was of the opin-

ion that the spectrum was continu-

ous, but by employing a vapor of

small density Konen {Wied. Ann.,

65, p. 256) succeeded in resolving

it into bands, which corresponded to the bands seen in the absorp-
tion spectrum. It is not difficult to see how a continuous spectrum
might easily result when a thicker layer or a denser vapor was used,

for we have only to apply the principles involved in the case sug-

gested by Kayser to a spectrum consisting of bands, the intensity

having a finite, though different value, for each wave-length.

Temperature Radiation of Solids and Liquids. — The radiation

of solids and liquids is especially adapted to tlie proof of Kirchhoff 's

law, since in these cases we can be sure that it is the result of tem-
perature alone.

That the emission of light by heated substances is proportional

to the absorption can be easily shown by heating a fragment of a

piece of decorated china in a blast-lamp. The design emits nmch
more light than the white background, owing to its stronger absorb-

ing power.
The more powerfully a body absorbs, the more powerfully wll
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it emit when heated, this relation holding for every individual
wave-length. Black bodies then give out the most light when
heated. The fact that a white block of lime is far more luminous
than a carbon rod when heated in the oxy-hydrogen flame is not
usually cited in support of this law, while the fact that the most
luminous body of all, the Welsbach mantle, is also quite white is

equally unsatisfactory as an illustration, for white bodies are in

reality transparent, that is, they are made up of masses of small
transparent particles, and transparent bodies ought not to emit at
all. It is of course necessary to define just what we mean by trans-

parency in this case, and it may be well to consider first a somewhat
analogous case. The absorption which is accompanied by high
emissivity is true absorption, and not selective reflection — which
is sometimes confused with absorption. A highly reflecting pol-

ished metal surface is a poor radiator, but by properly constructing
its surface we may give it the power to absorb and emit. A bundle
of pohshed steel needles with their points all turned towards the
source of light reflects scarcel}^ any light at all, the rays undergoing
multiple reflections between the conical ends of the needles. Such
a bundle of needles should emit much more powerfully than a pol-

ished steel surface, and it is easy to see just why it should do so.

Each needle, seen end on, sends not onlj^ emitted light to the eye,
but reflects rays coming from its neighbors. The surface formed
by the points of the needles can be regarded as an absorbing sur-

face, which absorbs in virtue of its structure : it is analogous to the
hollow " black bodies " with which we are now famihar.
The point to be emphasized is that such a surface, which absorbs

but Uttle in virtue of its molecular nature, maj' be also a powerful
radiator, the mechanism by which its radiating power has been in-

creased being as indicated above. Suppose now we take a perfectly

transparent body, which hke a perfect reflector has no emitting
power. A bead of microcosmic salt (sodium pj-ro-phosphate) heated
in a blast lamp is a good example. Though the platinum wire
^'.'hich supports it glows with vivid incandescence, the bead remains
perfectly dark. A glass bead, however, emits a good deal of light,

doubtless from the fact that its transparency is much less at high
temperatures, a very common behavior of transparent substances.

The microcosmic salt on cooling becomes traversed by hundreds of

cleavage planes, which give it a milky appearance. On reheating
it it emits light strongly until it finally fuses into a transparent drop,

when it instantly becomes dark again. The reason for this behavior
is not quite as apparent as in the case of the needles. In fact I

am not quite sure that I understand it at all. Quartz behaves in

the same way. A drop of dear fused quartz, heated in the blast,

emits little or no light, l)ut if it contains spots made up of an emul-
sion of quartz and air, these spots emit strongly. In other words
an opacity resulting from a pulverization of the transparent medium
seems to be accompanied with a strong emitting power. Appar-
ently we cannot a])ply the same reasoning as in the case of the
needles, and it looks rather as if the radiation was largely a surface
effect.
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We have perhaps a better illustration, and one which is easier

to handle, in the case of mica.

A thin fihn of mica, when heated, becomes silVery white and al-

most opaque. The change appears to be due to the fact that the

mica splits into a multitude of parallel laminae, in other words its

opacity is due to the presence of a large number of reflecting planes.

If we hold it at the polarizing angle it becomes fairly transparent

again. The mica in this state glows brilliantly when heated in a

flame, while ordinary mica shows little or no luminosity. Calcined

mica films arc useful for demonstrating polarization by a pile of

plates. It is best to place the film in a piece of thin platinum foil,

folded once, and heated in a Bunsen burner. At normal incidence,

a film of suitable thickness is opaque as a result of the reflecting

planes. Turned to the polarizing angle, it becomes partially trans-

parent, as the planes refuse to reflect the perpendicular components
of the vibrations at this angle. The mica shows the same peculiar-

ity as the microcosmic bead : an emission of light resulting from
cleavage planes.

There is, of course, the possibility that the roasting of the mica
has increased its power of absorption, but of this there appears to

be no evidence, for the reflected + the transmitted light appears

to equal the incident light in intensity. A flake placed between
two equall}^ illuminated white planes disappears, i.e. has the same
intensity as the background. Such a flake if placed within a hollow

body heated to a uniform temperature should disappear for the

same reason. It is difficult to see how the reflecting planes can
increase the emitting power, for if we consider that the elements

within the mass radiate with equal intensity, the introduction of

reflecting laminae cannot increase the total output, unless we as-

sume that the surface has a higher radiating power than the interior.

Professor Jeans suggested to me that this might well be the case,

since the electrons will have their largest accelerations at the free

surface. If this is the case, any circumstance which increases the

amount of surface should increase the emitting power. Returning
now to the mica with its numerous parallel cleavage planes and the

enclosed air films,— assume it introduced into the interior of a
hollow white-hot body. It should disappear when viewed through
a small aperture, since the reflected + the transmitted light equals

the incident light in intensity, even before its temperature is raised

in the slightest degree. Now let its temperature go up until it

reaches that of the hollow body. We have now, in addition to the

reflected and transmitted light, the emitted light, and the mica
should appear brighter than the background. This would seem
to be a test of a surface emission. The experiment was tried and
the mica remained invisible; that is, it behaved like any other sub-

stance placed within a uniformly heated enclosure. The micro-

cosmic salt bead behaved in the same way. The action of the

cleavage planes in the microcosmic salt remains therefore unex-
plained, and requires further investigation.

Returning now to the subject of the powerful emission of light

by the lime block and the feeble glow of the carbon, we may find
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the following analog^' helpful in explaining some of the apparent
anomalies.

Hydraulic Analogy of a Radiating Body.— The radiator is rep-

resented by a tall hollow cylinder, open at the top and closed

at the bottom, provided with a number of outflow pipes of

different sizes. AVater flows into the cylinder at a certain definite

rate from a horizontal pipe or flume, the height of which (T2)

above the base of the cylinder represents the temperature of the

flame. Obviously the level of the water in the cylinder will rise

until the rate at which the water flows out exactly equals the

rate at which it flows in. This height (Ti) is the temperature which
the radiator acquires in the flame. The jets of water which issue

from the tubes represent radiation of different wave-lengths, the

small jets representing the short waves. Their velocity corresponds

to inteyisity of radiation. We will first suppose our hydraulic radi-

ator to represent a black body, say a lump of carbon. In this case

all of the pipes at the bottom are wide open and we have the maxi-
mum outflow of all wave-lengths for any given temperature, i.e. for

any given height of the fluid within the cylinder. (If we take the

cylinder empty, and plunge it into water, jets will squirt into it

through the pipes; that is, it is a perfect absorber for all wave-
lengths.) With all of the pipes open, however, the level of the

water within the cylinder will not rise to any great height, owing
to the limited rate at which water flows in from the horizontal

pipe. This means that the lump of carbon in the flame does not

rise to a very high temperature because it radiates energy at a

high rate. At the low temperature there is comparatively little

visible light in the radiation, for the shorter waves only appear
in quantity at high temperatures. We can imitate this condition in

our hydraulic model if we choose l)y putting valves on the inside of

the tubes, those on the small tubes opening onty at high pressures.

To make our model imitate the bead of microcosmic salt we plug

up all of the pipes. The cylinder now represents a transparent body.

If immersed in water it absorbs nothing through the pipes, and no
matter how high the level of the water rises in it when water is

pourefl in there is no emission of fluid, in other words no radiation.

The body rises in temperature until the temperature is equal to

that of the flame, but there is no radiation. Take next the case of

the lime in the oxy-hydrogen flame. It is a partially transparent

substance, and we can imitate it by plugging the tul)es with glass

beads or cotton. Owing to the lesser rate at which tiie water now
flows out through the tubes, the level rises much higher than when
the tubes are all open, and owing to the greater ]:)ressure (tempera-

ture) we have liquid jets through the small tubes (short wave-length
radiation). The inferiority in the emissivity is more than made
up for b}'- the higher temperature which the body can acquire. We
are now ready for the AVelsbacli mantle. It has been conclusively

shown by Rubens that the peculiar lirilliancy of the thorium
mantles, caused by a small trace of cerium, is due to the fact that

the cerium makes the thorium selectively alisorbing for the short

waves at high temperatures. If we wave a Buiisen flame over a
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mantle in a brilliantly lighted room, it will be seen to turn yellow
at a temperature a little below a reel heat. In other words it be-
comes a strong absorber for the short waves. It is, however, trans-

])arent for the long waves, consequently it does not emit energy at
an3d:hing like the rate at which a black body does, and in conse-
cjuence can rise to a high temperature in the flame, exactly as a
j)ure thorium mantle does. Its band of absorption in the })lue

region enables it to pour out visible radiations nearly as powerfully
as those which a l)lack body at the same temperature would emit,

hence its enormous brilliancy. Our hydraulic model with all of

its tubes plugged with cotton represents the mantle of pure thoria,

while to transform it into the Welsbach mantle we have only to pull

out the porous plugs from some of the smaller tubes. In this condi-
tion, owing to the impeded flow in the large tubes, the water will rise

in the cylinder to a great height, and we get very powerful jets

from the small tubes which we have opened, much more powerful
than in either of the previous cases considered. Of course with
all of the tubes open we could get equally intense small jets if we
poured the water in at the top at a sufficient rate. There is a limit

to this rate, however, for it is obvious that the rate at which the
water is poured in at the top corresponds to the rate at which the
flame can pour energy into the radiating body, a circumstance which
depends on the conductivity of the body for heat and other circum-
stances.

Emission of Substances having Absorption Bands. — It is fre-

quently stated that ruby glass when heated emits an excess of

green light, but the phenomenon is not very striking, if it exists

at all. Cobalt glass was investigated by Rizzo (Atti ace. Torino,

29, 424, 1894), who was unable to establish any relation between
its emitting and absorbing power. His apparatus was not very
sensitive, however, and it is difficult to draw very definite conclu-
sions from his observations.

The emission and absorption of rock-salt has been studied by
Abramczyk (Wied. Ann., 64, p. 625, 1898). Unfortunately he
made use of absorbing screens, instead of spectroscopic dispersion,

and his results cannot on this account be regarded as wholly trust-

worthy. He found, however, that the heat emission consisted of

two parts, one of which was stopped by a salt plate, while the other
was freely transmitted. He found that 40 per cent of the radiation

from the salt was reflected by a polished plate of the same material,

from which he inferred that there was a selective emission at a
region in the spectrum corresponding to the position of the band of

metallic reflection observed by Rubens and Nichols. Rubens and
Aschkinass have pointed out, however, that a strong emission is

not necessarily to be expected at a band of metallic reflection.

Though this region is one of relatively strong absorption, the ab-
sorbed portion may be only a small fraction of the amount reflected,

and a high value of the emissivity is not to be expected, as it is the
absorption proper, and not reflection, that is related to the emission.

In fact high reflecting power is usually associated with low emissiv-
ity, as is shown by the small ratio of the emissivity of a polished
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metal surface to a surface of the same metal brought into a spongy
condition, i.e. into the state of platinum black. A hint has been
given in the Chapter on Absorption as to the physical explanation

of the increased absorption in this case, and it is instructive to re-

verse the reasoning and apply it to emission. As we shall see later

the case is not unlike that of a hollow body, the emission from the

interior of which we shall show is equal in intensity to that of the

radiation of a perfectly black body at the same temperature.

In the case of substances which are not transparent, as we have
seen, a portion of the incident energy is reflected and a portion ab-

sorbed. If the intensity of the light is 1, the absorbed fractional part

A, and the reflected part R, we have \ = R-[-A or A^l — R. Sub-

stituting this value in our formula -7 = e gives us an expression for

Kirchhoff's law, in which the relation between emissivity and re-

flecting power is established

:

E
1-R

— e, the emissivity of a black substance.

This formula has been verified by Rosenthal (Wied. Ann., 68,

p. 783), who investigated the emission and reflection of quartz,

mica, and glass, with a spectrometer and thermo-element, and
compared the results with the values calculated from the above
formula. The low emissi\'ity at regions of the spectrum corre-

sponding to those of the maxima of the reflection curve is clearly

shown in Fig. 364, and the close agreement between the observed

7-?^

Fig. 364.

S'^3 /0.05

values and those calculated from the above formula may be regarded
as a most excellent proof of the law. As will be seen, the law has
been proven quantitatively for but few substances. That there is

a relation between alisorption and emission in a large number of

cases, where Kirchhoff's law cannot be expected to hold, is evident.
Some of these cases we have already considered. A noteworthy
example often quoted as a proof of the law is the remarkable relation

between the emission of heated oxides of erbium and didymium,



Plate 9.
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and the absorption spectra of the same oxiiles and sohitions of the

salts of the metals. The oxides, unlike all other solid substances,

when heated to incandescence, show in addition to a continuous
spectrum a number of bright bands, which correspond in position

to the absorption bands, at least approximately. This can be
easily shown by dipping a platinum wire in a concentrated solution

of erbium chloride and heating it in a Bunsen burner, the continuous
spectrum of the white-hot oxide being crossed by a rmmber of bright

bands.

A study of the absorption and emission spectra of the oxides of

some of the rare earths has been made by Anderson (Astrophys.

J., XXVI, No. 2, 1907), who found that the absorption spectrum,
obtained by the " body-color " method, that is by illuminating the

powdered or fused suljstance with white light, was very different at

different temperatures. The emission spectrum of heated neodym-
ium oxide showed a very broad and hazy band at A = 58-60,

the spectrum being almost continuous. If the oxide existed as an
impurity in erbium oxide the bands were much narrower, as shown
on Plate 9, Fig. 1. When mixed with calcium oxide, however,
the bands were similar to those obtained with the pure oxide. The
absorption spectrum obtained by illuminating the substance with
white light varied with the nature of the surface, as is shown on
Plate 9, Fig. 2, in which a is the spectrum obtained with the

powder; b, with a rod of the substance heated for 100 hours in a

Bunsen flame; and c, with a rod the surface of which was fused with
the oxy-hydrogen flame. The bands are much blacker and more
numerous in the case of the fused oxide, a circumstance which may
be ascribed to the penetration of a greater thickness of the substance

by the light in this case. In Fig. 3 we have spectrum a, the emis-

sion of incandescent erbium oxide, b its absorption at a high tem-
perature, and c its absorption at room temperature.
As will be seen the absorption spectrum at a high temperature is

complementary to the emission spectrum. Fig. 4 shows the absorp-

tion of the gray oxide of neodymium at the following temperatures,

a 600°, b 400°, c 200°, d below 100°. The absorption spectrum
depends upon the treatment of the oxide, which when first formed
by careful ignition of the oxalate is pink, becoming bluish gray by
prolonged heating. In Fig. 5 a and b we have the absorption spectra

of the pink and gray forms respectively. It is not known positively

whether they have the same chemical composition.

Selective Emission and Absorption of Incandescent Salts

Some extremely interesting experiments have been recently

made by Lenard (Annalen der Physik, 17, p. 197, 1905) with beads
of the fused salts of the alkali metals supported upon platinum
wires in the Bunsen flame. The emitted light was found to be
strongly colored, the color depending upon the metal. The sul-

phates of K, Rb, and Cs emitted green light, while sodium sulphate

shone with a bluish tinge. An examination of the absorption
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spectra of the fused salts showed that the color of the transmitted

light was complementary to that of the emitted light, as should

follow from Kirchhoff's law. The sahs were colorless when cold,

however, sho-wing that some sort of dissociation resulted from the

high temperature, metalUc ions being set free wliich had the prop-

erty of absorbing and emitting radiations of the same frequency.

The failure of the ions to show color when the salts are dissolved

in water is ascribed by I^enard to a loading of the ions with water.

In the case of most of the salts examined the color was found to

depend upon the metal, i.e. upon the cathions: the borates and

phosphates were marked exceptions, however, the color being

chiefly due to the anions, the nature of the metal being immaterial.

In the same paper will be found a number of very interesting con-

clusions regarding the emission of colored light by flames and the

probable centres from which radiate the different lines of the

spectra.

Emission of Polarized Light. — Certain crystals, tourmaline for

example, have an absorbing power which differs according to the

plane in which the vibrations are taking place. Suppose the crystal

to be so oriented that its absorptive power is greatest for horizontal

vibrations. We might expect, on heating the crystal, to find a pre-

ponderance of horizontal vibrations in the emitted light. This

was found to be the case by Kirchhoff, who heated a crystal in a

Bunsen flame and found that, on viewing it through a double-image

polarizing prism, one of the images was distinctly brighter than the

other.

A quantitative proof of Kirchhoff's law in the case of glowing

tourmaline has been made by Pfliiger (Annalen der Physik, 7, p. 806,

1902), who measured with a spectrophotometer the absorption and

emission of the crystal at the same temperature and for the same
wave-length. If J is the intensity of the incident light, JD that of

the transmitted light, and JR that of the reflected, the intensity

of the absorbed light A=J(l — R—D). R was calculated from

the reflection formula R= (^^^] ,
while D and E were observed

with the spectrophotometer. Designating by E^ and E, the emis-

sivity for vil^rations parallel respectively to the vil)rations of the

ordinary and extraordinary raj's, and by Ao and A, the correspond-

ing absorptive powers, we have, if Kirchhoff's law can be extendetl

so as to include the direction of the vibration,

A^ Ag Jbo A-a

After eliminating all sources of error, Pfliiger obtained as final

values for the two ratios,

A =.650, ?^ = .641,
A„ Eo

a very beautiful verification of the law as applied to anisotropic

media.
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Deduction of Kirchhoff's Law. — The law of Kirchhoff can

be deduced from purely theoretical considerations. Kirchhoff's

method is free from serious objections, but assumptions are made
which cannot be regarded as truths without further treatment.

Moreover, his method involves the consideration of bodies which
reallj'' have no existence, such as perfect reflectors and perfectly

transparent substances.

The most logical and concise treatment is due to Pringsheim

(Verh. d. deutsch. physik. Ges., 3, pp. 81-84, 1901). Consider a ball

K composed of any material enclosed in a hollow vessel, opaque to

radiation of all wave-lengths, and uniformly heated to any given

temperature. The ball emits in unit time the total radiation E,

while there falls upon it from the walls in the same time the amount
e, of which the fraction Ae is absorbed. Since by Carnot's principle

the temperature cannot change, the amount of radiation emitted

by the ball must equal the amount absorbed, so that E^Ae.
If the ball is made of a conglomerate of different substances, some
parts of its surface may absorb more strongly than others. Sup-
pose we rotate the ball : the amount of energy e falling upon it

will only be changed by an infinitely small amount, since only the

part of the radiation which came originally from the body, and is

reflected back from the walls, can be responsible for the change

:

the amount of this which falls across the body is of course very

small. If, however, the radiation from the walls is not uniform,

i.e. if it has especial states of polarization, or is more intense in

certain directions than in others, the amount of heat absorbed by
the body would be changed, by its rotation. If, for example, the

rotation brought a strongly absorbing surface element into the path

of an especially intense ray coming from the wall, the absorption

of heat would be increased.

In this case A is variable, and the heat absorbed is j Ade taken

over the body k. Since this is equal to E, it follows that 1 Ade

is constant for all positions of the ball. If A is variable this can

only be the case if e is independent of direction.

The total radiation e is made up of waves of all possible lengths

between and oo. Call e^j^e radiant energy comprised between

the limits A and A-f-dA then a -

r .X
^-^'-^ ¥re=J^ e,d\. ^Xi

Further, let A;, he the absorption coefficient of k for waves of

length A : the total absorbed energy is then

Ae= l A^e;,d\,

or ^^ j "^A^^^^-

Now let K be brought into another hollow vessel of different
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material but at the same temperature. The emission of k remains
the same, also its absorption coefficient A;^, for waves of the desig-

nated length.

If in the present case the radiation e^ which falls upon k is

different from e^ (in the previous case), we should have

Since, however, A^ is quite independent of e^, the above equation
can only hold if

^A = eiA.

By comparing this with E= Ae^e see at once that the radiation

e is equal to that which k would emit if it were perfectly absorbing,

i.e. if A — l. This shows us that the radiation within a hollow
vessel heated to a uniform temperature is independent of the ma-
terial and shape of the vessel, and is identical in every respect with
the radiation emitted by a perfectly absorbmg body at the same
temperature.

Consider now the radiant energy which a surface element ds\ of

the body k sends to the distant surface element dso of the vessel.

We will define the emission coefficient E^^ of k as the single radiation

E^d\; which in unit time reaches dso from dsx. This radiation has
a wave-length A and any state of polarization. In a hollow vessel

of uniform temperature, dsi gives out a radiation similar to that of

a black body at the same temperature. The total energy of wave-
length A and of a given state of polarization which reaches ds2 from
dsi is therefore e)4\, if e^ is the emission coefficient of a black body
under similar conditions.

We thus have e^^ Ex-\- G^ if we de&ie Gxd>^ as the energy of

wave-length A, and of a definite state of polarization, which, com-
ing originally from the walls of the vessel, and transmitted l)y, or

reflected from, the bod}' k^ reaches dsi from dsi.

We must now determine the value of G^ and substitute it in the

above equation. The radiation from the inner surface of the vessel

which reaches ds-2. by reflection or refraction from dsi is equal to the

amount which, leaving rfss, reaches the inner surface by way of ds\.

Of all the waves of length A which le^ve ds^ the amount reaching

fi.si in unit time is e^f?'^; of which an amount equal to A^e^d^ is

alxsorbed, while the remainder {\ — Af)e^d\ are in part reflected

and in part transmitted, and pass off to the inner wall again.

This remainder is equal to Ga^/A, and substituting the value

G^={l — A))ex in the equation

e, = E,+G„
gives us e^ = E^+{\-A>)e^,
or E^ = A^ei,,

an equation which expresses Kirchhoff's law, showing that the emis-
sion coefficient of any substance for any given wave-length, divided

by its absorjition coefficient for the same vahic of A, is equal to
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the omission coefficient of a perfectly black l)ody, for, as we have

seen above, e^ represents the latter quantity.

That the intensity of the radiation from the inner surface of a

hollow vessel is independent of the nature of the material can be
shown by placing a fragment of decorated china in a porcelain cru-

cible heatetl over a Bunsen burner. If the cover of the crucible is

put on, a small opening being left through which the interior can
be viewed, and the flame of a second burner be directed upon it

so as to bring the whole to a nearly uniform temperature, the

decorations on the china will be quite invisible, the radiations from
them being equal to the radiation from the rest of the surface. As
we have seen, if the china is heated in the open air the dark portions

radiate more strongly, the design appearing brighter than the back-
ground. The cause of the equality in the case of an enclosed radi-

ator can be very simply stated. The radiation is made up of two
parts, the emitted and the reflected, the latter coming from the

heated walls. Dark portions of the material emit more powerfully

than white portions, since their power of absorption is greater;

on the other hand, they reflect scarcely any of the radiation from
the walls. The white portions, which emit feebly, reflect power-
fully, and, owing to the proportionality between emission and
absorption, a perfect balance is secured.

This principle is now made use of in experiments pertaining to

radiation. In studying the nature of the radiation of perfectly

absorbing bodies as a function of temperature, it was formerly the

custom to make use of an electrically heated strip of platinum with a
smoked surface. Such a radiator cannot, however, be brought to a

high temperature, owing to the oxidation of the carbon. For high
temperature work it was customary to coat the strip with platinum-
black, or copper oxide.

Such radiators cannot be regarded as perfect, and at the present

time the heated hollow chamber is almost exclusively used, the
radiation to be examined escaping through a small hole.

The Perfect Black Radiator. — While the principle that the radi-

ation within a closed space at a uniform temperature is identical

with the radiation of a perfectly black body had been recognized
for many years, Wien and Lummer (Wied. Ann., 56, p. 451, 1895)
were the first to actually prepare radiators acting on this prin-

ciple, and make use of them in experimental work.
For studying the intensity of the radiation at low temperatures

and the distribution of energy in the spectrum of the radiation, a
hollov/ cylinder of brass, blackened on the inside, can be used. The
cylinder is provided with a small aperture, and is surrounded by a
steam jacket, or embedded in a mixture of sodium and potassium
nitrate, and the whole packed in felt. The smaller the size of the
hole in comparison to the internal capacity of the cylinder, the more
nearly does the emerging radiation compare with that of an ideal

black body. For high temperature work a cylinder of platinum or

porcelain, electrically heated, can be employed, or even a hollow
iron ball heated in a gas furnace. Kayser has proposed a very
simple device, which, though superior to an electrically heated strip
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of blackened platinum, is not as good as a hollow vessel. Two
strips of platinum, one provided with a narrow slit, are mounted
opposite to one another and heated to the same temperature by a
current. The principle is of course the same as that of the device

just considered.

Paschen {Wied. Ann., 60, p. 719, 1897) has proposed still an-

other device. A glowing carbon filament is mounted at the centre

of a hollow silvered sphere. Assuming the silver to reflect all

of the energy, it can be regarded as a hollow vessel having the same
temperature as the carbon filament. The radiation escapes as

before through a small hole. This same device has been applied

to the bolometer, the absorbing strip being mounted at the centre

of a hollow spherical chamber silvered on the inside. All radiation

not absorbed at once by the bolometer is returned to it by the re-

flecting surface. In this way it is possible to prepare a perfectly

black bolometer.

Equilibrium between Radiation and Material Bodies. — In the

deduction of the remaining laws of radiation we shall employ largely

a conception due to Bartolli, which, though it cannot be carried out

experimentally, leads to important laws which can be verified in

other ways. The idea in brief is to apply the principles of thermo-

dynamics to radiation, performing a cyclical process similar to

Carnot's cycle, employing vibrating ether instead of a gas as the

working substance.

The radiation within a hollow vessel can be in equihbrium with

the walls or with bodies in the interior, only when it is of the same
nature as the radiation emitted by the walls or the bodies contained

within the vessel.

To get an idea of exactly what we mean by equilibrium between
radiation and a material body we will consider the following case

:

Suppose we have a hollow vessel the walls of which are perfect

reflectors, which contains only ether. If we fill this cavity with

monochromatic radiation, say that of the sodium flame, by opening

a door in the wall and allowing the light to enter, which, of course,

can be done perfectly well in theory, the radiation will, if we close

the door, be reflected back and forth within the vessel forever. It

will neither change in intensity nor alter its wave-length ; in other

words, it is in equilibrium with the reflecting walls. We shall now
prove that a perfect reflector is the only body with which this radia-

tion can be in equilil)riuni, with the exception of the flame which
originally emitterl the light. Suppose we introduce a small frag-

ment of aljsorbing matter within the cavity of the reflecting vessel.

It will immediately absorb the monochromatic sodium radiation iis

fast as this radiation falls upon it, and in a very short space of time

the monochromatic waves will have vanished completely. The
temperature of the absorbing body will be slightly elevated, and it

will emit long heat-waves, the energy being distril)uted over a wide

range of wave-lengths, the range and distribution depending on

the temperature of the l)ody. This radiation will now fill tiie cavity

in place of the sodium radiation, and it will be in eciuilibrium with

the absorbing body, i.e. a permanent state is speedily reached, after

wliich tliere is no further change.

I
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Pressure of Radiation. — The racliation within the vessel exerts a
pressure upon tlie walls and upon tlie surface of the absorbing body.
As we are to make use of this pressure in the derivation of laws it

will be well to investigate it somewhat in detail.

Maxwell, in his electro-magnetic theory, showed that radiation
must exert a pressure when it falls upon a reflecting or absorbing
surface. As this pressure is the foundation upon which the laws of

radiation have been built, we will briefly consider the phenomenon.
JVlaxwell showed that when plane electro-magnetic waves fall in

a normal direction upon a perfectly absorbing surface, the pressure
exerted on unit area is equal to the energy contained in unit volume
of the vibrating medium.
That a pressure is exerted by heat (or light) waves may be proven

by making use of the idea of Bartolli. Consider a cylinder, com-
posed of some material which reflects perfectly,

closed at the ends by black plates at temperatures
Ti > T2 (Fig. 365). Introduce a screen S, made ^

also of a reflecting material, which divides the
cylinder into two compartments. The body at

temperature Ti will fill the upper compartment
with radiation of energy corresponding to its tem-
perature. T2 (at a lower temperature) will fill

the lower compartment with radiant energy of

less density. Let B represent a movable reflecting

diaphragm, provided with a sliding door, which. Fig. 365.

when open, allows the energy from T's to fill the

middle compartment. Now close the door and raise the diaphragm
or piston. The volume of the middle compartment is decreased,

and the density of the radiant energy " trapped " within it is

increased. On removing the screen S laterally, which we can do
without performing work, the diaphragm will drive the radiant

energy above it into the body T\. We have thus taken energy (or

heat) from a body at low temperature and carried it to one of high

temperature, which by the second principle of thermo-dynamics
is impossible, unless mechanical work is done in the operation. This
work can have resulted only from the overcoming of a pressure

exerted upon the diaphragm, the vibrating medium resisting com-
pression in the same way that a gas does. This pressure becomes
greater as the volume is diminished owing to the increase in the

energy density. In the case of the compression of a gas, the mole-
cules rebound from the moving piston with increased velocity,

consequently the force of each blow, and the number of blows per

second, are increased.

In the case of compressed radiation the mechanism is not so easy
to follow ; as we shall see presently, reflection from a moving
diaphragm decreases the wave-length by an amount proportional

to the distance through which the diaphragm moves (provided the
rest of the vessel is reflecting). This means that the number of

waves which strike it per second will be increased. The amplitude,

as we shall see presently, remains the same, and the increase of

energy density is due solely to the fact that more waves are present
2r
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in unit length of the train after the compression than existed before

the motion of the diaphragm. Such a process as that described

above cannot be even approximately realized experimentally.

It is no less valuable, however, as our inability to carry it out is

due solely to mechanical difficulties and our inability to obtain a

substance which reflects perfectly.

An admirable treatment of the mechanical pressure of radiation

has been given by Larmor {Encijd. Brit., vol. 32, " Radiation ").

Consider a wave train travelling along the x axis incident upon a

perfect reflector, which is travelling in the opposite direction with
a velocity v. The displacement in the incident wave train is

^= a cos??z {x-\-ct),

and in the reflected train

t' = a' cos m' (x— d).

The position of the reflector at time t is given by

x^vt.

The disturbance does not travel into the reflector, and must
therefore be annulled at its surface. Thus when x^vt we must
have ^+t' = 0. This gives us a^—a' and m'{c—v)= m(c-\-v).

The amplitude of the reflected disturbance is therefore equal to

that of the incident one, while the wave-length is altered in the

ratio -—- or 1
, approximatelv, when - is small.

c+y c
^

c

The energy of the wave-train is half potential and half kinetic,

and is given by the integration of p[ t^
|
along the train, in which

P = density.

In the reflected train it is therefore augmented, when equal

lengths are compared, in the ratio
(

—'— ) , but the length of the
\c-vj

n _L_ II

train is diminished l)v the reflection in the ratio . This in-
c— v

crease in energy per unit time can arise only from work done by the

advancing reflector against pressure due to the radiation. The
pressure per unit surface must therefore be equal to the fraction

2 • •

of the energy in the length c-\rv of the incident wave-tram;
c— v

thus it is the fraction — of the total density of energy in front

of the reflector belonging to both the incident and reflected trains.

When V is small compared with c this makes the pressure equal to

the density of the vii)rational energy, in accordance with Maxwt^U's

electro-dynamic formula.

The i)r(>ssure due to light was, for a long time, sought for in vain.

The disturbing eiTects of " radiometric action," or the reaction

pressure of gas molecules rebouniling from th(> surface heatetl by the
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radiation, completely masked the very small effect which was looked
for. As early as 1754 an attempt was made by DeMairan and Du
Fay to detect the pressure of light. This was of course in the days
of the corpuscular theory, and the looked-for pressure was that
due to the arrest of the flying corpuscles. Fresnel, ZoUner, Bartolli,

and Crookes also searched in vain for evidences of the pressure,
the experiments of the latter, however, resulting in the discovery
of the radiometer. The pressure was first observed by Lebedew
in 1900 (Rapp. pres au Congres de Phys., 2, 133, Paris, 1900) and
by Nichols and Hull independently at about the same time.
Though the latter investigators were anticipated by Lebedew by
some months, their investigation was conducted with greater care,

and the errors due to gas action were more carefully eliminated.
Experiments of Nichols and Hull.^ — The inabihty of previous

observers to measure the pressure due to radiation was due to the
apparent impossibility of separating the effect from the so-called
" radiometer " action. Thin vanes were employed to detect the
pressure, and the radiation warmed the side on which it fell. When
such a condition exists the gas exerts a greater pressure on the
warm than on the cold side, and in general this pressure is vastly
greater than the true radiation pressure.

Nichols and Hull finally succeeded in eliminating the gas action
by employing a suspended vane made of two circular disks of thin
glass silvered on one side. By employing a reflecting surface the
pressure is double that exerted upon a black surface, and the heating
is reduced to a minimum. By measuring the deflections when the
glass and silver sides were illuminated in succession the gas action
could be calculated, for the silver surface is the one heated in both
instances. This is due to the fact that the radiation, before its

impact upon the vane, has passed through a number of lenses and
plates of glass, and is consequently robbed by absorption of all rays
capable of heating a glass surface. It is at once apparent that when
the radiation falls upon the glass surface the gas pressure and the
light pressure are opposed, while when the silver surface is illumi-

nated they act together, i.e. in the same direc-

tion. Larger deflections are of course observed
in the latter case than in the former. To still

further eliminate gas action, the ballistic method
was adopted ; it had been observed that some
seconds' or even minutes' exposure to the radi-

ation were required before the gas pressure

reached its maximum, while the radiation press-

ure is of course instantaneous. Very short

exposures were consequently given, and the

ballistic deflection of the vane was observed by
means of a mirror and scale.

By an elaborate series of experiments the

investigators determined the most suitable

pressure for the air in the chamber in which the vane was suspended,
the pressure, in other words, at which the gas action was at a

» Proc. Am. Acad., xxxviii., April 1903 ; Phys. Rev., xiii. 293, [1901].

Fig. 366.
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minimum. This pressure proved to be about 16 mms. of mercury.
After measuring the value of the radiation pressure, the energ}^ of
the radiation was determined, by allowing it to fall upon a blackened
silver disk. The rise of temperature of the disk was determined by
means of iron-constantan thermo-junctions imbedded in the disk.

From these energy measurements the pressure to be expected was
calculated.

The radiation employed was that of an arc-lamp, either with or
without absorl)ing screens. After correcting for all possible sources
of error, the follo\ving values were obtained :

Radiation
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the case of a reflecting surface this tangential force cannot be de-

tected, since the incitlent and reflected beam give rise to equal and
opposite forces parallel to the surface. The magnitude of the force,

when E is the energy density, /a the fraction reflected, and a the
angle of incidence, is given by

The existence and magnitude of the force was observed with the
apparatus shown in Fig. 368. Two thin glass disks were mounted
on the ends of a fine glass rod, the system
being suspended by a quartz fibre in a brass

box provided with glass windows. One of

the tlisks was silvered, the other blackened,

and the pressure within the case was reduced
^

to 1 cm. Sunlight, or the beam from an ^A^

a,rc lamp, was directed against the black disk M '—— M
at an angle of 45°. Gas action due to heat- ^ ^
ihg will give rise to a pressure normal to ^^^- ^^^

the surface, but there will be no tendency
to rotate the suspended system. The tangential component of

the radiation pressure, on the other hand, will produce a deflection,

the magnitude of which can be read with a mirror and scale. E
was calculated from the observed deflection, and was found to be
5.8 -lO""^ dynes, while a direct measurement of E, by the heating

of a silver plate, gave the value 6.5-10"".

Pressure of Radiation on an Absorbing Gas. — The repulsion

of the tails of comets ])y the sun has been explained as the result

of the pressure exerted by the solar radiation. If we reduce the

size of an obstacle its mass becomes less in proportion to its surface,

and the pressure of the radiation may eventually become greater

than the attraction of gravitation. It has been shown by Schwartz-
child, however, that there is a critical size at which the ratio of

pressure to gravitational attraction has its greatest value. In
otherwords, if we make the particles too small the radiation no longer

exerts any pressure on them, for they no longer act as obstacles, or

diffract light. Now the spectroscope shoAVS us that the tail of a
comet is gaseous, and the gas molecule is very much smaller than
the smallest obstacle capal)le of feeling the pressure of radiation.

There is this difference, however. The gas molecule may be capable

of stopping the radiation by resonance, i.e. the gas may absorb,

and it seems quite probal^le that radiation may exert a measurable
pressure on the molecules of a gas, in spite of the fact that a cloud

of material particles, each one of which is vastly larger than the

molecule, experiences no pressure at all. This question has been
very successfully attacked by Lebedew,^ who has measured the

pressure which the radiation from a Nernst lamp exerts upon various

absorbing gases, such as CO2, methane, butane, propane, etc. The
gas was enclosed in a cell provided with fluorite windows, and was

' Annalen der Physilc, April 1910.
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Thermocl>Tiamics) . In this expression T is of course variable.

During" this process the volume to the right of the piston has been
still further diminished, and an amount of heat energy represented
by (a + .!•)[*( T) + J\T)] due to diminishing the volume and work
done enters the plate at temperature T.

Since the process is reversible we have, by the second law of

thermodynamics,

{a+x)\nT)+f{T)] ^ a[^{T.)+f{T,)\ _ ^
T To

in which x and T are variables.

Writing (a+x) [*(r) +/(T)] = CT,

or, for simpUcity, (a+a;)(*+/) = CT,

and subtracting, *d(a+a;)+ (a+a:)rf*= —/dx (adiabatic equation),

gives us (a+x)rf/-
("+-'g)(^+/)

^y^

{^^DdT^Tdf,

or, inserting the (7") which we omitted above,

^(T)dT-\-f{T)dT= Tdf(T).

Substituting ior f{T) its equivalent value i*(70

gives i^iT)dT = \Td<if(T),

d^(T)^.dT

^ = aT*.

Proof of Stefan's Law. — The law was first deduced empirically

from observations made on the rate of cooling of a blackened ther-

mometer bulb.

Lummer and Pringsheim (Wied. Ann., 63, p. 395, 1897) proved
the law over a range of temperatures included between 100° and
1300° C. by measuring the intensity of the radiation from a hollow
chamber (black body) by means of the bolometer.

The constant a has been determined in absolute measure by
Kurlbaum (Wied. Ann., 65, p. 746, 1898), who heated the bolom-
eter strip (screened from the radiation) by means of an electric

current of known strength to the same temperature to which it

was raised by the radiation. The radiation was thus determined
in absolute units by calculating the Joule heat developed by the
current. The value found was

a= 1.71 • 10-^-^^ =0.408 • 10-»2§?^^^.
sec. sec.
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Optical Pyrometers. — Various types of pjTometers have been

designed for measuiing high temperatures by optical methods.
Fery's instrument is based upon the

law of total radiation. It consists of

a telescope with a fluorite objective, in

-O- %^n^ ^^® focus of which is momited a sensi-

Y/pTil tive thermo-couple as sho^\ai in Fig.

370. To use the instrument one has

only to point it at the object, the tem-
perature of which is to be measured,
e.g. the interior of a blast-furnace, and

Fig. .^70. focus the image upon the thermo-j unc-
tion by means of the eye-piece, which

is moved with the latter by means of the rack and pinion wheel at

B. The temperatures are read with a galvanometer.

Other optical photometers have been devised, based upon the

laws which we are about to study.

Temperature of the Sun. — The sun's temperature has been
computed by measuring the total radiation. Assuming the solar

disk to be a black body, and taking for the value of the solar con-

stant 3 gr. cal. per minute, the computed temperature comes out

a trifle over 6000°.

Change in the Spectrum of a Black Body with the Temperature.
Wien's Laws. — ^Making use of a conception similar to the one by
means of which Boltzmann deduced Stefan's law, but extending it

by the introduction of the consideration of the change in wave-
length which occurs when radiation is reflected from a moving mir-

ror, Wien {Wied. Ann., 46, p. 633 ; 52, p. 132) arrived at a formula
which expressed the change in the spectrum of a heated black body
with its absolute temperature. As is well kno^\ai, when a solid or

liquid is heated the longer heat-waves appear first, then red light,

and finally at still higher temperatures the violet and ultra-violet.

If v/e measure the energy at different points in the spectrum with
the 1)olometer and plot these values as ordinates, with the wave-
lengths as abscissae, we obtain the energy curve for the emission

at the temperature in question. The maximum of this curve

moves towards the region of the shorter waves as the temperature
is increased, but there is an increase in the height of every ordinate

;

in other words, the curve does not move bodily down the sjjoctrum.

It seems XQxy remarkable that the form and position of this curve

can be determined by considering

merely the motion of reflecting pis-

tons moving in a closed cylinder,

the ends of which radiate at differ-

ent temperatures. This, however, is

precisely what was done by Wien,
whose treatment we will now con-
sider. Consider a cylinder of unit F'«- 371.

cross-section, the walls of whicli re-

flect diffusively nil of the incident energy, wliile the ends are com-
posed of ])l:t(k material, of infinite heat capacity, at temperatures



LAWS OF RADIATION 617

T-> and Ti (T-. > Ti). Tlie cylinder is divi(l(>(l into three compart-
ments by means of movable pistons composed of perfectly reflect-

ing material and furnished with openings which can be closed by
means of trap-doors. At the beginning we have things arranged
as shown in Fig. 371 and the perfect radiator T^ fills up compart-
ments 1 and 2 with radiant energy, of tiensity ^{Ti). The density
in compartment 3 is greater, namely ^(T'j).

The trap-door is now closed and the partition moved towards 3, a
distance dx, such that the radiation in 2 has the same density as that
in 3. The distribution of energy in the spectrum is now the same in

compartments 2 and 3, since, if this were not the case, there would
of necessity be rays of a certain wave-length A in compartment 3,

having a greater energy density than the waves of corresponding
A in compartment 2. This being the case, Ave could cover the
opening in the moving plate with a screen composed of some ma-
terial transparent to waves of this particular length, but reflecting

all others. On opening the trap-door more energy would pass from
3 to 2 than passed back in the op])osite direction, and the density
in 2 would become greater. On closing the door and removing the
screen, the plate would be moved to the right until the pressure
became equal on both sides, furnishing an amount of work A. A
small amount of heat leaves the l)lack body at temperature T2 in

the form of radiation of wave-length A, to restore the original

condition. This heat is the equivalent of the work A. The trap-

door is now opened and the plate brought back to its original posi-

tion, no work being required.

The door is now closed, and the plate which separates 1 and 2 is

driven back to its original position (distance dx), by which the work
is gained which was originally spent in moving the plate through the
distance dx. If now we open the door in the plate, we have the
original state of things, the body at temperature Ti neither having
given up nor received heat, while the other body at temperature T-2

has given up heat corresponding to the amount which passed
through the selectively transparent screen, and furnished the work
A. By the second law of thermodynamics work cannot be derived
by a cyclic process in the case in which a single reservoir gives up
heat in such a manner that all of it is transformed into work.
We conclude therefore that when the energy density is the same

in compartments 2 and 3, the distribution of energy in the spectrum
is also the same.
Going back now to the main part of the problem. The motion

of the piston which condensed the energy in 2 until it had the same
density as that in 3 is accompanied by a shortening of the wave-
lengths of the reflected energy, for a moving mirror will, by Dop-
pler's principle, alter the lengths of all waves incident upon it.

Though the shortening depends on the velocity of the mirror,

in the present case it depends only upon the total distance through
which the mirror moves. This is due to the fact that the rays are

repeatedly reflected from the mirror, and if the mirror moves with
slow velocity more reflections will occur from it during its move-
ment, the increased number of reflections compensating for the
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slower velocity. For normal incidence, if the velocity of the mirror

is V, the wave-length after one reflection is

c

As we have seen, we can regard \ of the total radiation as inci-

dent normally, and we will assume that a single reflection shortens

the waves by an amount h.

Plotting the original density distribution for wave-lengths X and
X -\- h, we will determine the effect of a single reflection upon this

portion of the energy curve. In Fig. 372 the curve AB represents

the energy distribution before

reflection, the ordinates repre-

senting total densities of energy
for different values of A. Since

we can regard \ of the energy
as incident normally, if we dis-

regard the rest we shall have

I of the energy at A unaffected,

represented by the ordinate a.

Of the energy at wave-length
A 4- /«, I is unaffected (ordinate

6), while \ is shortened in wave-length to the value A; consequently
this portion must be added above a as indicated. If we do this

for all values of A we shall obtain the dotted curve, which repre-

sents the energy distribution after one reflection. If /i(A) repre-

sents this distribution, and $(A) the original distribution, we can
express the above change as follows

:

Fig. 372.

If the radiation is reflected n times, we have

The change in the distribution of energy can thus be represented

by considering -\ of the rays as shortened by an amount nh.

If now (a — x) is the distance between the pistons, we have for w,

while the piston moves a distance dx, n= —. r-, in which c
2(a — x) v'

is the velocity of the radiation and v the piston's velocity,

n-fold reflection, we have
After

2v
A = C— 2 r\-'(a-:r>B

For the limit c= co,

A = l_2i' A.

A„= e "-'A, since limit of (1+-] =6^, when n=ac,
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or writing A„ = A+n/i, in which nh is infinitely small, of the order

dx,

, dx .

nh = A.
a — x

Now /(A), the distribution of energy after w-fold reflection, is

given by

/(A) = <I>(^A+^'^=$(A+ciA);

o {a— x)

which gives us the change of wave-length due to the motion of the
piston through a distance dx.

Integrating the above, A= a/ Ao, in which Au is the value
^ a

for x = 0, i.e. before the motion of the piston commenced.
Let E be the total energy in compartment 2, when x= 0: its

density is then

a—x

If X increases by dx, the energy intensity is increased by diminu-
tion of volume, and work done against the radiation pressure, by
an amount

dx [dxa— x (a — x)^j [dx ] a— x

The pressure on the piston is i*, therefore the work is

--—dx= \'^dx, and c?*= -dx,
dx 3 a— X

-p

in which *o is written in place of the original * = , for x= 0,
a — x

— = (
1 , and as we have seen above, — = (

] ;

^^ \a-xj K \ a J

% A4

We can now write the expression — in terms of the absolute tem-

peratures, by applying the Stefan-Boltzmann law. If *o is the
energy at 7",, and * the energy at T,

and we get at once TX. = ToK-
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This expression may be interpreted in the following way : On
raising tlie temperature of a black bod}^ from Ti to T2 the ordinates

of our energy curve move towards the short wave-lengths by an
amount such that the product of the corresponding abscissa and
the temperature remains constant for each ordinate. The maxi-

mum ordinate at say wave-length A„ for temperature Ti will

therefore at temperature T2 occupy the position A„' such that

A^T^i = ^m'Tii in other words, as the temperature rises, the sum-
mit of the energj^ curve drifts towards the region of shorter wave-
lengths.

We can find, by the aid of this displacement law, the distribution

of energy for any temperature, if the distribution for some given

temperature is known.
Plot as before a <i>(A) and A energj^ curve ; the area of the curve

is equal to the total energy- *.

To pass to a curve for another temperature, we take a vertical

strip at Aq of width d^o, the area of which is ^odh ; this strip is

displaced by the temperature change to, say, A.

The quantity of energy in the strip ^od>^o must remain constant.

.-. $r/A = 4>o(/Ao,

"rfA Vo

It will be observed that thus far we have neglected the circum-

stance that the total energy increases with the temperature, as

represented by Stefan's law.

Taking this into account by itself, we have

T^ ... T^==$0

—

> and l)y combining this with 4> = 4>o—

,

we obtain as the complete expression

-*

and our new ordinate at A must be equal to ordinate at A^, multi-

T'
plied by the ratio —

.

Wien's two laws as a]iplied to the wave-length at which we have
the maximum energy may he, written as follows

:

\„T=A (const.),

EmT-' = B (const.),

in which E„ is the energ>' at the maximum.
Lummer and Pringsheim have t(>stod these two laws by measur-

ing th(> energy curves of a heated blaclc Ixxly over a range 021-1050
Absolute. Their results are given in the following tabh'

:
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together with values calculated from the formulae of Wien and
Planck

:

T
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Energy Distribution in the Spark Spectrum. — As we have seen,

there is a very rapid drop in the energy as we pass from the red to

the violet of the spectrum of a white-hot body. Pfhiger/ in a series

of remarkably interesting experiments, has found that in general the

reverse is true in the case of the bright-line spark spectra. He in-

vestigated the energy distribution in the spark spectra of a large

number of metals with a bolometer, and found that the largest de-

flections were obtained in the remote ultra-violet: in other words, the

ultra-violet lines were " hotter " than the red or infra-red. We have

Fig. 374.

as yet no law governing the energy distribution in discontinuoue

spectra, but Pfliiger's experiments probably may be taken as mark-
ing the beginning of a subject to which a chapter may be devoted
in text-books twenty years hence. His results for the zinc spark

are given in the following table, from which an energy curve can
be constructed. It is instructive to compare the curve thus ob-

tained with the curves in the last section.

Wave-



CHAPTER XXII

SCATTERING OF LIGHT BY SMALL OBSTACLES.
OPTICAL RESONANCE

Scattering of Light by Small Particles. — If a beam of light is

passed through a transparent medium containing in suspension

small particles, the refractive index of which differs from that of the
surrounding medium, light will be given off by the particles in all

directions. If the particles are very small, the color of the scattered

light is blue, and it is more or less completely plane-polarized, the

direction of vibration being perpendicular to the direction of the

incident beam. If the incident beam is plane-polarized to start

with, no light is scattered by the cloud of particles in directions par-

allel to that of the incident vibration. In the case of particles of

the order of magnitude of the light-waves, the amount of light

scattered increases as the wave-length is decreased, which explairis

the preponderance of blue always observed in these cases. The
subject was investigated experimentally by Tyndall with clouds

precipitated by the chemical action of light upon the vapor of iodide

of allyl. WHienever the particles obtained were sufficiently small,

the laterally emitted light was blue in color and polarized in a direc-

tion perpendicular to the incident beam. Tyndall was unable to

explain the polarization, and imagined that it contradicted Brew-
ster's law, there being no angle of maximum polarization, as in the
case of reflection from flat surfaces of isotropic media. That there

is really no contradiction here is at once apparent when we consider

that the nature of the phenomenon is radically different in the two
cases. In ordinary reflection we are dealing with surfaces large

in comparison with the wave-length, and the amount of reflected

light is independent, or nearly so, of the wave-leng-th. Wliile,

in the case which we are considering, regular reflection in the ordi-

nary sense does not occur, and the intensity of the light is a function
of the wave-length. B\^ making the particles sufficiently small
we may obtain a violet of great intensity and purity. The fog
formcvl by the condensation of sodium vapor has been observed by
the author to give a deeper color than any of the other media
heretofore cm]:)loyed. The experiment, however, is rather difficult

to perform, and a description of it would be out of place here. The
blue color is easily seen in tobacco smoke rising from the end of a
lighted cigar. On standing, the smoke particles appear to collect

into larger aggregates and tlie blue color disajipears. This is usually

the case with smoke exlialcd from the mouth. The blue color of the

024
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sky has its origin in a similar action exerted either by small dust
particles or even by the molecules of air themselves. The absence
of long waves in the light coming from the blue sky on a clear day
is well shown by Plate 10, which is reproduced from a photograph
made by the author with a screen or ray filter made by combining a
sheet of verj'^ dense cobalt glass with a deep orange aniline dye.
This screen absorbed all rays below wave-length 6900. The spec-
trum of the sun or arc photographed through this screen on a Cramer
or Wratten and Wainwright spectrum plate is reduced to a band
extending from A = 6900 to A = 7400. The rays within this region
are visible to the eye, if all other rays are excluded, but they
play little or no part in ordinary vision, on account of their very
feeble action upon the retina of the eye. Landscapes photographed
through the screen present a remarkable appearance. The grass

and trees in full sunlight appear as if snow-white, while the sky is

as black as midnight. This is due to the fact that the chlorophyl
of the vegetation reflects the infra-red light very powerfully, while
the Hght of the blue sky is nearly or wholly wanting in it. The
shadows in all of the infra-red photographs are very black, since

practically no light comes from the sky, and it is the skylight

which is chiefly responsible for the illumination of the shadows.
The scattering of light has been exhaustively studied by Lord

Rayleigh, who explains the phenomenon in the following way

:

''Conceive a beam of plane-polarized light to move among a number
of particles all small compared with any of the wave-lengths. The
foreign matter may be supposed to load the ether so as to increase its

inertia without altering its resistance to distortion. If the particles

were away the waves would pass on unbroken, and no light would be
emitted laterally. Even with the particles retarding the motion
of the ether the same will be true if, to counterbalance the increased

inertia, suitable forces are caused to act on the ether at all points

where the inertia is altered. These forces have the same period and
direction as the undisturbed luminous vibrations themselves. The
light actually emitted laterally is thus the same as would be caused

by forces exactly the opposite of those acting on the medium other-

wise free from disturbance, and it remains only to see what the

effect of such forces would be. In the first place there is necessarily

a complete symmetry around the direction of the force ; the dis-

turbance consisting of transverse vibrations is propagated outwards
in all directions from the centre ; and in consequence of the syin-

metry the direction of vibration in any ray lies in the plane contain-

ing the ray and the axis of symmetry ; that is to say, the direction

of vibration in the scattered or refracted ray makes with the direc-

tion in the incident or primary ray the least possible angle. The
symmetry also requires that the intensity of the scattered light

should vanish for the ray which would be propagated along the axis.

For there is nothing to distinguish one direction transverse to the

ray from another. Suppose for distinctness of statement that the

primary ray is vertical, and that the plane of vibration is that of

the meridian. The intensity of the light scattered by a small

particle is constant, and a maximum for rays which lie in the ver-

2s



626 PHYSICAL OPTICS

tical plane running east and west, while there is no scattered ray

along the north and south line. If the primary ray is unpolarized,

the light scattered north and south is entirely due to that compo-
nent which vibrates east and west, and is therefore perfectly

polarized, the direction of its vibration being also east and west.

Similarly any other ray scattered horizontally is perfectly polarized,

and the vibration is performed in the horizontal plane. In other

directions the polarization becomes less and less complete as we
approach the vertical."

What actually occurs as a physical process, that is, the exact

manner in which the particles load the ether, is not definitely

stated. We shall have no difficulty in remembering that the direc-

tion of vibration of the light scattered in a direction perpendicular

to the incident beam, is the direction in which no light is scattered

when the incident beam is plane-polarized, if we imagine the obstacle

actually set in vibration. Transverse waves would then not be

given off in the direction in which the vibration takes place, i.e.

in the direction parallel to the vibrations of the incident light.

But it is inconceivable that particles as small even as the molecules

are actually thrown into vibration as rapid as those of light. We
may imagine if we like that the contained electrons are set into

vibration as a whole, i.e. that the centre of gravity of the system

is periodically displaced by the electric forces in the light-waves.

This would be equivalent to " loading the ether," and though

it may not be a correct conception, serves perhaps as something

tangible to fix the mind on. This conception neglects everything

analogous to dispersion, the free periods of the electrons not being

considered, and forces of restitution being neglected. We are

merely concerned with the inertia of the system as a whole, which
we conceive as having no free period of vibration.

The intensity of the scattered light as a function of the wave-
length, for obstacles of fixed size, small in comparison to \, was
calculated by Lord Rayleigh (Phil. Mag., xU., pp. 107-120, 274-

279, 1871).

Let i be the ratio of the ampUtude of the incident to that of the

scattered light, and T the volume of the disturbing particle. If r is

the distance from the particle of a given point, the value of i at this

T
point is shown to be proportional to —- , i.e. the amplitude varies

inversely as the square, and the intensity inversely as the fourth

power of the wave-length.

Observations were made of the distribution of energy in the spec-

trum of the light of the blue sky by comparing its spectrum with the

spectrum of direct sunlight, diffused by white paper. These values

were compared with values calculated on the assumption that the

intensity of the scattered light (i.e. blue-sky light) varied as — •

A.

The two sets of values are given in the following table for four of the

Fraunhofer lines

:





I
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mission being of a beautiful blue, much richer than anything that
can be seen in the earlier stages. This is the moment to examine
whether there is a more complete polarization in a direction some-
what more oblique, and it is found that with 6 positive {i.e. towards
the source) there is in fact an oblique direction of more complete
polarization, while with 6 negative the polarization is less perfect

than in the perpendicular direction itself."

The mathematical treatment of the subject is too long to be given
in detail, and as an abbreviated treatment is unsatisfactory it is

omitted entirely. Reference should be made to the original papers.

In one of his more recent papers Lord Rayleigh has shown that the
blue light of the sky can be regarded as caused by the scattering

power of the air molecules themselves, in the absence of any sus-

pended particles.

Abnormal Polarization and Color of Light scattered by Small Ab-
sorbing Particles. — The light scattered by clouds of smoke or very
finely divided precipitates in transparent liquids is usually plane
polarized to a greater or less degree, as we have just seen, the
plane of the vibration being vertical, i.e. perpendicular to the direc-

tion of the incident ray.

In the course of some experiments by the author on the fluores-

cence of iodine vapor, the precipitation of what appeared to be an
iodine fog in one of the glass bulbs was observed. This fog scattered

powerfully light of a deep red color, and on examining it with a
Nicol prism it was found to be plane-polarized in a direction at right

angles to that which is usually observed in the case of light scattered

by small particles. AVhen a powerful beam of light was sent through
the bulb in a horizontal direction, the scattered light came off at

right angles, with its direction of vibration (electric vector) horizon-

tal instead of vertical. If the light was polarized before it entered

the bulb, the light was scattered laterally in the directions of the

vibration in the incident light. The phenomenon was first observed

in a bulb containing a small flake of iodine, and air at atmospheric
pressure, cooled by immersion in a beaker of water to which ice had
been added. The best method of producing the colored fog is to

precipitate the iodine upon a smoke-cloud already existing in the

bulb. If iodine is vaporized in a bulb and then cooled, it crj^stallizes

either upon the walls, or in the form of floating spiculse, too large

to show the scattering effects. If, however, the bulb is filled with a
light smoke and the iodine vaporized, on cooling each smoke par-

ticle forms a nucleus upon which the iodine crystallizes. The smoke
which appeared best was that from hot sealing-wax. Tobacco-
smoke did not work avcII, and it seems probal)le that the smoke
particles must be transparent. The best plan appears to be to

introduce a bit of sealing-wax the size of a pin-head, and a similar

speck of iodine, into a small glass bulb, and then heat them both
with a very small flame. It is a good plan to support \\\v bulb in a
clamj)-stand in a dark room and focus sun- or arc-light at its centre.

The red fog persists for some time, once it is formed. When at its

best, its scattering power is so great that a reddish color is seen

within the bulb at a distance of a metre from the arc without any
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concentration. Examined by transmitted light in a well-lighted

room, no trace of color is to be seen, which proves that the red

light is selectively scattered, and not produced by the absorption of

iodine vapor. With the concentrated beam from the arc the scat-

tered light is blood-red and of great intensity. A Nicol placed with
its long diagonal horizontal, nearly, but not quite, extinguishes it.

It seemed probable that the polarization might be produced by
refraction of the light within the small particles. The light which is

given off at right angles to the direction of the incident beam is in

part reflected, of course. This portion is uncolored, and polarized

with its vibration perpendicular to the direction of the incident

rays. Another portion of light may reach the eye after two re-

fractions and one internal reflection, and this portion will be col-

ored, and oppositely polarized. We are of course considering the

particles as partially transparent, and of such size as to permit
them to act as the water-drops in the theory of the rainbow. A
small glass bulb filled with a red liquid can be used to show the phe-
nomenon on a large scale ; if it is placed in a beam of sunlight and
viewed at an angle slightly greater than 90° with the incident rays,

two spots of light will be seen— one uncolored, due to reflection,

the other colored, due to refraction ; and examination with a Nicol
shows that they are more or less completely polarized in opposite

directions. Attempts were made to obtain fogs of other strongly

absorbing media. Precipitation of the aniline dyes was tried, with-

out much success, however. Nitroso-dimethyl aniline, a substance
which has proved of interest in connection with many optical prob-
lems, was found to give excellent results. A few grains are placed

in the bottom of a large test-tube, and heated with a small flame.

A yellow fog at once forms in the tube, which exhibits the same
phenomena shown by the iodine fog. Examined with a Nicol with
its short diagonal horizontal, the scattered light is yellowish green

and very bright ; if the Nicol is turned through a right angle the

scattered light is white and much fainter. The nitroso absorbs the

blue end of the spectrum. The fog is best examined through the

open mouth of the tube, the arc-light being focussed at the centre.

Under certain conditions, these nitroso fogs showed brilliant colors

which were not due to absorption. If the test-tube is fastened at

an angle of 4.5° in a clamp-stand, and the light focussed about an
inch below the open mouth, the fog will be found to whirl about in

a vortex ; and if it is examined with a Nicol, the stream lines will

often be found to show brilliant colors. One stream wall be bright

red and the adjacent stream deep green, and the colors appear to

change to their complementary tints when the Nicol is rotated

through 90° ; though it is difficult to be sure of this effect, owing to

the rapid changes which take place in the distribution of the

colors.

These changes reminded me of the curious effects observed with
thin films of collodion deposited on silver surfaces described pre-

viously. When a powerful beam of unpolarized white light is

concentrated normally upon the film, and the light scattered at

grazing emission is examined with a Nicol, it is found that one-half



630 PHYSICAL OPTICS

of the visible spectrum is polarized vertically, i.e. parallel to the

surface, the other half horizontally.

The diameter of the particles in the nitroso fogs averaged about
.003 mm., as was determined by inverting the tube over a glass

plate, allowing the particles to settle, and examining the deposit

with a microscope. The particles are much larger than the ones
treated by Lord Rayleigh, which are too small to regularly refract

or reflect the incident light, and which operate in a wholly different

manner.
Somewhat similar clouds can be formed by shaking up some of

the finely powdered aniline dyes in a test-tube, the finest particles

remaining suspended in the air. Soluble Prussian blue makes a
good cloud, the scattered light being deep blue when examined
with a Nicol with its short diagonal parallel to the incident rays,

and white under the reversed conditions. The polarization effects

are not as marked, however.
Scattering of Light by Metal Spheres. — The case where light is

scattered by metal spheres, small in comparison to the wave-length,

has been treated theoretically by J. J. Thomson (Recent Researches,

p. 437). He finds that the scattered light produced by the inci-

dence of plane-polarized light vanishes in the plane through the cen-

tre, at right angles to the magnetic induction in the incident wave
along a line making an angle of 120° with the radius to the point at

which the wave first strikes the sphere, and it does not vanish in any
direction other than this. The direction in which the scattered light

is plane-polarized will thus be inclined at an angle of 120° to the direc-

tion of the incident light. It is thus seen that the law is quite dif-

ferent from that which holds in the case of non-conducting particles,

when the scattered light vanishes at all points in a plane normal
to the magnetic induction, where the radius vector makes an angle

of 90° with the direction of the incident light. When the light is

scattered by a conducting sphere, the points of complete polarization

are on the surface of the cone, whose axis coincides with the direc-

tion of propagation of the incident light, and whose semi-vertical

angle is 120°.

Optical Resonance. Electrical Resonance. — In the chapter on
Dispersion we have seen that the velocity of waves in dispersing

media is modified by the presence of charged electrons, which have
definite periods of vibrations, and which are thrown into oscillation

by the periodic electric forces of the light-waves.

We have an analogy in the case of electro-magnetic waves, which
differ from light-waves only in the comparative slowness of the
period. Oscillatory electrical disturbances are set up in strips of

metal of suitable dimensions by the passage of Hertzian waves, and
we shall see presently that the velocity of the waves will be changed
if the metal strips or resonators are sufficiently numerous. The
maximum resonance effect will occur when the natural period of

the resonator agrees with that of the wave. Garbasso (Atti. Ace. di

Torino, 28, 1893) found that a system of tin-foil strips was much
more opaque to the radiation of a Hertz oscillator when the period

of the latter agreed with the natural period of the electrical vibration
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in the tin-foil strips. The greater part of the incident energy was
reflected, the phenomenon being the electrical analogue of surface

color.

Garbasso and Aschkinass (Wied. Ann., 53, p. 534, 1894) sub-
sequently found that if the tin-foil strips were distributed in

space in the form of a prism, the phenomena of dispersion were
exhibited, the electro-magnetic waves being deviated in different

degrees, according to their lengths.

If the resonators were immersed in fluid dielectrics, such as benzol,

ether, or acetone, the free periods were altered and the position of

maximum absorption in the electrical spectrum was shifted towards
the region of longer waves (Aschkinass and Schaefer, Ann. de
Physik., 5, p. 489, 1901). This is analogous to the shift in the
position of the absorption band, which occurs when a dye is dis-

solved in different solvents.

In the above case we are clearly dealing with electrical vibrations

which occur in the metal strips taken as a whole, and not with vibra-

tions going on within the molecule, as is the condition assumed in

the electron theory of dispersion.

The question naturally arises as to whether it is possible to reduce
the dimensions of the metal strips to such a point that their free

periods are of the order of magnitude of the periods of light- or heat-

waves.
Resonance for Heat-waves. — The first attempts in this direction

were made by Rubens and Nichols (Wied. Ann., 60, p. 456, 1897),

who ruled a thin silver film, deposited on glass, into narrow strips,

and then cut the strips into suitable lengths by cross ruling. The
reflecting power of the plates, for the very long heat-waves (Rest-

strahlen) obtained by multiple reflections from fluorite surfaces, was
studied, with the direction of the strips first parallel and then
perpendicular to the direction of the electric vector in the heat-

waves. The width of the strips averaged about 5 fj^, and the lengths

were made equal to 6, 12, 18, and 24 /a, the cross ruling being omitted
in one case, which gave a plate with resonators infinitely long in

comparison with the waves.
In all cases the plates showed a higher reflecting power when the

direction of vibration in the heat-waves (polarized by reflection)

coincided with the long axis of the resonators. The highest reflect-

ing power was exhibited by the plate on which the cross ruling had
been omitted, which suggested the polarizing power of wire gratings

observed by Rubens and Du Bois (Wied. Ann., 49, p. 593, 1893).

The authors were of the opinion that unquestionable evidence of

electrical resonance was shown, which seems highly probable. For
many reasons more conclusive data could be obtained with reso-

nators of smaller dimensions, which would respond to waves cor-

responding to regions of the heat spectrum where there was a
greater abundance of energy, and accordingly a series of experiments
were commenced by Nichols and Hull in collaboration with the

author, which are still in progress. By depositing films of gold

on glass by means of the cathode discharge and ruling under oil

(which prevented the tearing of the film by the diamond), it was
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found possible to rule resonators measuring only 1.6 by 3/x. These
plates were ruled with one of Rowland's machines, and were far

superior in appearance to the earlier plates used by Rubens and
Nichols, which were ruled by hand with a small dividing engine.

Under the microscope the plates appeared almost flawless, the rec-

tangles being sharpl}^ cut even at the corners. Unfortunatelj", how-
ever, no trace of resonance could be found with these plates, which
appears to be due to the excessive thinness of the films, which were
not wholly opaque to light. Rubens has, moreover, pointed out
that, in order to secure sharp resonance, it is necessary that the clear

spaces between the strips should be much wider than the strips, the
reverse being true in the present case. In the course of some
experiments with heat waves of very great wave-length (HO/ia) de-

scribed in the chapter on dispersion theory, the author observed a
curious phenomenon which appears to have a direct bearing upon
electrical resonance. Polished marble, which reflects over 40 per
cent of the radiation, when reduced to an impalpable powder and
pressed into a flat cake with a smooth surface was found to reflect

practically nothing, though the irregularities of the surface were
much too small to account for the absence of specular reflection.

The particles were apparentl}^ so small that the resonance necessary
for selective reflection could no longer take place. Similar results

had previoush" been obtained with films of very finely divided
aniline dyes which showed colors quite different from those ex-

hibited by continuous films. Metal powders were found to behave
in the same wa3^ A film was obtained by shaking reduced copper
in a jar and then allowing the finely divided dust to settle from the
air upon a quartz plate. This film was absolutely opaque for

visible light, yet it transmitted 90 per cent of the long-wave radiation,

and reflected practically nothing. A continuous film of copper of

much less thickness would reflect nearly 100 per cent and be abso-
lutelj' opaque to the radiation. Further experiments showed that
with thinner deposits of the copper powder, with clear spaces be-

tween the grains, resonance occurred somewhere between I/a and
10/>(.. The subject has not however been very thoroughly investi-

gated at the present time, but the field appears promising.
Polarizing Action of Gratings.— Closely related to the phenom-

ena which we have just discussed is the polarizing action which
gratings exert on light. Fizeau {Ann. de Chim. et Phys., (3) , 63, 385,

1861) noticed as early as 1861 that light is partially polarized by
passage through a narrow slit. The same phenomenon was found
by H. Du-Bois (Wied. Ann., 46, 548, 1892) in the case of gratings

made of fine silver wire. In all of these cases the direction of

polarization (i.e. electric vector) of the transmitted light was
parallel to the slit or wires. Fizeau, however, recorded that light

which had passed through an extremely narrow slit less than .1/x

in width was polarized perpendicular to the direction of the slit.

On widening the slit to the dimension of the light-wave .5/u., the

direction of polarization of the transmitted light turned through a
right angle.

Du-Bois and Rubens have (Ber. der Deut. Phys. Gesell., 2, 2, 1904,
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p. 77) investigated the polarizing action of wire gratings for the long
heat-waves reflected from fluorite and rock-salt. They found that
as the wave-length was increased the polarization of the transmitted
light, which was parallel to the wires, increased to a maximum, then
(.liminished, becoming zero for a certain wave-length, after which
further increase in the wave-length was accompanied by a polari-
zation of the transmitted light perpendicular to the wires, which
increased in amount with increasing wave-length. This is in agree-
ment with the investigation of Hertz, who found that a wire grating
was more transparent for electric waves when the direction of the
wires was perpendicular to the direction of the electric vector than
when it was parallel to it. The investigations were confined to the
energy directly transmitted by the grating, i.e. observations were
made of the central image, and not in the diffraction spectra. The
results found with a platinum grating are given in the following
table

:

Wave-length
X
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The Color of Light diffracted by Screens, showing Selective Ab-
sorption.—Some remarkable effects were observed by Gouy(Comptes
Rendus, xcvii., p. 1573, 1884), and more carefully studied by Wien
(Inaug. Diss., Berlin, 1886), of the colored light diffracted into the
region of the shadow by thin sheets of copper, gold, silver, etc.

Wien focussed sunlight upon the highly polished edges of thin
plates of various metals, and observed that light was diffracted far

into the region of the shadow, the edge of the plate appearing
luminous. The color of the light varied in a remarkable manner
with the nature of the metal, appearing red ^\ith copper and gold
screens, orange with silver, yellow and yellow-green with platinum
and tin-foil. The color only appeared when the edge was clean and
quite free from dust; it was complementary to the color most
strongly absorbed by the metal, and polarized with the vibration

perpendicular to the diffracting edge. If the incident Ught was
polarized to start with, the color was only seen when the vibration

was perpendicular to the edge. The phenomenon is evidently re-

lated in some way to resonance, vibrations being set up in the
metal along the edge, which emit energy into the region behind
the screen. In addition to the colored light, Wien found that white
light was also present, and that it could also be cut off by a Nicol
prism, though its plane of polarization appeared to depend upon
the azimuth in which the incident light was polarized, and also

upon the angle of diffraction.

Still more recent observations have been made by F. Braun
(Ann. de Phys., 16, p. 1, 1905), w^ho worked with extremely fine

metal gratings obtained bj' passing the discharge of a large battery of

Leyden jars through platinum or silver wires held in contact with a
glass plate. The metal vaporized by the discharge deposited itself

in the form of fine metal striae perpendicular to the wire. An
examination of these plates between crossed Nicols showed that

certain spots were transparent for light polarized with the electric

vector perpendicular to the direction of the metal strips.

The best results were o])tained with platinum wives .044 of a milli-

metre in diameter, through which the discharge of a battery of

twenty jars (capacity 40,000 cm.) was passed. This phenomenon
had previously been observed by Kundt in metal films obtained by
the cathode discharge from a fine wive, which stood perpendicular

to a glass plate. When observed between crossed Nicols the film

appeared as a brightly illuminated disk, with a dark cross, the
arms of which were parallel to the planes of polarization, the centre

of the cross being always at the point of the conical metal film,

i.e. the point above which the cathode stood. Kundt regarded
the phenomenon as a consequence of the orientation of the metal
particles, and designated it as d()u])le refraction, altliough he
clearly recognized the difficulty of the conception of double re-

fraction in an isotropic metal. Although his films appeared
homogeneous under the microscope, it appears probable, in view
of the more recent investigations, that they were in reality metal
gratings, the elements of which were arranged radially around a
central point.
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Another method of obtaining metal gratings of extreme fineness

was devised by Braun, based upon an observation made by Am-
brown, that thin sections of pine wood stained with chloride of gold
exhibited dichroism. The color of the transmitted light varied with
the direction of the polarization of the incident light. Experiments
were made with sections of various kinds of wood, stained by
immersion in a 2 per cent solution of chloride of gold, followed by
exposure to light, which reduced the metal in the microscopical
cells of the material. The results of the experiments indicated that
the metal was deposited in the form of microscopic strips, the whole
constituting a metal grating of extremely fine structure. It was also

shown by Braun that the absorption of the light by the grating was
greater when the direction of polarization was parallel to the direc-

tion of the metal strips than when perpendicular to them. This was
accomplished by mounting the grating in the bulb of a small air

thermometer, and observing the motion of the fluid index when the
direction of polarization was changed.

Optical Resonance. — The first experiments on optical resonance
were made by Wood (Phil. Mag., April, 1902, October, 1902, August,
1903). It was observed that films of the alkaline metals, deposited
on the inner walls of exhausted glass bulbs, exhibited brilliant colors

which could not be explained by any of the known laws of interference

or diffraction. Examination with the highest powers of the micro-
scope revealed the fact that the deposits were granular, the size of

the metal grains being of the order of magnitude of the light-waves.

It seemed highly probable that the phenomenon was the optical

analogue of the experiment performed by Garbasso with the tin-foil

strips, the metal granules having free periods of electrical vibration
of the order of the periods occurring in the case of visible radiation.

The films are very easily prepared in the following manner :

A number of small bulbs are blown of the form shown in the
figure, and a piece of sodium or potassium is cut up under ligroin

into blocks about 3 mm. on each edge. These are introduced into
the bulbs as quickly as possible after

wiping off the fluid, and the stems of

the bulbs drawn down to a small
bore for subsequent sealing.

They are quickly fastened to

the branched tube and exhausted.

It is a good plan to heat the metal
until it fuses, while the bulb is still

on the pump ; the whole bulb may be
warmed by a Bunsen flame to drive

off absorbed air. If the exhaustion
is carried down to the point where the

mercury begins to hammer, it is

generally sufficient. The bulbs are Fig. 375.

now sealed off from the pump, and
may be put away for future use, or experimented with at once. A
burner should be made by drawing out a glass tube, which will give

a pointed flame about half a centimetre high, and the tip of the flame
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allowed to play against the spot on the bulb where the metal lies

(Fig. 375, a). Sometimes the whole bulb will suddenly flash a deep
violet or blue, and sometimes the film will develop more slowly.

A chain of three or four bulbs may be made, the sodium heated in

one, and the clean molten metal shaken into the others, drops of

various sizes sticking to the bulbs. Colored films can then be
formed by heating these clean drops in the bulbs. This shows that
the oxide present in the first lump has nothing to do with the pro-

duction of the color.

If the metal is heated at one end of a rather long tapering bulb,

the color is most intense near the metal and gradually fades away to

nothing at the other end of the bulb. If the bulb is placed in strong

sunlight with a black background, it is seen that in some places

where the deposit is too slight to show much color by transmission,

the light is scattered or diffused, and this diffused light is colored.

The claret-colored or purple film, where the deposit is slight, scatters

a green light, the surface appearing as if fluorescent. Now the

spectrum of the transmitted light in these purple films has a heavy
absorption-band in the yellow-green, consequently the scattered

light is the complementary color of the transmitted. If the film is

greenish blue, the scattered light is reddish. The microscope
shows that in these deposits, which have the power of scattering

light, the individual particles are rather widely separated, that is,

the distance between them is large in comparison to their diameters.

The appearance of a bulb in strong light is very much as if certain

portions of its interior surface had been painted over with a solution

of fluorescein. No trace of regular reflection is sho^^^^. by these

films, except of course the reflection due to the glass. The particles

are so far apart that they apparently act as independent sources,

the interference necessary for rectilinear propagation not being
present. If the incident light is polarized, the fluorescent light (as

we may call it for convenience) is also polarized, which is not the

case for ordinary diffuse reflection. On the resonance theory, we
may regard this fluorescent light as the energy radiated from the
resonators, as a result of their forced vibrations. Passing now to a
part of the film where the color of the transmitted light is deeper, we
find that there is no longer an}^ trace of this fluorescent light. The
color absent in the transmitted light is now regularly reflected, the
particles being so close together that interference, as imagined by
Huygens, takes place.

It appears as if the case was very similar to the hypothetical one
considered l)y Planck in his paper on absorption, which has been
already alluded to. It will be remembered that Planck considers the
energy stopped by his resonators as reemitted by them, either as

diffused light or regularly reflected light, the diffusion and reflection

being of course selective. This seems to be precisely what occurs
in the present instance, the particles diffusing or reflecting regularly

according to their proximity.
On portions of the l)ulb close to the heated spot, the metal is

deposited in granules too large to show resoiiance colors, a silky

lustre b(Mug exhibited by reflected light. This is oln'iously the ordi-

nary diffusion or diffraction produced by small particles.
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Efifect of Changing the Surrounding Medium. — It has been
shown by Aschkinass and Schaefer that the length of electro-

magnetic waves to which a system of resonators respond is increased

by immersing the resonator system in a medium of high dielectric

constant. The same phenomenon occurs in the case of the sodium
and potassium films. The bulbs usually contain traces of hydro-
carbon vapor, which can be condensed upon the inner wall by touch-

ing a spot on the outside with a piece of ice. It is a good plan to

moisten the bit of metal with a little ligroin before its introduction

into the bulb. The color changes are most remarkable. Pink
and purple films become blue, while pale apple-green films change
to a deep blue-violet, as deep as dense cobalt glass. Blue films

often became perfectly transparent, the absorption-band, originally

in the red, moving out of the visible spectrum entirely. Spectro-

scopic examination showed that the immersion of the resonators in

the liquid dielectric caused the absorption-band to move towards
the region of longer wave-lengths, as it should do according to

theory.

Changes produced by Oxidation. — If the tip of one of the bulbs

is cut oE, the entrance of the air causes the colored film to vanish

like a flash. In some instances a momentary change of color was
noticed before the film disappeared. To lengthen the process the

expedient was adopted of drawing the end of the bulb out into a

long fine capillary, with a bore less than one one-hundredth of a

millimetre. In this bulb a film of a deep pink color was formed,

and on cutting off the tip of the capillary the color changed to blue,

and the film vanished almost immediately. The small amount of

air necessary to efface the films is indicated by the fact that at the

end of an hour there was still a fairly good vacuum in the bulb, not-

withstanding the fact that the end of the capillary had been open all

the while. If the process of oxidation be made very slow, by em-
ploying a very long capillary, and the process watched under the

microscope, the black particles slowly become dim, and finally fade

away. The microscope merely shows us the diffraction-disk due
to the opaque particle. This becomes dimmer as the size of the

particle is reduced, without any apparent change of size. Examina-
tion with the spectroscope shows us that, during the process of

oxidation, the absorption-band sometimes moves out of the spectrum
through the red end, and sometimes merely fades away without

any motion.

Colors of Granular Films of Gold and Silver. — To ascertain

whether the color effects were common to all metals in a state of

fine subdivision, experiments were made with gold and silver, the

former obtained by electrical discharges in high vacua from a gold

cathode, the latter by employing Carey Lea's solution of allotropic

silver.

The color of the gold deposit varies with the conditions under
which the deposition takes place. Gold cathodes of two forms were
employed, a flat plate about 3 cms. square, and a thick wire,

screening off the radiation from all but the tip with a mica screen.

The most interesting deposits were obtained from the small source.
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In one instance the film showed a brilliant green surface color,

resembling fuchsine, the transmitted light having a purple tint.

Owing to the transparency of the film a good deal of white light is

mixed with the selectively reflected light ; this can be cut off with
a Nicol, if the reflection takes place at the polarizing angle for glass,

and the colored light from the film, which is unpolarized, then
appears in great purity. One plate showed patches of brilliant car-

mine red, deep blue, and green, of a surprising intensity and satura-

tion. The color of the selectively reflected light depended some-
what on the angle of incidence, a phenomenon observed also in the
case of the sodium and potassium films. Increasing the angle of

incidence changed the color from green to blue ; the period of

vibration of the resonator system appears therefore to be less when
the angle of incidence is large.

If the glass plate is placed near the tip of the gold wire, the green
deposit, similar to gold leaf in its optical properties, is deposited at

the centre. The color of the green film is probably due to the same
causes which operate in the case of gold leaf, i.e. to molecular reso-

nance. These fihns are not granular, the metal vapor not condensing
into drops before reaching the glass. Surrounding this is a film

appearing light yellow by transmitted light, and bluish by reflected

light. This seems to be what we should expect, for the smallest

particles, which will resonate for blue light, will be deposited when
the distance from the cathode is a little greater than that at which
the molecular deposit occurs. Increasing the distance, we get
larger particles, and the point of maximum resonance moves up into

the green, giving us a purple film with green surface color. At
a still greater distance we get particles large enough to resonate for

red, and the film appears deep blue by transmitted light. All of

these variously colored films can be changed into the green structure-

less film by heating. We may regard the change as due to the fusing

together of the resonators. Silver films showing brilliant colors

can be prepared by employing a solution of so-called allotropic

silver described by Lea. Three solutions are prepared : a 30-per-

cent one of ferrous sulphate, a 40-per-cent one of sodium citrate,

and a 10-per-cent one of silver nitrate. Fourteen c.c. of the citrate

solution are mixed with 10 c.c. of the ferrous sulphate solution,

to which are then added 10 c.c. of the silver nitrate solution. A
dense black precipitate at once forms, and the whole is at once poured
into a filter. As soon as the liquid has entirely run through, the
precipitate is washed with 10 c.c. {yiot more) of distilled water.

This removes the salts which make the precipitate insoluble. After
the water has entirely passed through the filter, about 25 c.c. of

distilled water are poured into the filter, and the blood-red solution

which runs through collected. As it does not keep very well, it is

best to prepare it on the day on which it is to be used.

A sheet of glass is washed clean, rinsed with fresh water, and the
wet surface rubbed over with some shreds of gelatine. It is then
drained for a few seconds and dried on a hot plate. A little of the
silver solution is flowed over it, the surplus being drained off. If

too much gelatine has been used, precipitation is apt to take place,
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the deposit taking the form of floating shreds of a reddish membrane.
If no considerable precipitation occurs, the plate, which should have
been quite warm when flowed, is placed once more on the hot plate

until dr}'. The films formed in this way are usually deep red in

color, though sometimes patches of deep violet form, with sharply

defined edges. Violet patches may be easily formed in the follow-

ing way : When the plate is about half dry, with a steaming film

and a few small pools of the hot solution, it is removed from the hot

plate, held at an angle, and treated with a few drops of alcohol,

which are allowed to run down across the still damp portion of the

plate. These portions speedily dry into a most gorgeous mosaic
of red, pmple, and violet patches, the experiment being especially

striking in the lantern, as it occupies but a few seconds, and the

color-display spreads over the plate like the blaze of a sunset.

Any desired depth of color can be obtained with these films by
merely allowing more or less of the solution to remain on the plate.

Some are of such a deep red that they are almost opaque, a gas-flame

being barely visible through them. The light which does get

through is regularly transmitted, that is, the films are not turbid

media. The spectroscope shows that the absorption band is wider

and less sharply defined than is the case with some of the purple

potassium films, which have a rather narrow and very black band in

the yellowish green. This can be explained by assuming that there

is not a great regularity in the size of the particles, and consequently

less sharp selective resonance. These films are transparent to the

entire ultra-violet region, even down to the last cadmium lines, of

wave-length 22 or thereabouts.

Anomalous Dispersion of the Films.— Prisms were made by the

evaporation of the silver solution between a plate of glass and a

piece of glass tubing, the method being similar to the one employed
by Pfliiger in the preparation of cyanine and fuchsine prisms. If

the colors are due to resonance, anomalous dispersion should be
observed in crossing the absorption-band, which in the case of the

silver films occurs in the green.

This was found to be the case, the prisms deviating red light in a

measurable degree, though transmitting blue light without sensible

deviation. It is highly probable that a similar phenomenon would
be shown by the sodium and potassium films, though these have
not been investigated up to the present time owing to the experi-

mental difficulties involved.

The Scattering of Light by Sodium and Potassium Fogs. — Allu-

sion has been made to the deep violet light scattered by a condens-

ing cloud of sodium vapor. The author has frequently observed
that the color of the light transmitted through the sodium tubes,

in the experiments upon the optical properties of the vapor, was
colored a deep yellow instead of blue, as is usually the case. It was
difficult to understand this at first, since the vapor is perfectly

transparent to blue light, and somewhat less so to yellow-green

light. The cause was finally found to be a scattering of the violet

and blue rays by the fog of condensing vapor, which was so powerful
that none of these rays was transmitted. The phenomenon was
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investigated further with the large tube used in the experiments
on fluorescence, some potassium being introduced into the retort.

The light from the arc was focussed about 20 cms. in front of the

retort and the tube powerfully and rapidly heated by a blast lamp.
Under this condition the vapor is puffed out in clouds from the
aperture of the retort, and the condensing clouds are most wonder-
full}' colored, red and orange predominating. It was found that

if the heating was carefully regulated, a steady state could be main-
tained in which the fog scattered red light at the outer boundary,
where the cone of rays entered it, yellow a little farther in, and green
at the point where it was first forming and where the cone of rays

passed out into the vapor in which it was of course invisible. The
cone of rays seen from the side, w'hich can be accomplished by look-

ing in at the edge of the glass window, resembled a spectrum, the
blue end of which was wanting. A potassium fog thus scatters

longer waves than a sodium fog, and the scattering power is con-

fined to a comparatively narrow region of the spectrum, which
apparentlj^ varies with the size of the particles in the fog. It is

probable that we are deahng with something analogous to the phe-
nomenon exhibited by the granular deposits of these metals already

described. Further investigations along these lines should be
made, especially with polarized light. A large brass tube without
a retort, or even a glass tube, could be used.

Colors of Lippmann Photographic Plates. — An exhaustive study
has been made by Kirchner (Ann. der Physik, 13, p. 239, 1904) of

the colors exhibited in transmitted light by Lippmann plates.

These plates, after development, appear reddish brown, green, or

blue, according to the developer used. The color phenomena have
nothing to do with the presence of silver laminae, which are chiefly

responsible for the colors seen in reflected light in Lippmann 's color

photographs, for they are equally pronounced in the case of plates

immersed in benzol during their exposure to light. Standing waves
and the formation of the laminae are of course out of the question

in such a case.

Kirchner came to the conclusion that the color was due to the

resonance of the minute silver aggregates reduced in the film by the

action of the developer. In ordinary photographic plates these are

too large to serve as resonators for visible radiations, and the plates

appear black in consequence, the light being stopped by the opaque
masses.

The position of the absorption-band was found by Kirchner

to shift when the dry films were moistened, the band moving
towards the blue. This is in accordance with theory, for the refrac-

tive index of wet gelatine is much less than that of dry. The dis-

persion of the colored films was also investigated and found to be

anomalous. The refractive indices for the various wave-lengths

are given in the table on opposite page.

The absorption-band begins in the red and ext(Muls to the blue,

increasing in intensity. There is a decrease* in the values of ji, as the

observations are pushed into the band, which is in accordance with

theory, and the maximum value of n is found on the red side of the
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Dispersion of Reddish Brown Silver Film

A
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Garnett shows that the colors of the glasses can be accounted for

by the presence of the small metal spheres, and explains a number
of very curious effects observed by Siedentopf and Szigmondy,

some of which we will now consider.

Polarization Effects of Ultra-Microscopic Particles. — Some very

curious and interesting effects were observed by Siedentopf and

Szigmondy in the case of gold particles when the illuminating beam
was plane-polarized. If the plane of the vibration was perpendicu-

lar to the plane containing the illuminating ray and the microscope,

the little diffraction disks appeared everj^'here in the field, and

were of uniform illumination. The scattered light was polarized

in the same plane as the incident. This condition is shown at a

(Fig. 377). The field of the

microscope is represented by
the large circle, and the direc-

tion of vibration of the scat-

tered light by the arrows.

The appearance of the diffrac-

tion disks is show^i below. If.

however, the incident light

%abrated parallel to the above
defined plane, the particles

scattered no light in the

vertical direction, and the

diffraction disks were formed
by the oljlique rays gathered

in by the objective. In this

case each diffraction disk aj:)-

peared with a black spot at

its centre as sho\^^l. More-
over, since the light scattered

in any given direction b\' the

particles comes to a focus at a

given point in the second focal

plane of the microscope, a

black spot will be found at the

centre of this plane. This con-

dition is shown at h. If the incident vi])rationis inclined at 45°, the

spot appears on the sides of the dift'raction disks, and there is a

dark region on one side of the second focal plane as in c. The direc-

tion of the vibration at the second focal plane is indicated in each

case by the double-headed arrows in the large circles.

The explanation of these appearances was not given by Sieden-

topf and Szigmondy, but Garnett discusses them very fully in the

paper referred to. Another very remarkal)le effect observed was the

splitting of each diffraction disk into a pair, when the gold j^articles

were not smaller than 1 /*. One of the di.sks was rotldish, the other

yellow-green, and they were all oriented in the same way. showing

that the effect was one of diffraction, and not due to any actual dual

structure of the minute particles. No exjilanation of this curious

phenomenon has been given, but it is proljably relatetl in some way

Fig. 377.
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to the (.liffraction of colored light (red) by thin plates of gold ob-
served by Wien.
The effects described indicate that the gold particles must be

spherical, for oblong particles would not completely polarize the
scattered light (as Lord Rayleigh has shown in his papers dealing
with the polarization of the light of the sky), and we should not
observe the dark spot in the diffraction disks, or the dark region in

the second focal plane of the microscope.

We will now consider the effects of these small gold spheres upon
the color of the transmitted light. The subject has been very fully

discussed by Garnett, who has investigated it from the standpoint
of the electro-magnetic theory. His treatment is much too long to
give in full, but we can examine to advantage the general method of

attack and some of the conclusions.

Let light of wave-length X fall on a metal sphere of radius a,

refractive index n, and absorption coefficient k. Further, let

N = n{l-7K)^^'e',

c' being the complex dielectric constant.

This case has been considered by Lord Rayleigh (Phil. Mag.,
xliv., p. 28, 1897), who showed that the sphere excited by a pe-
riodic electric force Eo emits the waves which would be emitted
by a Hertzian doublet, which at time t was of moment equal to

If there are a large number of spheres in close proximity, the elec-

tric force exciting each one will be E', i.e. the force Eo, together with
forces due to the neighboring doublets. This force E' causes the
polarization

f(t)^a''''^'^E'.
''^ 7V2+2

If the average moment of a doublet hef{t), and there are n doub-
lets per unit volume, the polarization of the medium will be f(t) =
nfit).

By means of analyses by Lorentz and by Larmor it can be proved
that

provided the doublets are distributed through a space large in com-
parison to the wave-length.

This gives us
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By substitution of these units in Maxwell's equation, the complex
dielectric constant of the medium containing the spheres is found to

be

e' = l
N^— 11-D-

in which D is written for -^na^, denoting the volume of the metal
o

per unit volume of the medium. This is for spheres in vacuo : in

glass of refractive index /x the equation becomes

1-D— ^
iV2_|_2 ^2

The optical constants of the medium n' and k' thus depend only on
D, the relative volume of the metal, and not on the size of the

spheres, restricting them, however, to sizes small in comparison to

X. By reducing the above equation and substituting in it the values

for N and /*, the absorption coefficient can be found for any given

value of Z>.

Now D varies with the nature of the glass. The gold glass as

first prepared is colorless, becoming red on reheating, the process

causing the metal spheres to form within the body of the glass.
" Excretion of the metal " Garnett calls it. Colorless gold glass

turned red on exposure to the emanation of radium, and it is probable
that the blue color of X-ray tubes, and tubes which have contained

radium, is due to the excretion of metallic potassium or sodium by
the radiation. Sir William Ramsay exposed glass containing silver

to radium rays and found that it turned yellow. Quartz glass is

not colored, as no metal is present.

Elster and Geitel (Wied. Ann., 59, p. 487, 1896) found that

salts of the alkaline metals, colored by the action of cathode raj^s,

exhibited photo-electric properties, which suggested the presence

of free metal ; this supports the view held regarding the coloration of

glasses by X-rays and radium rays.

Garnett took the values of N calculated from Drudc's tables of

the optical constants of the metals, and the values of D calculated

from the total gold content of the glass, and the observations of

Sicdentopf and Szigmondy, and showed that the medium should be
much more transparent for red than for y(41ow light.

Values of n and k for green and l)lue light not being available, the

best that could be done was to infer that, since yellow is less freely

transmitted than red, the medium is still more opaque to green and
blue.

Garnett next develops an expression for the intensity of the
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scattered light, and finds that the amplitude at any point of the
light emitted from a sphere is proportional to

W-fj?
7V2+2 fx? A2

The A.2 in the denominator indicates that the scattered intensity
increases with the inverse 4th power of the wave-length, but that it

is also dependent on A^, i.e. on the optical constants of the metal.
Calculations showed that yellow light would be scattered more

powerfully than red, from which it was inferred that green would be
still more powerfully scattered, which is in agreement with the
observations of Siedentopf and Szigniondy.

Certain types of gold glass scattered a muddy red light, however.
In this case the particles are probably so large that they reflect light

in the ordinary sense, and, as we know, gold reflects red light in

greater excess than any of the other colors.

In an appendix to the paper, the transmission of gold and silver

glass has been calculated for red, yellow, green, and blue light, from
values of n and k given by Rubens. The colors, in the order of the

degree in which they were transmitted, were found to he : for gold
glass, — red, yellow, blue, green ; for silver glass, — yellow, red,

green, blue. Certain gold glasses appear blue by transmitted light,

and it appears probable that large particles (diameter >.0001), by
reflecting out the red and orange, give the glass a blue color.

Colors of Granular Metallic Films. — In the second part of the

paper above referred to, Garnett examines the conditions which hold

in cases where the metallic granules are deposited in thin films.

The equations already given Mere developed on the assumption of a

uniform polarization in the medium, which is only the case when the

spheres are distributed in three dimensions. For a two-dimensional

distribution, in the xy plane, it is shown that the complex dielectric

constant in the direction of the xy axes is the same as for the medium
in bulk, whereas the constant in the direction of the z axis may be

quite different. If this were the case the film would behave like a

doubly refracting substance, the " optic axis " being perpendicular

to the film.

It is found that for films of thickness greater than | of A the ab-

sorption is governed by uk, while in the case of films less than nK^X it

is governed by w-k. Curves are given showing how the absorption

depends on D, the volume of metal per unit volume of the medium.
The values of uk, or n^^, are plotted as ordinates, and the values of D
as abscissae. In the case of a non-granular film of solid metal it is

evident that D=\.
Garnett was able to explain all of the effects observed by Wood in

the case of the sodium and potassium films deposited in exhausted

bulbs, at least all of the effects which fell within the scope of his

equations. The curves for a potassium sodium amalgam are given

in Figs. 378, 379, and show how the absorption depends on the value

of D. The upper curve represents the condition for a thick film.

For D=\, i.e. solid metal, the absorption is strongest for red and
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weakest for blue. For D= .5, that is, for a film with equal volumes
of metal and empty spaces, the absorption is strongest for yellow.

while for Z)=.3 the blue is practicall}^ the only color absorbed.

For thin films we find that for D=.b the yellow is very powerfully

"-
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absorbed, which agrees with Wood's observation that when the con-
ditions were such as to cause an absorption-band in the yellow, the
band was much blacker and narrower than when it occurred in some
other i)art of the spectrum.
The graphs for gold indicated that for Z) = 1 the color in the case

of very thin films of gold leaf should be blue. This was the color

observed by Mr. Beilby in the case of the thinnest leaf which could
be procured. For thick films the graphs showed that the color of

the transmitted light should be green. Many very curious and in-

teresting changes, observed by Mr. Beilby (Proc. Roy. Soc, 72, p.

226), in the colors of thin gold films, produced by heating and
amiealing, are discussed and explained by Garnett, whose paper is

by far the best on the optical properties of metallic films which has
appeared up to the present time.

It appears that the theory of optical resonance can be regarded
as in a measure confirmed by these investigations, though the phe-
nomenon is very much more complicated than in the case of large

resonators and electro-magnetic waves. The optical constants of

the metal enter as a factor, and for very small particles at least the
absorption depends not on their size, but on the total bulk of metal
in unit volume.

It is probable that very definite and more easily interpreted re-

sults can be obtained by experimenting with very long heat-waves,
either with cross-ruled films of metal or fine metal powders, along
the lines indicated on page 632.



CHAPTER XXIII

THE NATURE OF WHITE LIGHT

Previous to Newton's classic experiments on the decomposition
of white hght by a prism, it had been supposed that every refraction

of hght actuall}' produced color, that is, the color was produced
within the dispersing piece. Newton's experiments apparently
showed, however, that the colors were actually present in the
original light, the function of the prism being mereh' to separate
them. At the present time, however, the view most generally held
resembles in some respects the idea which prevailed previous to the
time of Newton. Colored light implies a greater or less amount of

regularity in the sequence of the waves. If a grating or prism yields

us light which the eye is unable to distinguish from the light of the
sodium flame, it is pretty certain that the luminous impulses are
following one another at approximately the same intervals, as in the
case of the radiation from the sodium molecule. The question now
is, " Were these regular wave-trains present originally in the white
light, or have thej^ been manufactured b}' the grating? " If the
former is true, how are we to regard a vibration which is made up of

an infinite number of regular trains of waves, each, however, of

different wave-length ? Obviousl}' the motion of the ether must
be regarded as the resultant of all the component trains, and the
regularity of sequence, as we usuall}" understand it. would disappear
wholly in wave-motion of this nature.

If, however, the regular wave-trains, or colored rays, are manu-
factured by the prism, we very naturally ask whether Newton's
discovery was really a discover}^ after all.

The problem can be attacked both from the experimental and
theoretical standpoint. Let us see first what evidence experiment
furnishes.

Interference fringes were obtained by Fizeau and Foucault with
white light and with a path-difference of some 50,000 wave-lengths.
This experiment has been held, b}- manj^ eminent authorities, to

indicate that the colored components of the white light consist

of regular wave-trains, the vibrations of which take place without
sensible change of phase for at least 50,000 complete periods.

The first to question this conclusion was Gouy (Jourti. de Phijs.,

5, p. 354, 1886), who showed that the experiment of Fizeau and
Foucault showed nothing whatever about the regularity of the vibra-
tions in white light, the number of fringes observable, or the allow-
able path-difference, depending solely upon the resolving power of

the spectroscope used for their detection.

648
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Gouy made use of Fourier's theorem, by which any function /(a;),

between limits x= — c and x=-\-c, may be represented by the sum of

a series involving the sines and cosines of — •

c

/(x) = ao+ai cos — +a2Cos2—+ •••

c c

+61 sin— +62 sin 2^H
c c

If the medium is free from dispersion we can determine the shape
of the resultant disturbance at a point beyond -\-c, if the component
waves are travelling in the positive direction, by substituting a;— yf

for X. If we now add the series we find it equal to f (x— vt), which
shows us that waves of any shape are transmitted in a non-dispersive
medium without change of form. If, however, the medium is dis-

persive, the component waves, each one of which is represented by a
term in the series, travel with different velocities, and the form of the
resultant disturbance changes with the time, i.e. it is not propagated
with its type unchanged.
Gouy showed that the fringes observed by Fizeau and Foucault

could be explained as well on the hypothesis that the original dis-

turbance was a single pulse, or a series of waves of irregular form,
i.e. not sine waves. A pulse or single irregular wave can be repre-

sented by Fourier's theorem, as the resultant of a large number of

sine waves which extend to infinity on either side of the pulse. The
spectroscope will spread this disturbance out into a spectrum, and at

every point of the spectrum we shall have a periodic disturbance.

In other words, the spectroscope will sort out the Fourier components
into periodic trains of waves, just as if these wave-trains were really

present in the incident light. We can perhaps get a clearer idea of the
two theories of white light in the

following way : Suppose our source

of light to consist of a number of

electrons vibrating in simple har-

monic motion, but with different

periods. The resultant disturbance

at any point will have an irregular

form, which we can represent by a
curve something like that shown in Fig. 380.

Fig. 380. The regular periodicities

due to the electrons are present in the disturbance, and a prism or

grating will sort them out into a bright line spectrum of simple har-

monic trains, precisely as Fourier's analysis does.

We can, however, consider the same type of disturbance as

given out by a single electron, if it is constrained to vibrate in an
irregular manner, and the spectroscope must necessarily resolve

this disturbance in precisely the same manner as before, since the

disturbances are identical.

Suppose now that our disturbance consists of a single pulse, sucli

as is shown in the lower part of Fig. 380. By Fourier's analysis it
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can be represented as the resultant of a large number of simple
harmonic waves, differing in wave-length bj^ infinitesimal steps, and
with amplitudes suitably distributed. We can think of this dis-

turbance as originated in two different ways : from a group of

continuously vibrating electrons, or from a single electron executing
a half vibration with a motion obeying such a law as to give a
wave-form of the requisite shape. In the first case the component
wave-trains can be regarded as having an actual existence, the
periodicities being actually present both in the source and in the
disturbance. In the second, there is no periodicity at the source,

and consequenth" none in the disturbance. Though this way of

looking at the matter is not quite rigorous, it may help us in getting

a clearer idea of the distinction between the old and new idea
regarding white light. In the last two cases considered, the spectro-

scope "«ill give us a continuous spectrum, in which the intensity at

any point is proportional to the square of the amplitude of the
corresponding wave-length. In the first case this wave was present
in the train, and had a definite origin ; in the second, it can only
be considered present in a mathematical sense.

Gouy's conception of white light was criticised l)y Poincare
(Compt. Rendus, 120, p. 1895), both from a mathematical and
experimental standpoint. Since the Fourier components repre-

senting the disturbance must extend to infinity in both directions,

thej^ ought to appear in the spectroscope not only after the source
of light has been extinguished, but even before the source is lighted,

an obvious absurdity. Poincar? was of the opinion that the experi-

ment of Fizeau and Foucault indicated the presence of a high degree
of regularity in the disturbances constituting white light.

These objections were met by Gouy, and also by Schuster {Compt.
Rend., 120, pp. 915, 987), who had arrived at conclusions similar

to those held by Gouy. We find the same idea expressed by Lord
Rayleigh in his article on " Wave Theory," MTitten in 1888. " The
light," he says, " may be highly- composite and homogeneity brought
about with the aid of a spectroscope. The analogy is closest if we
use a spectroscope to give us a line of homogeneous light in simple
substitution for the sodium flame (as a source of light producing
interference fringes). Or follo^^'ing Foucault and Fizeau, we may
allow the white light to pass {i.e. enter the interference apparatus),

and subsequently analyze the mixture transmitted by a narrow slit

in the screen upon which the interference bands are thrown. In
either case the number of hands observable is limited sof.ely by the re-

solving power of the spectroscope, and proves nothing with respect

to the regidarity or otherwise of (he vibrations of the original light.'*

He shows further that when achromatic bands are formed by using a
diffraction spectrum as a source, and duplicating it with Lloyd's

mirror, the immber of bands possible is still limited by the resolving

I)ower of the instrument used to form the spectrum.
If we go back to the source of white light and try to picture the

nature of the disturbances there which would be necessary to give

us the two types of radiation which we have discussed, we shall

incline towards the ideas of Gouy and Rayleigh. If the light con-
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tains periodic trains, which are regular over a length of some tliou-

sands of wave-lengths, there must be present in the source electrons

or vibrators of some sort vibrating with all possible periods, other-

wise there would be dark lines in the spectrum corresponding to the
absent frequencies. The smallest particle of solid matter which we
can command, when raised to incandescence, gives us a continuous
spectrum. The visible region of the spectrum, say 7000 to 4000,
comprises 3000 Angstrom units. With the best spectroscopes we
can easily resolve to xV of ^ unit, consequently the continuity of the

spectrum implies that there must be at least 30,000 electrons, no
two of which vibrate in the same period. If the molecules are mov-
ing to and fro, the Doppler effect will of course alter the wave-
length, consequently we can diminish the necessary number some-
what. From what we know about electrons, however, it is difficult

to see how we can have a very large number vibrating regularly in

totally different periods, and we naturally incline towards the idea

that the disturbances in a source of white light are irregular in

character.

Theory of Damped Vibrations. — Another idea was put forward
by Garbasso (Arch. deGenfve, vol. 4, p. 105, 1897), who considered

white light to be the result of a heavily damped vibration, repre-

sented by

/(0=e"'' sinJiL

We have seen that the damping due to radiation is very small, but
collision between the molecules, if frequent enough, may accomplish
the desired result. In gases the time elapsing between molecular
impacts is very large in comparison to the period of the vibration,

and we have long trains of approximately homogeneous waves
thrown off between collisions. In the case of solids and liquids the

conditions are quite different, the molecular excursions being ex-

tremely short.

One way of testing the hypothesis is to develop the expression

representing the damped vibration by Fourier's theorem, and see

whether the intensity distribution in the resulting mathematical
spectrum corresponds with the distribution of energy observed in

the case of incandescent solids. This was done by Carvallo {Compt.

Rend., 130, p. 79, 1900).

/(/) ^ e-« sin ht (for ^ > but /(/) = 0, for t < 0).

Developed by Fourier's theorem.

^w=iJT
hdg

cos
V(g2-/l2._fc2)2_|_4/.2^2

, 2 kg
qt— arc tan ~

q^ — h-— k^_

2'jr
The intensity of a vibration of period — is, according to the for-

q
mula,

h^
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If we put k^ = a%^ and q"= {l-{-a^)h'^u^, the above becomes

1
y=

(l+a2)U-^Y + 4a2

In this form the properties of the function appear. For w= and

u= oo y— 0. It attains its maximum — , for u=l.

Finally, two values of u which are equal but of opposite sign give

us the same intensity. The same is true for equal but opposite

values of the logarithm of the wave-length.

Carvallo then constructed a curve with the intensities as ordinates

and the values of log A as abscissae. The lack of agreement between
this curve and the curve plotted from the observations of the

energy distribution in the spectrum, made by Mouton and by Lang-
ley, indicated that the hypothesis of a damped vibration was inad-

missible. Another objection was raised by Carvallo, who showed
that a grating would yield a band of white light instead of a spectrum
if the incident light consisted merely of damped vibrations.

Gouy (Coinpt. Rend., 130, p. 241) comes to a different conclu-

sion, objecting to the treatment of Carvallo, in that he extended his

analytical treatment from — ooto +co
, a condition which could not l^e

realized in experiment. Limiting the number of disturbances fall-

ing on the grating to a small number n, which must be the case when
the vibrations are heavily damped, he shows that the disturbance at

any point will have the periodicity calculated from the ordinary

laws of the grating, and not, as imagined by Carvallo, the same
periodicity as the original damped vibration.

Carvallo in his reply (C. R., 130, p. 401) proposes an interesting

acoustical experiment to settle the question. Let the source of

light be represented by a large tuning-fork, driven electrically.

The waves from this are to be received by a large concave grating

made of broad slats with open spaces between. As long as the vi-

brations are maintained by the electrical mechanism we should find

points of maximum intensity with silent spaces between, at the

focus of the grating, corresponding to the spectra produced by a
grating when illuminated with monochromatic light. If, however,
the current is suddenly turned off, the viliration is damped, and we
should, if Gouy's hj-pothesis is correct, find a faint sound of varying
pitch all along the region between the points previously occupied hy
the maxima : in other words, a sound spectrum. This effect might
be detected by a Helmholtz resonator placed at the proper point in

the spectrum. If, however, Carvallo's notion is the correct one, the

region between the maxima would still be a region of silence, or at

least only yield a faint sound corrcsj^onding in pitch to the pitch of

the fork.

The experiment would ix' a difficult one to perform on account of

the enormous dimensions of tiie ajiparatus and i\\v difficuity of

protecting the ear from the dii-ect sound of the fork.

Type of the Impulse constituting White Light. — If we regard
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white light as a series of impulses, without regularity, the impulses
caimot be regarded as arbitrary, i.e. of any form, for, as Lord Ray-
Icigh has pointed out, there would in this case be no way of dis-
tinguishing the radiations corresponding to different temperatures.
He considers {Phil. Mag., xxvii., p. 460, 1889) the simplest type
of impulse that could meet all the requirements of the case to be the
one with which we are familiar in the theory of errors, viz. (Fig. 381)

:

-cV

Such an impulse, he remarks, can be considered as the resultant
of a very large number of localized simultaneous impulses, all

aimed at a single point (a:= 0), but liable to deviate from it, owing to
accidental causes. This disturbance he resolves into its elements
by means of Fourier's theorem,
and then finds the energy
carried by each component.
By assuming an infinite number
of these impulses, of the same
form but unequal magnitude,
he obtains probable values of

the partition of the energy Fig. 381.

among the various wave-
lengths, which agreed fairly well with Weber's law, which at the
time best expressed the energy distribution in the spectrum.
Wien's law could be satisfied by an impulse of some other definite

form.

The character of the disturbance is thus fixed by this distribution

of energy in the spectrum, and Wien's law marks the limit of our
knowledge regarding the nature of white light. Planck definitely

states that this will forever mark the limit. Further analysis, he
says, will be based on a reasoning comparable with that involving a •

contradiction of the second law of thermodynamics, in which the

aid of Maxwell's demons was invoked. In the kinetic theory of

gases we are obliged to confine our investigations to the average
effect of molecular impacts, and we must, in dealing with the pres-

ent problem, consider only the average effects of the light disturb-

ances, extending as they do over relatively long intervals of time.

As we shall see presently, the dispersion by prisms and gratings

can be accounted for without assuming the presence in the light of

any periodicity whatever. Up to the present time no experiment
has been devised capable of proving or disproving the presence in

white light of regular wave-trains.

Interference Experiments in the Light of the Pulse Hypothesis. —

•

In the Chapter on Interference we have treated all of the problems by
tacitly assuming the presence of regular wave-trains. We will now
examine a number of cases and see whether the observed effects can
be accounted for on the hypothesis that white light consists of

irregular pulses. Can we, in other words, account for the colored

fringes seen with Fresnel's mirror or two slits, assuming the incident

light to consist of a single pulse?
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Schuster shows, in a long and interesting paper {Phil. Mag., June
1894), that the above question can be answered in the affirmative.

It is easy to see how periodicity can be manufactured by a grating or

prism, but there are a number of cases whicli at first sight may seem
irreconcilable with our hypothesis. If a pulse falls upon a pair of

Fresnel mirrors, we shall have at a specified point in space two pulses,

the interval between them depending upon the position of the

point. If we receive the double disturbance upon the slit of a
spectroscope, the prism or grating draws out each pulse into trains

of periodic waves, and maxima and minima due to the interference

of the two sets of waves appear. But even without the spectroscope

a number of colored fringes can be seen, and it may appear impos-
sible to account for these on the hj^jothesis that we are dealing

merely with a pair of pulses.

Schuster shows that the interference in this case is a phj^siological

effect, due to a peculiarity of the eye. The retinal elements can be
regarded as tuned to the three primary colors, and we are obliged to

consider each element as containing some sort of a vibrating system,
which responds to the light-waves. If the retinal vibration has a
period of its own, which seems probable, since it responds to cer-

tain wave-lengths and not to others, it is not difficult to see how
interference takes place when two pulses strike the element in suc-

cession. The effect on the vibrator will depend on the time elaps-

ing between the two impacts. The first pulse starts the vibration,

and the second increases or annuls it according to the state of the

vibration when the second pulse arrives. The phenomenon is thus
seen to depend upon the fact that a periodic disturbance is set up
in the eye, which lasts until the second pulse arrives. Schuster
explains the fact that the fringes can be photogi'aphed in the same
way, the vibrators in this case being located in the molecules of the
silver salts.

Schuster's explanation may seem a little fanciful at first sight, but
the reasoning is perfectly logical, and the assumptions are not at all

improbable. We have a perfectly analogous case in an experiment
of Hertz with electrical waves, which may be cited in this corujiec-

tion. The analogy is obvious, though it does not appear to have
been noticed.

Hertz found that when his electrical waves were reflected from a
wall, the resonator sparked when placed at certain definite dis-

tances from the wall, while no sparks were observed in intermediate
positions. He drew the erroneous conclusion that he was dealing

with stationary waves, formed by the interference of the direct and
reflected waves. His experiment appeared to indicate that there

was a definite periodicity present in his electrical radiation, just as

the interference fringes observed with Fresnel's mirrors appear to

indicate a certain amount of periodicity in white light.

Other experimenters found, however, that the positions of maxi-
mum sparking de]XMKlcd not at all upon the dimensions of the vi-

brator or source of the radiation, but solely upon the size of the wnre

loop, which served as a resonator, and that the same effects would be
observed if the radiation consisted of a single pulse only. The ex-
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planation of the phenomenon is found in the fact that the vibrations

of the resonator persist for some time, and the intensity of its spark-

ing depends upon the state of its vibration at the moment when the

reflected pulse meets it. At the given point in space the condition

of the vibration of the resonator, when the reflected wave meets it,

will obviously depend upon its period, i.e. upon the size of the wire

loop. The only difference between this case and the optical one is

that in the latter the pulses are travelling in the same direction,

w^hile in the former they are going in opposite directions.

The interference fringes observed by the eye or recorded by the

photographic plate are thus seen to depend upon a resonance phe-
nomenon. If we could explore the field over which the radiation

from the two sources of light is spread, with some instrument not
biassed by resonance, no trace of the fringes should appear. The
smoked strip of the bolometer is such an instrument : it absorbs all

wave-lengihs equally well, and is free from resonance effects, roughly
speaking at least. Now, it is found that

when the bolometer is used to explore "^^

the region, no recurring maxima and "1^

minima are found, the curve having the '^'^

form shown in Fig. 382. There is a
central maximum bordered on each side

by a minimum, beyond which points the

curve is practically level. The occur-

rence of the two minima can be ex-

plained by the distribution of energy in

the spectrum. „ „o^

"The fact," says Schuster, "that
i^io. ^»-.

white light shows any objective interference (as with bolometer)

without the artificial introduction of regularity is due to the prev-

alence of certain wave-lengths over others. Whatever regularity

there is in the light is intimately connected with the distribution

of intensity in the spectrum.
" We cannot help speculating as to the ultimate cause which ren-

ders the regularity of vibration a function of the temperature only,

and independent of the natural periods of the molecules. Perhaps

the solution of the difficulty will be found in the fact that our obser-

vations tell us nothing directly as to the vibrations of the atoms

or molecules. What we observe is the disturbance of the medium,
and the distribution of energy in the spectrum of an incandescent

black body, which is in thermal equilibrium, may indicate a property

of the medium rather than that of matter. That is to say, the mo-
tion of the vibration in the molecule may be perfectly irregular,

but the medium may take up and propagate some vibrations

quicker than others. There are many signs tending to show that

the time is not far distant when, in order to explain the connection

between optical and electrical facts, we must recognize some
structural properties of the medium, and the regularity in the radia-

tion of a black body may be intimately connected with such struc-

tural properties."

Corbino has made the suggestion that the phenomenon of light-
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beats obtained with white light by any of the methods originated by
Righi or by himself is adverse to the hypothesis of Gouy. The dif-

ferent component rays (sinusoidal disturbances) into which a prism
or grating decomposes the complex vibration which constitutes

white light, having a common origin, ought to be capable of inter-

fering with one another, producing beats, that is, beats should be
obtained by uniting two streams of light taken from two adjacent

points of a continuous spectrum. If the light from a narrow white
source is divided into two streams, which are received upon the
slit of a spectroscope, the spectrum is crossed by dark bands. If

now the periods of one of the interfering pencils is altered, say by
means of Righi's revolving Nicol arrangement, the spectrum of this

pencil, according to Gouy's hj^jothesis, is merely slightly displaced

with reference to the spectrum of the other pencil. Each sinu-

soidal train takes the place of its neighbor, so to speak, and should
be capable of interfering with one of equal wave-length in the other

set. The fringes should therefore appear exactly as before, that is,

stationary. If, however, the sinusoidal components do not have a
common origin, i.e. if they originate at the source independently of

one another, each set in the modified pencil can only interfere with
the set in the unmodified pencil which had the same wave-length

before the modification ivas introduced. These two trains now have
different wave-lengths, and should therefore produce beats, or

moving fringes, which is the phenomenon actually observed.

Analysis of White Light by a Grating. — In considering the action

of a diffraction grating when analyzing white light, it will help us

Fig. 383.

to get a clear idea if we bear in mind a well-known acoustical efifect.

If a sudden sharp noise such as is made by clapping the hands to-

gether is reflected from a high flight of steps, the sound comes back
to us as a musical note ; in other words, the steps impress the ele-

ment of periodicity upon the reflected disturbance, each step throw-
ing off an echo-wave. These reflected wavelets reach us in succes-
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sion, owing to the fact that the distance from our ear to the succes-

sive steps increases in arithmetical progression. The formation of

a train of waves by the reflection of the sound-wave from a spark
from a flight of steps is shown in Fig. 383. This is a photograph of

the actual phenomenon, made in the same manner as the photo-
graphs illustrating the reflection of waves from curved surfaces,

which we have studied in the Chapter on Reflection. The grating

acts in the same manner when analyzing white light. This explana-
tion was offered by Young in 1813, but Lord Rayleigh appears to

have been the first to make use of the conception in treating grating

problems. The ruled lines which constitute the grating prevent
the " shadow-producing interference," as imagined by Fresnel to
account for regular reflection, and the secondary wavelets go off in

all directions, instead of uniting to form a regularly reflected wave-
front.

These wavelets or impulses will pass by any given point with a
periodicity depending on the location of the point. In the last

section of the Chapter on Diffraction this action of the grating has,

been explained.

Analysis by a Prism. Origin of Prismatic Colors.—The mech-
anism by which a prism converts an impulsive disturbance into a
periodic one is not quite as obvious as it is in the case of the grating,

where we have a periodic structure.

We can, however, get a clue as to the mode of its action in the
following way

:

As we know, the phase of the vibration is everywhere the same
on a wave-front. If this condition holds, the wave will be propa-
gated parallel to itself, and no lateral effects will be produced. If,

however, certain portions are blocked off, as by diffracting screens or
gratings, lateral effects are produced, or we have deviations of a
portion of the energy, which no longer obeys the laws of rectilinear

propagation. The same thing results if, instead of blocking off

portions at regular intervals, we change the phase of the vibration
periodically : this occurs in the case of laminary gratings in which
the retardation effected by the strips alters the phase of the vibra-
tion. We shall now show that a prism is capable of impressing a
somewhat similar condition on the front of an impulsive disturb-

ance.

In the section on group velocity we have seen that in a dispersing
medium the group is propagated with a velocity different from that
of the component waves which form it. We will now prove in a
very elementary manner that, as the group proceeds, it changes its

form, becomes inverted, and eventually reappears in its original

form. Take first the simple type of group previously considered,

formed by two trains of waves of slightly different wave-lengths.

The two trains are shown in the lower part of Fig. 384, the re-

sultant in the upper part. We will select as a given form of our
group the shape which it has at the moment when it has its maxi-
mum amplitude above the line of equilibrium : this is the condition
shown in the diagram, the maximum amplitude being at 1. The
two sets of component waves travel in the direction of the arrow, the

2tJ
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shorter ones (solid lines) at the higher velocity. It is clear that the

group will not be propagated without change of form, for at an in-

stant later the two sets of waves will be nowhere exactly in step,

and we shall have at no place an amplitude as great as that figured

above. The waves will eventually get into step again at 2, and we
shall again have our maximum amplitude above, and the original

form of the group restored. Notice, however, that before this

event occurs the waves vaW be exactly together at the trough imme-
diately to the right of B, and we shall have the same maximum
amplitude, only in this case it will be below the line. The form of

the group will be the same as before, onh^ it will be inverted. This

inversion of the form of the group before its reestablishment is of

fundamental importance in considering the action of dispersing

Fig. 384.

media upon white light. If we take less simple groups made up of a

large number of component trains, the original form will reappear

at stated intervals only in special cases.

If the dispersion is represented by the formula

V = a-\-b\,

— is a constant, and the group-velocity is independent of the wave-
dk
length. Our group may have the form showoi in Fig. 385, which is

taken from Schuster's last paper on the sul)ject (Boltzmann's

Festschrift, p. 569, 1904). The form of this group is given by the

equation

and its successive appearances as it advances through a medium of

dispersion V = a-\-bk are showni.

As a matter of fact the dispersion formula assumed is not possessed

b}' any known medium, but the problcMu is simplified by the assump-

tion of a medium of this nature.

It is clear that if the hypothetical medium is forineil into a prism,

the pulse will leave the second surface with a jieriodicity impressed

upon it, that is to say, at certain points it will emerge in its original

form, and in other places in its inverted form.



THE NATURE OF WHITE LIGHT 659

We will now go back to our original simple case of a group formed
from two infinite trains of waves, and show that the periodicity
impressed upon the group-front will produce a periodic disturbance
at the focus of the telescope pointed in a direction parallel to that in
which the group is advancing, identical with the periodicity of the

Fig. 385.

component trains. I am indebted to my friend Professor Ames for
the following very simple and easily intelligible treatment

:

" Let us consider the action of a prism upon such a group, and for

the sake of simplicity let the group have a plane front and fall per-

FiG. 386. Fig. 387.

pendicularly upon the face of the prism (Fig. 386) . We may choose
any feature of the group by which to recognize it, and note its

periodic recurrence, e.g. the condition marked by the sum of the
two amplitudes of the component trains. As the group advances
towards the prism, this ' crest ' moves forward with the velocity

Ve, that of waves in the pure ether ; when the group enters the
prism, it changes its form, the ' crest ' recurring at intervals equal
to X; consequently at certain points Bi, B2, etc., on the second
face of the prism, such that AiBi= X, A2B,= 2X, etc., the ' crest

'
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will emerge. Thus the vertex Ao, and the points Bi, B2, etc., may
:serve as centres of secondary disturbances in a Huygens's construc-

tion, and a plane drawn tangent to these secondary spheres may be
•called the ' group-front.' It is apparent, however, that in the time

T required for the ' crest ' to reappear at Bi, after disappearance

at Ai, the component trains of waves have advanced a greater dis-

tance than AiBi, and have emerged from the prism and passed on
as two separate trains in slightly different directions, owing to their

different indices of refraction.
" There is thus a periodicity in the group-front, due to the fact

that at certain regularly spaced intervals there is the maximum
amplitude. This is caused obviously by the superposition of the

two crests of the component trains of waves, whose wave-fronts cross

at a small angle. We can therefore study the direction of advance
of any one ' crest ' in the group-front, and at the same time calculate

the periodicity produced when the group is received by a telescope,

by plotting the traces of the two trains of waves. Let the lines

AiBi and CiA (Fig. 387) be the traces of the crests of the two trains

of waves at any instant. Pi, their point of intersection, will then
be a ' crest ' of the group-front ; at a certain time later, the two
wave-crests will have advanced through equal distances to positions

A2B2 and C2D2, and their point of intersection, P2. will mark the
new position of the ' crest ' of the group-front. In other words,
P1P2, a line perpendicular to the bisector of the angle between
AiBi and CiDi, may be called the direction of advance of the group

;

that is, the receiving telescope must have this direction.
" To deduce the periodicity observed by the telescope, one has

but to draw the crests of the two trains of waves as they are at any

Fig. 388.

instant, for a distance of several wave-lengths. Thus let AiBi,
A0B2, A3B3, etc., be the traces, at any one instant, of the wave-crests
of the train whose wave-length in the free ether is K-\-dK ; let

CiDi, C2D2, CiDs, etc., be those of the train whose wave-length is

K, at the same instant ; and let Pi, Su S2, etc., be their i)oints of

intersection. (Fig. 388.)
" As the trains advance, the ' crest ' Pi moves, as has just been

shown, in the direction PiQiT, ; the ' crest ' *Si moves in a parallel
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direction, etc. ; consequently the periodicity observed by the tele-

scope is given by the distance P\Ti, where Ti is the foot of the per-

pendicular dropped from Si upon P1Q1T2. If the angle between
AiBi and CiDi is called a, this periodic distance

PiTi u\ 2
cos-

and therefore in the limit equals \e-

" The case of a more complicated group or of a pulse is, to a cer-

tain extent, equally simple. Any group or pulse may be analyzed
into a number of simple groups like those discussed above, each such
group being ' associated ' with a certain train of waves of wave-
length A.. If such a complex group enters a dispersive medium, two
things must be noted : (1) since the velocity of any simple group

is F— X— , the different component groups will have different

velocities, and so their group-fronts will be differently refracted,

both on entering and on emerging
; (2) since the distance required

for a certain feature of a group to reappear, i.e. the length X, is

different for the different groups, they will recur at different inter-

vals, and therefore the complex group itself could not reappear.

These complications might be avoided if a dispersive medium could
be found for which

V-X^^ndfv-X^-^,dV
d\ d\JdV_

d\

are both constant. These conditions are satisfied if the dispersive

formula for the medium obeys the relation V= A + B\, where A
and B are constants ; for, in this case, the group velocity is A, and
the periodic distance X is A/B; both of which are independent of
A, and therefore the same for all the component simple groups.

Fig. 389. Fig. 390.

" To avoid any refraction of the wave-fronts of the ultimate trains

of waves on entrance into a prism, we may, as before, consider
normal incidence. Then, again, we will have what may be called a
' group-front ' for the emerging hght, by drawing a plane tangent to

secondary spherical disturbances, having Aq, Bi, B2, etc., as centres,
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where AiBi= X, A2B2=2X, etc. (Fig. 389). Let the trace of this

plane be OG. It will contain periodicities, for the conditions are

the same at Co, Ci, C2, etc. — the points of tangency. As is seen

by considering the complex group made up of simple ones, the con-
dition at these points is due to a superposition of trains of waves,

and as these advance, the different component simple groups sepa-

rate out and give rise to different periodicities proceeding in differ-

ent directions. We may trace these in the following manner
(Fig. 390) : Let C0C1C2... be the ' group-front,' then the effects

propagated in the direction CiP — which is taken at random —
have the periodicity CiA^i, where the line CoA^A^2.-. is drawn
perpendicular to the direction CiP ; for C2 A''2= 2 Ci Ni, etc. We will

prove that this periodic distance Ci Ni is equal to K, where this is the
wave-length of the train of waves which, after normal incidence on
the prism, would on emergence have the wave-front C0N1N2....

The difference in time required for the group-front and the train of

waves to traverse the prism along the line AiBi'is

VJ uV '

which, as proved above, equals — , where A is the wave-length of the

train of waves while in the prism. Hence the distance of the wave-
front in advance of the group-front, after emergence, along the line

CiP is —^ or fjiX, which equals A^. That is, the distance CiA'^i equals A«.

" It is thus seen that if a telescope is pointed in different directions

towards the prism, disturbances of different periodicities will be
brought to a focus ; and further, that the periodicity corresponding

to any one direction is exactly that of the train of waves which would
be brought to a focus if this train had been incident upon the prism
instead of the group. In other words, a complex group gives rise,,

through the agency of the prism, to periodic effects advancing in

different directions, which are identical — with an important
limitation to be noted presently — •with the effects which could

have been produced if a complex train of waves had been incident

upon the prism. Accordingly, the fact that a prism produces
approximately homogeneous trains of waves when white light falls

upon it, is not a proof of the existence in the wliite light of periodic

component trains of waves.
" The ' resolving power ' of the prism is evidently proportional

to the number of periodicities which occur in the emergent ' group-
front,' and if A is the thickness of the base of the prism, this number

equals — or — • This limits then the periodic nature of the re-X u d\
solved components.

" In thus explaining how an arbitrary group or pulse may, by
means of a prism, produce what to a certain extent may l)e called

trains of waves, a particular kind of dispersive medium has been
considered. This is, however, no limitation upon the argument.
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as Schuster notes, since for a series of simple groups associated with

the wave-lengths not far removed from any definite value A, the

quantities u and X may be considered to have the same values, and
so any arbitrary group may be treated as made up of these series of

simple groups."

Lord Rayleigh's Treatment. — A very simple treatment of the

origin of the prismatic colors has been given by Lord Rayleigh,

which is so complete and satisfactory that it appears best to give it

in the author's words :

" The fact that by the aid of a spectroscope interferences may
be observed with light originally white used to be regarded as a proof

of the existence of periodicities in the original radiation; but it

seems now to be generally agreed that these periodicities are due to

the spectroscope. When a pulse strikes a grating, it is obvious that

the periodicity and its variation in different directions are the work
of the grating. The assertion that Newton's experiments prove the

colors to be already existent in white light, is usually made in too

unqualified a form.
" When a prism, which has no periodicities of figure, is substituted

for a grating, the modus operandi is much less obvious.
" I commence by remarking that, so far as I see, there is nothing

faulty or specially obscure in the traditional treatment founded upon
the consideration of simple, and accordingly infinite, trains of waves.

By Fourier's theorem any arbitrary disturbance may be thus com-
pounded ; and the method suffices to answer any question that may
be raised, so long at least as we are content to take for granted the

character of the dispersive medium — the relation of velocity to

wave-length— without inquiring further as to its constitution.

For example, we find the resolving-power of a prism to be given by

— =r^, (1)

in which X denotes the wave-length in vacuo, T the ' thickness

'

of the prism, /u, the refractive index, and dX the smallest difference

of wave-length that can be resolved. A comparison with the cor-

responding formula for a grating shows that (1) gives the number of

waves (A) which travel in the prescribed direction as the result of

the action of the prism upon an incident pulse.
" But, although reasoning on the above lines may be quite con-

clusive, a desire is naturally felt for a better understanding of the

genesis of the sequence of waves, which seems often to be regarded

as paradoxical. Probably I have been less sensible of this difficulty

from my familiarity with the analogous phenomena described by
Scott Russel and Kelvin, of which I have given a calculation.^

* When a small obstacle, such as fishing-line, is moved forward

slowly through still water, or (which, of course, comes to the same
thing) is held stationary in moving water, the surface is covered

with a beautiful wave-pattern, fixed relatively to the obstacle. On
the up-stream side the wave-length is short, and, as Thomson has

' " The Form of Standing Waves on the Surface of Running Water," Proc. Lond.
Math. Soc, XV, p. 69 (1883) ; Scientific Papers, ii. p. 258.
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shown, the force governing the vibrations is principally cohesion.

On the down-stream side the waves are longer and are governed
principally by gravity. Both sets of waves move with the same
velocity relatively to the water, namely, that required in order that

they may maintain a fixed position relatively to the obstacle.

The same condition governs the velocitj^ and therefore the wave-
length, of those parts of the wave-pattern where the fronts are

obUque to the direction of motion. If the angle between this

direction and the normal to the wave-front be called 6, the velocity

of propagation of the waves must be equal to ^'o cos 6, where Vq repre-

sents the velocity of the water relativelj^ to the (fixed) obstacle.'

In the laboratory the experiment may be made upon water con-

tained in a large sponge-bath and mounted upon a revolving turn-

table. The fishing-line is represented by the impact of a small jet

of wind. In this phenomenon the action of a prism is somewhat
closely imitated. Not only are there sequences of waves, unrepre-

sented (as would appear) either in the structure of the medium or in

the character of the force, but the wave-length and velocity are

variable according to the direction considered.
" For the purposes of Scott Russel's phenomenon the localized

pressure is regarded as permanent ; but here it will be more instruc-

tive if we suppose it applied for a finite time only. _ Although the

method is general, we may fix our ideas upon deep water, subject

to gravity (cohesion neglected), upon which operates a pressure

localized in a line and moving transversely^ with velocity V . In the

general two-dimensional problem thus presented, the effect of the

travelling pressure is insignificant unless V is a possible wave-
velocity; but where this condition is satisfied, a corresponding

train of waves is generated. In the case of deep water under grav-

ity the condition is always satisfied, for the wave-velocities vary
from zero to infinity.

" The limitation to a wave-train of velocity V is complete only
when the time of application of the pressure is infinitely extended.

Otherwise, besides the train of velocity V we have to deal with other

trains, of velocities differing so little from V that during the time in

question they remain sensibly in step with the first. As is known,^
the behavior of such aggregates is largely a matter of the group-

velocity U, whose value is given by

U=dikV)^
(2)

dk

k being proportional to the reciprocal of the wave-length in the

medium. In the particular case of deep-water waves U= hV.
" From this point of view it is easy to recognize that the total

length of the train of waves generated in time t' is ± (T'— U)t' . If

T be the periodic time of these waves, the wave-length in the

medium is Vt and the number of waves is therefore

±^^ (3)
V T

' See, for example, Nature, xxv, p. 51 (1881) ; Scientific Papers, i, p. 540.
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But for our present purpose of establishing an analogy with prisms

and their resolving-power, what we are concerned with is not the

number of waves at any time in the dispersive medium itself, but

rather the number after emergence of the train into a medium which
is non-dispersive ; and here a curious modification ensues. During
the emergence the relative motion of the waves and of the group still

continues, and thus we have to introduce the factor F/ U, obtaining

for the number N of waves outside

N= V-U t'

U t'
(4)

" IfX be the distance through which the pressure travels, X=Vt'

;

and if Vo be the (constant) velocity outside and A. the wave-length

outside, A=FoT. Thus

N=(I^-Yi)^ . • (5)
\u v) \

"To introduce optical notation, let /x,= Fo/F, so that /* is the

refractive index. In terms of /*

F, dfji

U dX'

so that finally

N=-X d/M

d\'

(6)

(7)

in close correspondence with (1). A very simple formula thus

expresses the number of waves (after emergence) generated by the

travel of the pressure over a distance X of a dispersive medium.
" The above calculation has the advantage of being clear of

the complication due to obliquity ; but a very little modification

will adapt it to the case of a prism, especially if we suppose that the

waves considered are emergent at the second face of the prism

without refraction. In Fig. 391 let AC represent an incident

plane pulse whose trace runs along the

first face of the prism from A to B.

AF, BE is the direction of propagation
of the refracted waves under considera-

^

tion, to which the second face of the

prism is perpendicular. As before, if t

be the period, V the wave-velocity of

the waves propagated in direction BE,
U the corresponding group-velocity, t'

the time of travel of the pulse from
A to B, the number of waves within the

medium is

Fia. 391.
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giving on emergence the number of waves expressed in (4). If Vq
be the velocity in vacuum, T=A./yo, and

Vo V
'

so that

T \ V'

" Thus, as in (5), (6), (7),

in agreement with (1).
" Although the process is less eas}' to follow, the construction of a

train of waves from an incident pulse is as definite in the case of a
prism as is that of a grating ; and its essential features are presented

to the eye in Scott Russel's phenomenon."



CHAPTER XXIV

THE RELATIVE MOTION OF ETHER AND MATTER

Aberration of Light. — The discovery was made by Bradle3% in

1728, that the apparent direction of the stars was modified by the
motion of the earth through space. To miderstand just how this

results, let us take the case of a gun on shore which has sent its

projectile through the hull of a ship. If the ship is at rest, the posi-

tion of the gun could be determined by sighting through the shot-

holes made by the entrance and exit of the ball. If, however, the
ship is moving at high speed, it will have advanced a certain distance
during the time occupied by the projectile in passing through the
hull, and the point of exit will be further aft than in the previous
case. A line drawn through the two holes will not, in the present
instance, determine the true direction of the gun, as can easily be
seen by constructing a diagram. The gun's position, as determined
by this method, will appear to have shifted in the direction of the
ship's motion, through an angle, the tangent of which is the ratio

of the ship's velocity to that of the projectile. This angle is called

the angle of aberration. Consider now the case of light-waves
entering the object glass of a telescope. The lens transforms them
into concave waves, and we will assume that the telescope is so

pointed that they come to a focus on the cross-hairs of the eye-
piece. If the earth were at rest, a line drawn from the point of

intersection of the cross-hairs through the center of the lens would
give the true direction of the star. But the earth and the telescope

are in motion, and while the waves are travelling down the tube
the tube is being carried forward. The focus point will in this case
fall a little behind the point at which the rays would have met if the
telescope had been at rest, and if the star image is now brought upon
the intersection of the cross-hairs it is clear that the telescope is

pointing a little ahead of the star's true position. The amount of

the shift due to the earth's motion can of course be determined only
by extending the observations over an entire year ; the total change
in the star's position will clearly be double the true angle of aber-

ration, for the shift is in opposite directions when the earth is on
opposite sides of its orbit around the sun. The case is analogous
to that of a ship steaming around in a circle, the crew of which are

endeavoring to locate the position of a gun on shore by sighting

through the shot-holes.

Bradley found the total angle of aberration to be 40.89 seconds of

arc, or that the actual shift due to the earth's motion in its orbit was
20.44 seconds. The velocity of light in space, which was given by
dividing the earth's velocity by the tangent of this angle, agreed well

667
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with the value found by Romer from observations of the eclipses of

Jupiter's satelUtes.

The phenomenon of aberration clearly indicates that the medium
which is transmitting the undulations must be at rest with respect to

the telescope. If the ether in the tube were carried along with it,

the point at which the waves came to a focus would be wholly unin-

fluenced by the motion of the tube, and there would be no aberration.

As we shall see presently, however, certain experiments appear

to indicate that the earth carries the ether along with it, a condition

which cannot well be reconciled with the phenomenon which we
have just considered.

It is probable, however, that the trouble is to be sought for in the
theory of the experiment rather than in the theory of aberration.

Airy's Experiment. — The angle of aberration being determined
by the ratio of the earth's velocity to the velocity of light, we should

expect a change if either one of these quantities could be altered.

The velocity of light down the tube of the telescope can be dimin-

ished by filling the tube with water, and we should consequently

expect the angle of aberration to be increased. This experiment
was tried by Airy, who found, however, that the angle was the same
as when the tube was filled with air.

To explain this we may assume that the water carries the con-

tained ether along with it, not with its full velocity, for in this case

there would be no aberration, but with a velocity sufficient to com-
pensate for the change resulting from the diminished velocity of the

light. That something analogous to this dragging along of the ether

actually occurs, was proved experimentally by Fizeau, and sub-

sequently by Michelson and Morley.
Fizeau's Experiment. — Fizeau arranged an' apparatus in which

two beams of light were caused to traverse a system of tubes through
which water could be forced at

A .1—
[

A a high velocity. A system of

IVm I "fri [ ll I
''T\ g interference fringes was formed

^^~\j—f—---—
i \"\j""'''T^ by the union of the two beams,

^
and the effect of the motion of

Fig. 392. the fluid upon the position of

the fringes was studied. The
arrangement of the apparatus is showai in Fig. 392. Light from the

slit at S after reflection from a plate of glass is made parallel by a
collimating lens, and divided into two portions which traverse

tubes containing running water. It is clear from the diagram that

each interfering beam traverses the same thickness of ponderable

medium, for each ray is obliged to pass through the entire tulie

system. This is accomplished by focussing the rays upon a plane
mirror, the effect of which is to interchange the paths. Moreover,
it will be seen that one ray is travelling always with the current,

the other against it. On emerging from the apparatus the rays

are brought to a focus at S' i)ehind the plate (a portion at S also),

where a system of interference fringes is formed. A shift of the

fringes was observed when the water was put in motion, which
could l)e doubled by reversing the direction of the current.



THE RELATIVE MOTION OF ETHER AND MATTER 669

Let c be the velocity of light in vacuo, v the velocity in water, and
V the velocity of the water. Assume that the ether is carried along
by the water with a velocity 1'^, in which ^ is a fraction. The
velocity of the two interfering beams will he v — V6 and v -\- VO,

and if / is the total length of the water path, the difference in time
over the two paths will be :

I l__

v-ve v+ve'

Fizeau observed a measurable displacement with a velocity of

seven metres per second. The phase-difference can be determined
by the shift of the fringes, from which the value of 6 in the above
equation can be determined. In the case of water, T — .434, that is,

the motion of the water apparently gives to the contained ether a
velocity very nearly half as great as its own. The general expres-
sion for B, as developed by Fresnel, for any moving medium of

refractive index ju. is

This experiment was repeated in an improved form by Michelson
and Morley (Atn. Journal of Sci., xxxi., p. 377 (1886)). In Fizeau's

arrangement the distance between the slits which divide the beam
into two portions is neces- .

sarily large, and the fringes

aj"e in consequence ex-

tremelj' close together and ^^
require very high magnifica- /
tion, w^th its accompanying
loss of light. Michelson's

J^
-/'- i. J\

arrangement permitted the ., / ^

use of an extended source /^, i

of light such as a gas flame,

and any desired distance be-

tween the tubes. Light from
a source at S (Fig. 393) is

divided at a half silvered

surface at ^ , and sent around P^^ 3g3
the water-tube system in op-

posite directions, as shown
in the diagram. With tubes six metres long and a velocity of

eight metres per second, the displacement observed on reversing

the direction of the current amounted to less than the width

of a single fringe. The results obtained were fairly concordant,

however, the value .434 being found for 6. They also experi-

mented with an air current moving with a velocity of 25 metres

per second, but the effect in this case was too small to measure.

The expression for 6 which has been given above was developed

by Fresnel from the following considerations : He regarded the

refractive index as the square root of the ratio of the ether density

in the medium to the ether density in vacuo, the refraction being due

\--\-fEEEEE5^ p
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to the condensation of the ether within the pores of the medium.
Consider a transparent plate, of ref. index jia, moving with velocity

V, and let A be the ether density within it, and D the density in

vacuo. Then Di = fji-D. If there is no flow of the ether around
the edges of the plate, the same amount must enter the front sur-

face in unit-time as leaves the back surface, or DV= Di{V— 6V),
wiiich gives us, if we substitute fj-'^D for Di,

6= 1 -/x-2= .438 for water.

This amounts to saying that the condensed ether within the plate

is carried forward with a velocity such that the excess of the ether in

the body over that in the corresponding free space is carried along

W'ith the full velocity of the plate. We may, however, regard the

condensed ether as a part of the medium, in which case we can saj^

that the ether proper is entirely uninfluenced by the motion of the

medium. If c is the velocity of light in a vacuum, and the velocity
/A

in a medium at rest, the absolute velocity of the light in a medium
moving with a velocity V is

-±7(l-/a-2),

the plus or minus sign being used according as the light travels in

the same or opposite direction as that in which the medium moves.
Commenting on the derivation of the above formula. Lord Ray-
leigh remarks :

" Whatever may be thought of the means by which
it is obtained, it is not a little remarkable that this formula and
no other is consistent with the facts of terrestrial refraction if we
once admit that the ether in the atmosphere is at absolute rest.

It is not probable that the ether in moving refracting bodies can
properly be regarded as itself in motion, but if we knew more
about the matter we might come to see that the objection is

verbal rather than real. Perhaps the following illustration may
assist the imagination

:

" Compare the ether in vacuum to a stretched string, the trans-

verse vibrations of which represent light. If the string is loaded

(say with beads) the velocity of propagation is diminished. This
represents the passage of light through stationary refracting media.
If now the loads be imagined to run along the string with a velocity

not insensible in comparison with that of the waves, the velocity

of the latter is modified. It appears that the suggested model
would lead to a somewhat different law of velocity from that of

Fresnel ; but in bringing it forward the object is merely to show
that we need not interpret Fresnel's language too literally."

Retardation by a Moving Plate. — Let us now investigate, fol-

lowing Lord Rayleigh, the effect of the motion of a jilate upon the

retanhition which it exerts ujoon light-waves jxissing through in the

same (or in the opposite) direction. Let the velocity of the jilate be
designatfKJ as before by V, its thickness by H, and its refractive

index by /x. If the velocity of tiie ether within the plate is 6V,
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and the velocity of light in vacuo is c, we have for the absolute velocity

of the wave in the plate :

-+ev.

The time t occupied by the wave in traversing the plate is not
found by dividing d by the velocity as given above, for during the

time t the anterior face of the plate, which the wave reaches last, is

carried forward a distance Vt. The velocity of the wave in the

plate multiplied by the time t is equal to the thickness of the plate

plus the distance through which the plate moves in time t, or

il+oy}- d-\-Vtor 3 =

c

The time U which would have been occupied in traversing the

same distance d-\rVt, had the plate been away, is given by

ck= d-\-Vt,

so that

c c

If we substitute in this Fresnel's value of 0, viz. 1 — /a"^, neglect-

ing as insensible the square of — , we find
c

c{t-to) = (f^-r)d(i-^,

an equation which gives us the relative retardation between a wave
passing through the plate and one passing by its side. The retarda-

tion depending upon the sign of — , will be altered when the direction
c

of the light is reversed, which can be done by a simple rotation of the

apparatus through 180°. If, however, we employ a terrestrial

source of light, such as a sodium flame, we must take into account

the fact that the source is in motion, and that the waves are conse-

quently shortened or lengthened by Doppler's principle.

If V is the velocity of the source, the wave-length is changed from

A to AM j on the side of the source towards which it is mov-

ing and to AMH— ] on the opposite side. We thus see that

if we measure the retardation in the above equation in wave-
lengths, as we are obliged to do in all experiments, it is independent
of V, that is, no displacement of the fringes is to be expected on
rotating the apparatus through 180°. An experiment was devised
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by Hock in 1869, in which the part of the retardation independent
of T' was eUminated. Two beams of light were passed, the one
through a refracting plate, the other through the air : thej^ were
then brought to a focus on a mirror, as in Fizeau's experiment, by
which the parts were interchanged. It would appear at first sight

as if an effect of the motion of the plate should be observed in this

case, but Lord Rayleigh shows that if the change in wave-length
which occurs at reflection from a moving mirror is taken into ac-
count, no results are to be expected.

The Michelson-Morley Experiment. — Attempts have been made
by Michelson and Morley to detect effects resulting from the relative

motion of the earth and the ether. These effects depend upon the
square of the ratio of the velocity of the earth in its orbit to the.

velocity of light, a term which can be neglected in all experiments
involving such small velocities as occur in experiments such as that
of Fizeau. The theory of these celebrated experiments, about
which so much discussion has occurred, is as follows (Michelson and
Morley, Phil. Mag., xxiv., page 44C) :

Consider a sj^stem of interference fringes formed by a Michelson
interferometer, the three mirrors of which occupy" the positions

A, B,C (Fig. 394) at the moment when the incident beam SA strikes

the first plate. While the light is travelling from the mirror A to

the mirrors B and C and back again to A,
assume the whole apparatus carried forward
by the earth in the direction of the incident

J jj
light to the position A'B'C. The raj' re-

1 !j_ fleeted from B, which interferes with a given
^ ^ ray reflected from C, along the line A'D',

w'e must consider as travelling along AB'A',
the angle BAB' l^eing equal to the angle of

Fig. 394. aberration. It must not be thought, how-
ever, that the path of the reflected ray is altered by the motion of the
mirror. The change of path merely indicates that the ray which
we are utilizing, and which strikes the mirror A in its second posi-

tion at the point where the ray BA would have met it had the
apparatus been at rest, is a ray reflected at the angle indicated.

The mirror B, at the moment when reflection occurs at its surface,

has moved only one-half of the distance between A and A', from
which it follows that the angle BAB' is equal to the angle of aber-

ration, the tangent of which is the ratio of to AB. The dotted
2

lines in the figure are not quite correctly placed, as is obvious.
Suppose that the ether remains absolutely at rest, and let c= the

velocity of light, and u=the velocity of the apparatus, i.e. of the
earth in its orbit.

Further, let 7^= the time occupied by the ray in passing from ,4

to C (located at the point to which it has been carried), and T^ =
the time in returning from C to A'. At the moment of reflec-

tion from C the mirror will occupy a position midway between C
and C.

-#^

c
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Call D the distance AB ov AC, then

cT^D+uT,
cT' = D-uT',

so that T = r--^-.
c— u

the whole time being given by

T-\-T' = 2D

2D
&— u^

If the system is at rest, T which is identical with the above

equation when w= 0.

The actual distance traversed in the time T-\-T' is obviously
given by multiplying the time of transit by the velocity c, or

Path-2Z)—^ =2dA+
"''

which we obtain by simple division, neglecting — and terms of
&

higher order.

The length of the other path AB'A' is

2D 1+ = 2Z> l-f-—- (approx.), smce ——- = —

•

V 2cV AB c

It is thus seen that the effect of the motion of the apparatus is to

slightly increase both paths, the increment being much greater,

however, along the path
parallel to the earth's

motion. The path-dif-

ference which was origi-

nally zero is now

2d(i+ ^4^-

= D2Z) 1+
2r

We may, if we choose,

look at the thing from a

slightly different point of

view. Imagine an ob-

server moving through
space with a velocity v in

the direction of the x
axis. Fig. 395. Suppose
that he sets off a flash Fig. 395.

of light which originates a spherical wave, which moves out from
its origin with a constant velocity in all directions. As the wave
spreads out, the observer is moving along towards the right,

2x
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drifting away from the point where the wave originated, and reach-

ing the point B at the moment when the wave has the diameter c.

It is clear that if he were unaware of his own motion, but had
some means of following the motion of the wave, he would come
to the conclusion that the velocity of the wave in the direction of

-\-x is c— v, and in the reverse direction c-\-v. In the direction

perpendicular to the x axis he will also find the velocity altered,

for he will, as he moves along, be dealing with the velocity with
which that portion of the spherical wave which lies in the direction

A-io X from his viewpoint is moving away from him. It is clear

from the figure, that when he is at the point B he will regard the

distance BD as the distance which the wave has travelled, and

this distance is less than c, being in fact 'Vc^— v^, as can be seen

from the right triangle ADB. We can now imagine the observer

furnished with an interferometer, and if he uses these new values

for his light velocity in the two directions he can consider the two
paths in his instrument as constant. If D is, as before, the distance

between the mirrors, the time occupied by the light in making its

to-and fro excursion between the half-silvered mirror (which can be
regarded as the source of light) and the mirror lying in the direction

of motion will be

JL+ J^^'Ul(,+ t+ .

C— V c-\-v c \ c^

while the time over the other path will be

D , D 2D
Vc2- Vc^—

!

'+i?+'

The time-difference over the two paths is obviously
c c^

and the

path-difference D— which is identical with our former expression.

This treatment of the problem is perhaps a little easier to follow

than the other, and we shall have occasion to refer to it again in the

following chapter.

If now we rotate the whole apparatus through 90°, the path

AB'A^ will be the one which receives the larger increment, and a

shift in the position of the fringes

should result.

In the first experiments tried, the

expected shift amounted to only about

2V of the distance between the fringes

;

moreover, it was found impossible to

rotate the apparatus without introduc-

ing strains, which caused slight changes
in the position of the fringes. As a
result no very defiuit(> conclusions could
be drawn from the observations. The
exp(>riment was then repeated with
improved ajiparatus. By means of

Fio. 396. multiple reflections the path D was in-
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creased to 11 metres. The mirrors, 16 in number, were mounted
on a heavy slab of stone which was floated on mercury. The
apparatus was kept in slow rotation while the observations were

taken, which did away with the strains which always occurred when
it was brought to rest. A diagram of the apparatus is shown in Fig.

396, the number of mirrors having been reduced by one-half, how-
ever. The beam of light is divided at the half-silvered plate A.

The compensating plate is located at B.

The value of — is 10~^, if the earth's orbital motion is alone cott-
er

sidered, while D measured in wave-lengths of sodium light was

2X10^. If the ether remains at rest relatively to the earth, we
should expect a displacement of the fringes equal to

4X 10^ X 10-8 = .4 of a fringe width.

The actual displacement observed was certainly less than oV of the

expected, and probably less than ^, from which the conclusion was

drawn that since the displacement is proportional to the square of

the velocity, the relative velocity of the earth and the ether is

probably less than one-sixth of the earth's orbital velocity. This

amounts to saying that the earth drags the ether in its vicinity along

with it, a circumstance which cannot be reconciled with the phenom-
enon of stellar aberration, to account for which we must assume

the ether at rest with respect to the earth.

An explanation of the absence of any fringe-shift in the experi-

ment of Michelson and Morley was suggested simultaneously by
Fitzgerald and Lorentz. This explanation was based upon an as-

sumed change in the linear dimensions of matter resulting from its

motion through the ether ; a contraction of the base upon which the

mirrors are supported occurring in the direction of motion would

compensate for the increment of optical path due to the motion of

the apparatus.

Attempts have been made to detect this hypothetical effect, but

thus far all have been unsuccessful. If the effect occurs it might

very well happen that its magnitude would vary with different

materials. Morley and Miller therefore repeated the experiment

under conditions such that the distance between the mirrors could

be made to depend upon the length either of a metal rod or a pine

stick. The result was the same in each case, however.

It occurred to Lord Rayleigh that the contraction in the direction

of motion, if it existed, might give rise to double refraction, but he

was unable to detect anything of the kind ; and a subsequent experi-

ment by Brace, performed with the greatest care, has established

conclusively that no trace of double refraction occurs as a result of

the motion of transparent media through the ether.

It is obvious that the failure of the earth's motion to influence in

any way phenomena occurring in optical systems located wholly

upon the earth are at once explained if we assume that the velocity

of light is influenced by the motion of the source, i.e. if the veloci-

ties are additive, as would be the case on the corpuscular theory,
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for in this case the moving observer would remain at the centre of

the wave. This hypothesis has never even been seriously con-

sidered, for it is incorapatiVjle with the wave-theory. In the last

chapter, we shall take up the whole matter from a quite new point

of view, the theory of relativity, and it will be shown that from a
certain point of view a moving source of light can be considered as

remaining at the centre of waves which it originates, which is all that

we require.

Lodge's Experiment. — The experiment of Michelson and Mor-
ley indicating that the earth drags the adjacent ether along with it,

it occurred to Lodge ^ to investigate directly the effect of moving
matter upon the ether. Two steel disks were mounted side by side

and close together upon a common axle, and two interfering beams
of light were passed in opposite directions around the annular space
between the disks, by means of a system of mirrors. The disks

cuuld be rotated at a high speed, and if they dragged the ether

wholly or in part the effect would be noticeable in a shift of the inter-

ference fringes, since one beam of light is travelling in the direction

of rotation, the other in the opposite direction. No effect was
observed at even the highest possible speeds. Thinking that per-

haps the mass of the moving matter entered as a factor, Lodge sub-

stitutetl for the disks an immense spheroid of iron weighing half a
ton, provided with a narrow circular crevasse along its equator,

around which the luminous beams were reflected. The spheroid

could be magnetized by means of a coil of wire, since it appeared
possible that magnetization of the moving medium might have
some effect. As in the previous case, the results were all negative,

proving that at such speeds as can be handled in the laboratory' the

ether remains practically at rest. This is in agreement with all of

the other experiments except the one oerformed by ^Michelson and
Morle\\

Influence of the Earth's Motion on Rotatory Polarization. — Lo-
rentz developed a formula which apparenth' indicated that a change
of one part in ten thousand in the rotation of the plane of polariza-

tion by active substances such as quartz was to be expected when
the polarimeter, set parallel to the earth's orbit, was turned through
180°. Larmor, in his Aether and Matter, criticised this result, and
concluded that no effect was to be expected. Lorentz replied,

defending his position (Proc. Amsterdam Acad., May 1902), and
maintained that Larmor was in error. The sul)ject was then at-

tacked experimentally by Lord Rayleigh {Phil. Mag., 4, p. 215,

1902), who found that the change, if it occurred, was less than

To o^ro P^^t of the total rotation. He used the five quartz blocks

which had been prepared for Tait's rotation spectroscope, each
block 5 cms. thick, the battery producing a rotation of over 4000
degrees for sodium light. As the difference in the rotations for /)i

and Dj amounted to 1 1°, it was im])()ssi])le to secure complete extinc-

tion with sodium ligiit, and th(> helium tulie was consequently em-
ployed, which gave an abundance of yellow monochromatic light.

The apparatus was mounted on a horizontal stand, which could be
' I'tiil. .Maij.



THE RELATIVE MOTION OF ETHER AND MATTER G77

rotated on a pivot. No change whatever was observed, however,
which was in agreement with the predictions of Larmor. Still

more recently Bruce {Phil. Mag., September 1905) has shown that
any change must be less than joooVooo of the whole.

Efifect of the Earth's Motion upon the Intensity of Terrestrial
Sources. — B'izeau came to the conclusion that if the ether was at
rest with respect to the earth, the
earth's orbital motion ought to affect

the intensity of the light emitted by
terrestrial sources, the light emitted in the

direction of the earth's motion being less

intense than that emitted in the opposite i»—

»

direction. This conclusion was reached Fig. 397.

by the following reasoning : Let A be a
lamp (Fig. 397), B and C two screens, upon which the light falls,

the whole apparatus moving with the earth through a stationary
ether in the direction of the arrow, with a velocity v. Let the

screens be at distance s from the lamp. To reach B the light has

to traverse not the distance s, but the slightly smaller distance

(in which c is the velocity of light) since the screen is approaching
the source during the passage of the light. To reach the screen C

the distance traversed is The intensity being inversely as
c—v

the square of the distance, it follows that if Jo is the intensity at

each screen when the apparatus is at rest, or turned perpendicular
to the direction of the earth's motion, the intensity when the appa-
ratus is flying through the ether in the direction indicated will be

j=jIi±~]=jJi± ^

5000

Fizeau proposed measuring the total intensity of the radiation

at two points equidistant from a lamp by means of a pair of thermo
elements opposed to each other, so as to secure compensation and
no current. On rotating the apparatus through 180°, a feeble

current would result from the slight change of temperature at the

two points, due to the exchange of the slightly different intensities

of radiation. Strangely enough, the experiment was not tried until

1903, when Nordmeyer {Ann. der Physik, 11, 284, 1903), working in

Kayser's laboratory at Bonn, conducted a very careful series of

experiments embodying the ideas of Fizeau.

The question was carefully considered from a theoretical stand-

point by Bucherer, working in the same laboratory, his results ap-

pearing in a paper immediately preceding the one referred to above.

There are a number of points which must be carefully considered.

A change of amplitude results from the difference of path, as showTj

above ; in addition to this we have, however, a change in the wave-
length of the emitted light due to Doppler's principle, and, as we
have seen in the Chapter on Radiation Laws, a decrease of wave
length, the amplitude remaining the same, means an increase in the
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energy in unit volume of the medium. Moreover, if the intensity-

is measured by the thermopile, it is represented by the energy
absorbed by the blackened surface of this instrument. If the
instrument is moving against the light-waves, work must be done
owing to the pressure of the radiation, the equivalent of this work
appearing as heat in the body receiving the radiation. Bucherer
considers all these questions carefully, and comes to the conclusion

that Maxwell's theory leads to the conclusion that the intensity is

2v
increased by the amount l^ , or in the same amount as found by

c

the more elementary treatment given above. This is a first order
effect, while all other experiments pertaining to the relative motion

of the earth and the ether depend upon — , or on second order effects.

Taking into account the pressure of radiation, however, and calcu-

lating the amount of energy absorbed by a moving screen, he finds

that the common motion of the screen and source is without influ-

ence upon the intensity as measured by the heating of the absorbing
surface. This result is obtained by first calculating the amount of

energy absorbed by a screen moving in the direction in which the

light is travelling. The relative velocity is then c—v, and the

energy absorbed will be the —- part of that which would be
c

absorbed if the body were at rest. From this is to be subtracted

the heat equivalent of the work done by the pressure of the radia-

tion, which is equal to the product of the pressure and the distance

moved in unit time. This work can be done only at the expense of

the absorbed energy.

Lorentz has also shown in a different manner that the earth's

motion is without influence upon terrestrial sources of light.

The experimental investigation was conducted by Nordmeyer
in the manner proposed originally by Fizeau, but with all the refine-

ments employed at the present time. The results were purely

negative, and it was established that the intensity was not changed
by one part in 300,000 by the rotation of the apparatus, thus con-

firming the conclusions arrived at by Lorentz and Bucherer.

The experiment cannot, however, be regarded as proving that the

ether is at rest with respect to the earth, since the same results are

to be expected on the hypothesis of a moving ether. It is worthy of

remark, however, that every experiment, with the exception of the

one performed by Michelson and Morley, is in accord with the

hypothesis of a stationary ether.

Optics of Moving Media : Lorentz's Treatment. — A very elegant

treatment of the whole subject of the optical properties of moving
media has ])een given by H. A. Lorentz. The assumption is made
that in all cases the ether remains absolutely at rest, and all of the

phenomena which we have had under discussion are explained by
considering the system of electrons as having a motion of transla-

tion.

In the treatment of dispersion we have considered the compo-
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nents of current density as made up of two parts, the displacement
current in the ether and the convection current of the vibrating

electrons, representing the components of current density by equa-
tions of the form

4.i.=f+4«^| (1),

in which i represents the displacement of the electron from its posi-

tion of equiUbrium within the body.

If now the whole system of electrons be set in motion of transla-

tion with a constant velocity, of which the components are v^, v^, v^,

the above equation must be modified by the addition of a term
representing the convection current due to the motion of transla-

tion,

4^j.= ^-\-4^eN§+ 4neNv. (2)
ot at

In this equation — indicates a change with respect to time at a
ot

definite point in space, while — indicates a change with time at a
at

definite point within the body.

During the time element dt (in the formation of the differential

quotient —
)
the point in question moves a distance, the projections

dtj

of which on the axes of coordinates are v^dt, Vydt, and v^.
If X, y, z are referred to a stationary system of coordinates, we

must write for a differentiation with respect to time as expressed by

— (referred to a fixed point in the body),
dt

— ——-\-—-\-—A-^ ('V\

dt dt '^ dx "By ' dz^

since the quantity to be diffepentiated changes by the amount
n "^ "a

Vxdt-r-, Vydt-T-, Vzdt— as a result of the motion of the body.
ox oy dz

The components of the magnetic current density are represented

as before by

4TrSx= — , etc (4)

Our previous equation of motion of the electron was

In the presen case the electrons are moving forward as a system,

and can be regarded as constituting an electric current with com-
ponents ey„ eVy, ev^, on which the magnetic forces of the light-waves

will act.

Our equation of motion must therefore be modified in a manner
analogous to that employed in the treatment of magnetic rotation
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by the hypothesis of the Hall effect, except that in that case the

magnetic forces acting were those of the steady field due to the

magnet.
Our equation now takes the form

dp dt c

For periodic changes we write as before

dt t' ' df
T'

in which t'=— refers to the period with respect to the moving
2 "

body and t with respect to a fixed point in space.

In the case of a moving body the periodicitj' of the vibration with

respect to the body will be different from the periodicity with

respect to a fixed point in space. If the medium is moving in the

direction in which the light is travelling, it is obvious that the waves
will pass more slowly by a given point in the medium than a given

point in space ; in other words, the periodic time ynW be greater.

Call T' and T the periodic times with respect to the moving
T"

medium and a fixed coordinate system. We have then "^' = ^7—
2 TT

and T= -^•
27r

Let us now determine the ratio of the two periodicities in terms

of the velocity of the light and the velocity of the moving medium.
If CD is the velocity of the light in the moving body with reference

to a fixed coordinate sj'stem, i.e. its absolute velocit.y, y„ the velocity

of the body in the direction of the normal to the wave-front, and A

the wave-length in the moving medium, the periodicity T with

respect to the fixed point in space is T= -, while the periodicity

with respect to a point in the medium is T"=

—

— , and the

ratio —=T1= ^^
=\-\-^-Ji fc)

T T M— t'„ W

since v„ is small in comparison to w, and can be neglected in the

denominator of —--—

•

w— v„

Writing as before (see Chapter on Dispersion Theory, p. 404),

rO , mO
a= -— , =

4 TT

'

4 Tre^

'

we obtain from equation (5),

an equation analogous to equation (3), p. 404.
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From this e(|uation is developed by a somewhat lengthy series%f

transformations (see Drude's Optik, pp. 423-427) the expression

n^ d^X.^n^-ldf dX
, dX . dX\ .

In the process it appears that —^+ -^r- + -;r" , which, in previ-
cx ay dz

ous cases, has been shown to be equal to zero, is in the present case

equal to —;;—— (v^X+VyY-^-UzZ), which indicates that in a mov-
c^ at

ing medium the electric force is no longer propagated in plane
transverse waves ; in other words, that the electric force is no
longer in the wave-front.

It has seemed best to omit the steps by which the above equation
is deduced, and simply state the final result. The two modifica-
tions which have been introduced into the equations applied to

matter at rest, to make them conform to moving matter, should be
clear in our minds, however.

First, the velocity of translation of the electrons is now suffi-

ciently great to cause them to be acted upon by the magnetic field

of the light-waves. Were this the case in matter at rest, we should
have the refractive index a function of the intensity of the light,

as we have seen in the Chapter on Magneto-Optics.
Secondly, the change in the period of the light with respect to the

moving matter due to Doppler's principle is taken into account.

We can now deduce the velocity of light in a moving medium,
such as the water in the tube system in Fizeau's apparatus.

Velocity of Light in Moving Medium. — Writing

X^Ae " \

and differentiating X twice with respect to t and once with respect
to X, y, and z, and substituting in the final equation given above,
gives us

ri^ _ 2(n^— 1) pjv -\-p-A,-hp:iV2 _ J^ — /'i _ ^('^^~1) Vn\ _ J^

in which v„ is the velocity of the medium in the direction of the
normal to the wave-front.

From the above equation we get

n^m— 2 nh\i+ n^t',, r^ \n"^w— 2 v?v,, -}-2 v^)

'

which by simple division of the last fraction gives

.-^fi+ 2(n!z:iK\
(7)

if we, neglect 2nh and i'„ in the denominator of the remainder, which
we can do since they are small in comparison to the first term n'-w.
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This eqaation gives us for w, the velocity in the moving medium,
with reference to a fixed system of coordinates,

w= - l-\ —- •

the second term of which can be freed from w if we substitute for it

its approximate value -, which is justifiable, since - is a very
n <t>

small fraction. We find thus

„=£ + ?!!^„, (8)

an expression identical with the one developed by Fresnel, with the

exception that in the above expression n is not the refractive index

for the absolute period 7", but for the relative period T' . If we
wish to get an expression for w in terms of the refractive index of

the medium at rest for the absolute period T, we proceed as follows :

Referring to equation (6), we see that

r=rf 1+^

If now we designate the refractive index of the medium at rest

for the absolute period T by v, we have

in which k= cT, the wave-length in vacuo.

Substituting in equation (8) gives us

or if we WTite the approximate values n = v, o)=- in the members

containing Vn,

_ C
,

^ fv^ — 1 X dv

1/2 V d\

In this expression - is the velocity of light in the medium at rest
V

for light of absolute period T, while the second term represents

the change in velocity due to the motion of the medium.
This change is slightly larger than in the previous formula, since

— is negative in normallv dispersing media.
d\

It is worthy of remark, however, that the results obtained by
Michelson and Morley are better expressed by the simpler formula,

which is identical with the original one of Fresnel. p]xperiment

gave for water the value .434 for the term to be multiplied by y„

;

the first formula gives .438, the second .451.
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In conclusion, it may be remarked that all experimental evidence,
with the exception of the Michelson-Morley experiment, is in favor
of a stagnant ether. A test of the matter, about which there could
be no question as to its interpretation, would appear to be to meas-
ure the velocity of light on the earth's surface, first in the direction
of its motion through space, and then in the opposite direction, with
the accuracy required to show the ether's motion if it exists.

Various methods for accomplishing this have been suggested,
but all have been shown to be impracticable, and as we shall see in

the next chapter it is impossible to reach any conclusion in this

way.



CHAPTER XXV

THE PRINCIPLE OF RELATIVITY

We have seen in the last chapter that, so far as the testimony
of all experiments which have been tried up to the present time
goes, the motion of the earth does not affect optical phenomena
exhibited with terrestrial sources of light. So far as we have been
able to find, the measured velocities of light parallel and perpen-
dicular to the direction of the earth's motion are the same. It is

true that we have never made independent observations in both
directions, and we shall see presently that even the results of such
determinations would be open to question, but the Michelson-
Morley experiment has shown, beyond any doubt, that we must
remodel our views regarding the stationary ether assumed by
Lorentz. The Theory of Relativity is an attempt in this direction.

It was first definitely formulated in its entirety by Einstein, though
the work of Lorentz may be regarded as having paved the way for

it. It has been placed on a substantial mathematical basis by
Minkowski, and may be regarded as partially proved by the experi-

ments of Kaufmann and of Bucherer upon the mass of the moving
electron, and the negative results of all ether-drift experiments.

The Fitzgerald-Lorentz hypothesis of a contraction of matter in

the direction of its motion, which was formulated as a sort of loop-

hole of escape from the difficult}^ arising from the ]\Iichelson-Morle3'

experiment, \v\\\ be seen to be the logical outcome of the much more
general postulates established by Einstein, which denies at the out-

set the possibility of ever measuring or even detecting absolute
motion through space.

The relativity of motion as applied to ordinary mechanics dates

back to the times of Newton and Galileo. Whether or not a mass
has kinetic energy depends upon our point of view, and our view will

be the same whether the mass is moving by us, or we are moving
by the mass. If we are moving with the mass, it has no kinetic

energy as far as we are concerned.
With regard to the ether, however, a different view has been held,

for it has been regarded as a sort of fixed frame of reference, with
respect to which bodies could be considered at rest or in motion.
Einstein's postulate denies the possil)ility of absolute velocity

(which must be considered possible if we have a substantial medium
or ether) and consequently abolishes the ether at the outset. With
the disappearance of the ether we are forced to remodel our views
concerning light and electro-magnetic waves, which now become
a type of energy which propagates itself in an absolute vacuum,
with a velocity which depends, not upon the physical properties

of the space through which it is moving, but upon the properties

()S4
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possessed by the electro-magnetic energy. Light thus seems to

be in the nature of something expelled bj' the source, and Einstein

is of the opinion that the next phase of the development of theo-

retical physics will be the formulation of a new theory of light

which will be in the nature of a fusion of the wave-theory with the

old corpuscular theory. The Principle of Relativity has been
worked out in two different ways. Einstein has determined the

effects which relative motion between two observers has upon the

units of time and space used by the observers ; and Minkowski has
ascertained the nature of the transformations necessary to pass

from a stationary to a moving system of coordinates, which shall

leave Maxwell's equations unaltered. Similar conclusions are

arrived at by the two methods. These conclusions completely
upset our old ideas of time and space. The unit of time, which we
have regarded as absolute, becomes by the principle of relativity

dependent upon the state of the observer. The units of time in a
moving system are longer when considered by a stationary observer.

If, in a system which is in motion relative to us, there are two syn-

chronous clocks, placed at a distance apart, and in the line of the

motion, they will not be synchronous for us, and what is more, the

distance between them will be less for us than for an observer

moving with them. Some writers hold that these changes are only

apparent, that is, they are psychological in character, arguing, for

example, that an electron appears shortened in a different direction

to each of a number of observers moving in different directions

with respect to it. The physical condition of the electron does not,

however, depend upon the state of mind of the observers. This
argument is open to criticism, however. It presupposes that an
electron or a meter bar has a real length or shape. On the relativity

theory there is no such thing as real length, either of time or space.

As an illustration we may recall that, what to a stationary ob-
server is an electro-static field, is an electro-magnetic field to a
moving observer. What is the real nature of the field? It is one
thing to one observer, and quite a different thing to the other.

Both observers are right, each from his own point of view, and the
term " real nature of the field " becomes meaningless. It is very
diflficult to form a conception of how the units of time and space
are affected by relative motion, and of the relations between time
and space.

Planck considers that this new conception of our notions of time
surpasses in boldness anything that has appeared up to the present
time in speculative science, in comparison to which non-Euclidean
geometry is child's play.

The Theory of Relativity starts out with two postulates.

The first of these states that the uniform motion of translation

cannot be measured or even detected by an observer stationed on the
moving system from observations confined to the system. This
amounts to saying that motion through the ether (if the ether

exists at all) will be wholly without influence upon all optical experi-

ments made with terrestrial sources of Hght.

The second postulate is that the velocity of light in space is a
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constant, independent of the relative velocity of the source and the

observer.

Combined with the first postulate this leads us to the extraordi-

nary conclusion that the measured velocity with which light passes

a moving observer is the same as for a stationary observer. Going
back now to the conception which we made use of in the treatment
of the Alichelson-Morley experiment, of a moving observer who
sets off a flash of light, and then drifts away from the center of the

wave, we see at once that, on the theory of relativity, so far as any
measurements which he could make, even with imaginary appara-

tus, are concerned, he will find himself always at the centre of the

wave. Before discussing how this seeming impossibility can be
explained, we must first define what we mean by time, and what we
mean by the coincidence in time of two events.

Einstein defines time and isochronism (Gleiehzeitigkeit) in the

following way.
Suppose we have a clock at a point A in space. An observer at

A can establish a time value for an event at A by observing the

position of the hand of a clock, at the moment at which the event

occurs. This event it must be noticed is referred to the clock at

A, the time of which we will call the "A time." An observer at a

distant point B refers an event happening there to a clock at B;
that is, he records it in " fi time." It is, however, impossible to

compare the times of happening of two events, one at A and the

other at B, without establishing a further point, for we have not yet

defined a " common time " for the points A and B. We must clearly

understand what we mean when we say the clocks are together in

time. Einstein's definition of the isochronism amounts to saj'ing

that two clocks are together when the time of transit of a flash of

light from one clock to the other, as measured by the clocks, is the

same in each direction.

As an illustration we will suppose that an imaginarj- inhabitant

of the sun has established heliographic communication with the

earth, and that we have decided to synchronize a clock on the earth

with one on the sun. Light requires about 8 minutes to cover the

distance, so we must allow for this in setting the clocks. We will

begin by assuming that the clocks ar together, and establish a
method by which an observer on the sun and one on the earth could

ascertain this fact. Suppose we send a signal (a fliish of light)

to the sun at the moment when the hands of our clock indicate

noon. We will call this time for convenience. The signal

reaches the sun at 8 minutes past, as indicated by the solar clock,

and a signal is instantly flashed back to the earth that the arrival

time of the earth signal was 8. This signal reaches the earth at

time 16, and we have the equal times of transit 16-8 and 8-0.

This will be true only if the clocks are perfectly synchronized. If

the solar clock was a minute ahead of ours, the observer there would
signal 9 as the time of arrival and we should receive this signal at

16 as before, and have

16-9>9-0.
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As we shall see presently, we must define what we mean when we
say that the clocks are together. The above definition, based on

the assumed equality of the times of transit of a light signal to and

from, is as good a definition as any we can make, but as we shall

now see, it holds only for observers on the sun-earth system.

Suppose now that the sun and earth are moving together through

space, in the direction of the line joining them, the earth being in

advance and the sun following. From what we know of the motion

of the solar system, this would occur when the earth is between the

sun and the constellation Hercules. Suppose the clocks to be

together as before, and our signal sent off at time zero. Since the

sun is moving towards the point occupied by the earth at the

moment when the flash started, the signal will reach the sun in less

time, say at 7 minutes past 0. (We are of course assuming a very

high velocity of the solar system.) The solar observer flashes back

the signal " 7," which requires more than 8 minutes to reach us

as we are moving away from it. Let us suppose that it reaches us

in 9 minutes, our clock indicating 16 as before, which will be a

sufficient approximation to .the truth to answer our present pur-

poses. We find that 16-7 is not equal to 7-0, and conclude that

the clocks are not together, the solar clock appearing to be one

minute behind ours. We now signal this circumstance to the

solar observer and he sets his clock ahead 1 minute. We shall

now find the times of transit equal. The signal actually reaches

the sun at 7 minutes past by our time and 8 minutes past by solar

time. It returns to us in 9 minutes, and our clock indicates 16

minutes of elapsed time. We have received the signal " 8 " from

the sun and have
16-8 = 8-0.

The clocks therefore appear together, though the solar observer

has actually advanced his one minute. The clocks will not be to-

gether for a stationary observer outside of the sun-earth system.

To him the forward (earth) clock in the moving system would be

one minute behind the following (solar) one.

We brought about this state of affairs by "considering the sys-

tem in motion. The same condition will obtain, however, if we set

the observer, situated outside of the sun-earth system, in motion in

the opposite direction, for there is no such thing as absolute motion,

by the principle of relativity, and there is absolutely nothing by
which we can distinguish a motion of the sun-earth system past

a fixed outside observer, from a motion of the outside observer

past the sun-earth system.
All that we can say is that if we consider the sun and earth as

moving relatively to some fixed system of coordinates, an observer

fixed in this system will find that the clocks which we have set

together are not together from his point of view.

In other words we can attach no absolute meaning to the coinci-

dence of two events. Two events which coincide on a moving,

system from the point of view of an observer moving with the

system, do not coincide from the point of view of a stationarj^ ob-
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server, or as Einstein puts it, "Two events which are simultaneous
when regarded from one coordinate system, are not to be regarded
as simultaneous when considered from a coordinate system which
is in motion with respect to the first.

The time at two widely separated points does not, however, come
into determinations of the velocity of light as we m^ke them. In
fact we do not use clocks at all, though the revolving wheel used
in the Fizeau method amounts to a clock. In the Michelson-
Morley experiment no measurements of time are made at all, and
it is not at once apparent how considerations of time have any
bearing on this experiment.

If two widely separated clocks A and B are "together" or
" in time " the condition which must be fulfilted, as defined by
Einstein, is that the time required for light to pass from A
to B as measured by the clocks shall equal the time required for

light to pass from B to A, or if the flash leaves A at time T^
(indicated by clock A) and arrives at B at time Tg (indicated by
clock B) and being reflected back to A where it arrives at T'a

(indicated by clock A) that we shall find

Now suppose that we have a long rigid bar of length I with a clock

at each end of it. This bar moves along the x axis with a velocity v.

Two stationary clocks are placed at such a distance apart that the

clocks on the moving bar pass them at the same moment. An
observer in the stationary system synchronizes his clocks so that

the above condition holds. Observers on the moving system set

their clocks so that they read the same as the stationary clock at

the moment at which they pass them. We should now imagine that

all four clocks are together, yet if an observer on the moving bar
applies the test for synchronism he will find that it does not hold,

and will obtain

T\-T,= -^ and Ts-T,= -^•
c+r c—v

The difference in time between two clocks synchronous in a moving
system, when considered by a stationary observer, depends upon the

distance between the clocks in the line of motion and their velocity.

If there is no distance between them in the line of motion, i.e. if

the line joining them is perpendicular to the line of motion, they
will be synchronous for the stationary observer also. If one clock

is revolving around the other, as the whole system moves forward,

it will alternately be " ahead of " and " behind " the time indicated

by the other, for the clock which is in advance is always " slow."

The difference in time between two clocks separated by a distance

I, and moving with a velocity v parallel to the lineJoining them, can
be shown to be

~ "- "^

vl . ^ , rl
or approximately 2*

'sR
,2

• C'

.2
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If we examine the question a little more carefully we shall see that

setting the forward clock behind in time is not sufficient in itself

to make the times of transit in each direction appear equal to each
other, and equal to the time of transit when the system is 'at rest.

Suppose that we are on a stationary' system, and measure the time
required for hght to travel to a distant mirror and return to us.

Now consider our system in motion X to the line joining us with our
mirror and repeat the experiment. The time of transit ought to

be found longer, as was shown in the discussion of the Michelson-
Morley experiment. By the principle of relativity no difference can
be detected. In this case we are dealing with a single clock only, i.e.

we have eliminated the complication of two widely separated clocks,

and are therefore driven to the conclusion that a clock in a moving
system runs slower, i.e. the second registered by a moving clock

appears longer to a stationary observer. The ratio will obviously
be that of the distances traversed by the light in the two cases, or

if we construct a right triangle one leg of which is equal to the
distance of our mirror, and the other equal to the distance we move
while the light is going to the mirror, the required ratio will be that

of the hypothenuse or the longer leg, or,

1

V1-7:'

which is the ratio of the second registered by a moving clock to that

registered by a stationary one. This change in the unit of time
makes the velocity of light measured in a direction perpendicular

to the line of motion come out the same as the velocity measured in

the stationary system.

Suppose, however, that we swing our distant mirror around until

it is in the line of motion. In this case the increment of path due to

the motion of the system is twice as great as in the previous case.

The changed rate of our clock can only account for one-half of the

discrepancy, and we conclude that the distance of the mirror has
been reduced in the same ratio as that in which the second has

been increased, i.e. that the unit of length in a moving sj'stem

has been shortened in the ratio

yj^-'i

1

which is the ratio of a moving meter to a stationary one.

By the principle of relativity we have thus established three cir-

cumstances. The unit of time of a moving system appears longer

to a stationary observer, the unit of length appears shorter, and the

leading clock is behind in time.

Let us now apply these results to an imaginary experiment upon
the velocity of light. Instead of a clock we will use the Fizeau
toothed wheel. Going back to the theory of the Michelson-Morley
experiment, we must form a clear picture in our mind of how the

2y
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velocities along the different paths ought to appear affected by the
earth's motion. The distance along the path which is parallel to the
direction of motion is increased for the light going, and reduced for

the hght returning, the increment, however, being greater than the
reduction, which makes the whole path greater. This increment is

double the increment along the other path (-L to direction of mo-
tion) , so that in the experiment it was the difference between these
two increments which was expected to make itself felt.

Let us consider that we have a toothed wheel and a distant mir-
ror on a stationary system, and send a beam of light between two
of the teeth to our distant mirror which reflects it back in such a
direction that it passes through the same pair of teeth. We now
set the wheel in rotation with such a speed that the returning beam
falls upon the tooth which is adjacent to the aperture. We now set

the system in motion in a direction from the wheel to the mirror.

The total path traversed becomes greater as a result of this motion,
so that, on the return of the light, the wheel should have turned
through a greater angle and carried the tooth past the point on
which the beam falls. This would give us a means of measuring
absolute motion, and since this is impossible our wheel must turn
slower by an amount just sufficient to make the tooth cover the
returning beam. But, as we have seen, distances are shortened in

the moving system, so that we can regard one half of the discrepancy
taken care of in this way, the other half by the slower speed of rota-

tion. In this h^'pothetical experiment we have considered the
system first as at rest and then in motion. In practice we cannot
bring our system to rest, but we can turn it so that it is first parallel

and then perpendicular to the Hne of the earth's motion. In this

case the wheel (or clock) will be running at a constant rate, so that

the change in unit of length is the only factor left. This is all that

we need, however, for in this case we have onl}' to balance the dif-

ference between the increments of the two paths resulting from the

motion, which is only half as great as the increment of the path par-

allel to the direction in which the system moves.
The greatest

j^ change in the

time we should
expect to find

in measuring
t he time of
transit, in one
direction only.

We need two
wheels for this,

servingas clocks

at the sending

and receiving

stations. These
wheels we can
consider as

mounted on a single axle and turning together (Fig. 398). Suppose

Fig. .398.
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the wheels at rest as a system, but turning with such a speed that

the Hght which passes between the 2d and 3d tooth of the first

wheel A, passes between the 3d and 4th tooth of the second wheel
B. If we set the system in motion in the same direction as that

of the light ray, the wheels will have turned through a greater angle

when the light reaches the second wheel, and the light should be
arrested say by the 4th tooth. If we set the S3'stem in motion in

the opposite direction, the light should be arrested by the third

tooth. In order to insure that this shall not happen, and it cannot
happen according to the principle of relativity, it will be necessary

to establish a phase-difference between the wheels, by turning the

forward wheel back a little, in other words, make the leading clock

slow. This implies that a revolving rigid body in motion parallel

to its direction is, from the point of view of a stationary observer,

not only shortened, but twisted as by torsion.

The reader is advised to make a pasteboard model of the two
wheels, and assume convenient magnitudes for c, v, I, etc. It is

easy to see that a twist of the axis only, will not make the velocity

of propagation appear the same in both directions, for the moving
and stationary states, and that we must consider the reduced speed

of rotation and the shortening of the axis when the system is in

motion. It will be found that when the system is travelling with
the light, the shortening and speed reduction act in the same sense

as the setting back of the forward clock, but that when the system
is travelling in the opposite direction they act in a sense opposed to

the setting back of the forward wheel. For example, if we let I = 100,

c= 25, and v = 2, we have for the time when the system is at rest

=4. When moving in the same direction as the light the time

is increased to = 4.35, when in the opposite direction it is

diminished to = 3.7.
25+2

The increment is .35, the decrement .3, and the difference, or the

time increase for to-and-fro passage, is .05.

It is clear that the increment and the decrement would have to be
equal if equality in the times of transit was to be secured by setting

one wheel or the other ahead by a fixed amount. The difference

in time between the two wheels in either case is — = —— or about
c- 625

.3. This amount of the time difference is compensated for by the

difference in the setting of the clocks, the rest, or .05, is taken care

of by the reduction in the speed of rotation and the shortening of

the axis.

We must next consider the case of the Michelson-Morley experi-

ment in the light of the principle of relativity. Here no clock,

wheel, or other mechanical time-measuring instrument is used.

The sodium atom which furnishes the light in this experiment is

to be sure a clock of far greater precision than any mechanical clock,

and by the principle of relativity it must " run slow " in a moving
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system. This change in the speed of the atomic clock will not pro-
duce any effect, however, as it remains constant throughout the
experiment.

Obviously the difference in the actual time at the tvv'o ends of the
path does not come into play, and the onl}' thing remaining is the
change in the unit of length. This is sufficient to take care of

the discrepancy which in the present case is the difference between
the increments of the two paths, which is only about one-half of the
increment of the path parallel to the motion. If the other path
were shortened to zero, the interferometer could be considered as

analogous to the toothed wheel. In this experiment we are of

course moving ^^^th the instrument, and the length of the path,
from our viewpoint, is not affected by turning it into the line of the
earth's motion. The change of length by the relativity principle,

is only from the viewpoint of the stationarj^ observer, and a ques-
tion may occur as to where the stationary observer is in this c^e.
It must be remembered, however, that we think of the wave of

light as spreading out with reference to a fixed frame of reference,

and that the instrument is moving when considered from the
viewpoint of an observer fixed in this frame of reference. This
means that the path must be considered as changed so far as the
wave is concerned, or from the viewpoint of the wave, so to speak.

One interesting consequence of the theory of relativity is that the
frequency of the light emitted by a moving source must appear
changed to a stationary observer, even when there is no component
of the motion in the line of sight. This means that there should be
a small effect superposed on the Doppler effect, which is wholly
independent of the direction of the motion. The wave-lengths
emitted by the canal rays in a direction perpendicular to their

motion ought then to be slightly longer than those emitted in the
case of the same gas in an ordinary discharge tube. There appears
to be little hope of detecting the effect, however, since the canal

rays always show the undisplaced line as well as the displaced,

due to the circumstance that there are stationary centres of emission
as well as moving.

In the foregoing treatment an attempt has been made to give an
idea of how the principle of relativity is applied in the case of meas-
urements of the velocity of light. In spite of what has been said

about setting systems in motion, it must be clearly understood that
absolute motion plays no part at all in the theory. There is noth-
ing to distinguish the motion of a system past an observer, from his

motion past the system, and the physical phenomena will appear
the same in each case. There are applications of the theory much
wider than any that have been taken up in this very elementary
treatment. Especially interesting are the conclusions regarding
the apparent " mass " of radiation. If we have a body, isolated in

space, which is emitting radiation in a single direction, the " recoil

pressure " of radiation will exert a force which we should imagine
would give to the body an absolute motion. If E is the amount

F'
of energy emitted per second, this force will be ^ • On the prin-



THE PRINCIPLE OF RELATIVITY 693

ciple of relativity there can be no absolute motion, and we are forced
to the conclusion that the radiation must possess mass and carry
away a portion of the total mass with it. If we call M the mass
of the radiation, its momentum is Mc, which must be equal to the

force exerted on the system. We have then —=Mc, or M= —
c &

from which it follows that we must regard a portion of the mass as
represented by the energy contained in a substance. The liberation

of energy should be accompanied by a reduction in the mass (as

measured by its inertia) . Whether a change in weight would result

is uncertain, for we cannot be sure that inertia and weight are pro-
portional under all circumstances. Einstein suggests that the vast
liberation of energy which accompanies radio-active changes may
enable us to detect the change in the mass. It is possible that the
theory of relativity will reawaken an interest in the old question
of whether a change of weight results from chemical action, or any
change of state which involves the liberation or absorption of a
large amount of energy. Einstein even goes so far as to suggest
that the radiation is something that is expelled as definite units
which move out without loss of energy. This means, of course,

that the energy is not equally distributed over what we have been
accustomed to speak of as the wave-front, but is localized at points.

Planck has come to the conclusion, from a different line of reasoning,

that energy is liberated or absorbed only in units (Lichtquanten),
but does not believe in the discontinuities in the energy distribu-

tion over the wave-front. He draws attention to the circumstance
that interference with a large path-difference shows that the units

of radiation must be regarded as having lengths equal to many
thousand wave-lengths.

The principle of relativity has been subjected to experimental
tests, with good results, by Kaufmann and Bucherer, who have
studied the laws which govern the motions of the electrons which
constitute the /3 rays of radium and travel at velocities of the same
order of magnitude as that of light. The reader is referred to the
original papers of Einstein {Annalen der Physik, 1905, 1907) and
Minkowski {Phys. Zeiischr., 10, p. 104, 1909) for the complete
mathematical treatment. Minkowski adopts a novel method of

showing the space and time relations. To the three axes of coordi-

nates, X, y, and z, he adds a fourth, the time axis. Time thus be-

comes the fourth dimension, and the transformation equations
correspond to a rotation of the four-dimensional reference system

(x, y, z, id through the imaginary angle arc tg (* -)• Minkowski

starts out with the statement that we only observe a place at a given
time, and a time at a given place. Space and time are thus bound
together and a time axis is added to the coordinate system. This
brings us at once into non-Euclidean geometry, for the time axis

runs in a direction perpendicular to all three of the directions x, y,

and z, of our space coordinate system. We cannot of course con-

ceive of this direction at all, except perhaps in a vague way by the
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methods given in the popular articles in the fourth dimension. A.

point with coordinates x, y, z, t is called bj' Minkowski a " \¥elt-

punkt." A point moving parallel to the t axis traces out a " Welt-
linie," and represents the existence in time of a stationary point.

If the w^elt-linie is inclined to the t axis, it represents a point moving
with respect to x, y, and z. If the point moves in the direction

of the X axis, the line lies in the plane xt. A line inclined at Z a

to the t axis represents a constant velocity v = tan «. If we lay

off on the t axis, instead of t, the value ct, then tan «= -, theveloc-
c

ity of the point, with the velocity of light as a unit.

Minkowski represents his new coordinate system diagram-
matically in the following way. He imagines an abstraction rep-

resented by the equation c-f— x~— y- — z^ = 1 , which is analogous
to the hyperboloid. Abolishing one of the space coordinates, we
have room for the time coordinate, and can represent the thing in

perspective diagrammatically. It is as well to abolish two of the

space dimensions, and content ourselves with a cross-section par-

allel to the xt plane. We now have the hyperbola cH"^ = x- — I

shown in Fig. 399 with its asymptote OB'. The line OA' (a radius

vector), inclined to the t axis, represents a velocity v parallel to x.

Minkowski now draws a tangent to the hyperbola at A' which
cuts the asymptote at B', and constructs OC' and B'D' parallel to

A'B' and OA', obtaining in this way an oblique system of coor-

dinates, in which the hyperbola is represented by an equation of

the same form as before. The transformation from one system
of coordinates to the other represents the transformations required

in the principle of relativity, for the oblique system represents

a motion with velocit}^ v in relation to the other system. The
coordinates of the complete oblique system are designated bj' j',

y', z\ t'.

The reader should refer to the original paper, and we have room
for but a brief mention of one way in which this construction is

used. Suppose we wish to show the relativity shortening. On
our diagram, in which we are dealing with space of one dimension,
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we construct a vertical strip of width / • OC represented by PP,
parallel to t, and an oblique strip parallel to 0A\ (The quantity
OC is the unit of length on the x axis.) In the case of the oblique
strip, if we put t' and x' in place of x and /, it is at rest and the vertical

strip is considered in motion. The width PP of the vertical strip

represents the length which we are investigating. The oblique
strip represents equal length Q'Q' = 1 oc' when considered at rest.

These strips represent two Lorentz electrons, and holding to our
original coordinates xt, the extension of the moving electron is

QQ, taken parallel to x, since Q'Q' = l-OC' and QQ = l- OD'. If now
(LjC • / V^^-= velocity of the second electron OD' =OC\l and
at ^ c^

PP:QQ=l:^I-^„

which shows the shortening resulting from the motion.

Next consider the second electron (represented by the oblique

strip) at rest, adopting now the coordinates X' and t'. The length

represented by the first strip is P'P' parallel to OC, and we find

the first shortened with respect to the second, for

P'P' : Q'Q' = OD : OC = 00'
: OC = QQ: PP.

All of the other relations can be deduced in analogous ways,

and the method is a most beautiful one. The reader is strongly

advised to read the original memoir carefully, as it is very difficult

to get much of an idea of it from such a brief synopsis as the one
just given.
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Abb6, diffraction theory of microscope,

223.

Aberration of light, 667.

Abraham and Lemoinc, method of, 549.

Abraraczyk, emission and absorption of

rock salt, 601.

Absent spectra, 209.

Absorbing media and dispersion formula,

395.

Absorbing particles, polarization by, (i2S.

Absorbing solutions, 15.

Absorption, by flames, 593.

by gases and vapors, 443.

by hydrogen gas, 433.

by luminous hydrogen, 446.

by metals, 449, 464.

by porous surfaces, 449.

by single resonator, 454.

electro-magnetic theory, 457.

of sodium vapor, 443.

theories of, 450.

Absorption bands, 437.

and emission, 001.

calculation of position, 389.

effect of density on, 444.

form of, 448.

influence of solvent, 442.

laws of, 437.

temperature influence, 441.

Achromatic interference fringes, 139, 106.

Achromatic lenses, 106.

Achromatic prisms, 104.

Achromatism, 104.

Airy, diffraction by circular aperture, 236.

experiment on aberration, 668.

rotatory polarization, 482.

theory of rainbow, 345.

Ames, origin of prismatic colors, 661.

Amici principle, 79.

Anderson, emission of rare earths, 603.

Angstrom, effect of density on absorp-

tion, 444.

Anomalous dispersion, 113.

and solar phenomena, 115.

of sodium vapor, 422.

Anomalous propagation of waves near

foci, 261.

Anthelion, 347.

Aperture, diffraction by circular, 236.

diffraction by rectangular, 196.

Aplanatic lens, 78.

Aplanatic points, 79.

Aplanatic surfaces, 48.

Arago, interference of polarized light, 148.

Astronomical phenomena and interfer-

ence, 137.

G'J

Astronomical refraction, 82.

Axis of single wave velocity, 316.

ray velocity, 318.

Babinet, velocity of circular components,
481.

Babinet's principle, 238.

Balmer series of sodium, 443.

Bartholinus, double refraction, 303.

BartoUi, radiation pressure, 609.

Beats, light, 138, 340.

Becquerel, E., phosphorescent spectra,

567.

Becquerel, J., magnetic rotation, 543.

phosphorescence at low temperature,
567.

Beer's law of absorption, 438.

Belopolsky, Doppler principle, 23.

Biaxal crystals, 306.

isochromatic surfaces, 323.

Bichat and Blondlot, time for Faraday
effect, 500.

Billet, split lens, 147.

Bi-prism for interference, 130.

variable angle, 131.

Black-radiator, perfect, 607.

Body color, 439.

Boltzmann, emission as a function of

temperature, 614.

Boundary conditions, 356.

Brace, circular components in magnetic
rotation, 497.

Bradley, aberration, 667.

Braun, F., polarization by metal grat-

ings, 635.

Brewster's law, 289.

Calorescence, 556.

Canal rays, 24.

Carvallo, nature of white light, 652.

Cauchy, dispersion formula, 375.

Caustics, 53, 57, 71.

interference fringes bordering, 148.

Chemical changes effected by light, 590.

Christiansen's experiment, 110.

Circular components in rotatory polari-

zation, 480, 486, 497.

Circularly polarized light, by total reflec-

tion, 330.

direction of revolution, 337.

intensity of, 328.

production of, 328.

Circular polarization, 326.

Circular polarized light, convergent, 324.

Coblentz optical properties of stibnite,

400.
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Color, and 'vave-length, 10.

body, and surface, 439.

of metals, 456.

Color photographs of Lippmann, 176.

Color screens, 14.

Colors, of frilled films on metal, 172.

of iridescent crystals and opals, 160.

of mixed plates, 252.

of thin plates, 151.

subjective, 10.

Compensator, Jamin, 334.

Concave gratings, 231.

theory of, 233.

Concentration of light in grating spectra,

226.

Conical refraction, 317, 318.

Convergent polarized light, 318.

Corbino, magnetic rotation

:

nature of white light, 655.

of absorbing flames, 530, 540.

Cornu ; per cent of polarization, 298.

quartz prism, 480.

Cornu's spiral, 192, 248.

Corresponding points of sources in inter-

ference, 131.

Cotton, ab,=orption of circular compo-
nents, 494.

elliptical polarization by absorbing

active media, 495.

Kirchhoffs law, 593.

polarization of light by magnetic field,

521.

rotatory dispersion, 495.

Zeeman effect, 515.

Cotton and Mouton, magnetic double
refraction. .547.

Critical angle, 66.

Crystal plates in convergent polarized

light, 320.

Curved rays, 90.

Cyanine prisms, 114.

Czapski, refraction by curved surface, 73.

Descartes, theory of rainbow, 342.

Deviation by prism, 74.

minimum, 75.

Dewar, phosphorescence at low tempera-
tures, 566.

Dichromatism, 438.

Diffraction by absorbing screens, 634.

circular disk and aperture, 185, 236.

large number of apertures, 240.

narrow slit, 186, 193, 201.

narrow wire, 193.

particles on mirror, 242.

rectangular aperture, 196.

.straight edge, 183, 192, 249.

thin lamina, 250.

two circular apertures, 239.

two paralhl .slits, 189, 195, 202.

Diffraction gratinc. 203.

intensit.' distribution, 209.

number of spectra and, 209.

Diffraction of light, 181.

Diffraction phenomena, two classes, 186,
244.

Diffraction problems, introduction of

angular measure, 200.

Direct vision prisms, 105.

Dispersion, anomalous, 113.

curves, 102-103.

electro-magnetic theory, 401.

Newton's experiments, 102.

nitroso-dimethyl aniline, 399.

of powders, 112.

of rock salt, fluorite, etc., 394.

of solutions of aniline dyes, 398.

selective (anomalous), 379.

selective, of absorbing gas, 418.

theory, Helmholtz, 380.

Dispersion formula, of Cauchy, 375.

of Maxwell, Sellmeier, 376.

Displacement currents in ether, 353.

Doppler effect, in star spectra, 25.

in canal rays, 24.

Doppler-Fizeau principle, 23.

Double refraction, 303.

Fresnel's theory, 309.

in non-crystalline media, 324.

magnetic, 547.

of vibrating plate, 325.

Drude, dispersion theory, 401.
"^

surface films, 370.

theory of magnetic rotation, 524.

Drude and Nernst, stationary light-

waves, 176.

Du Bois, polarization by gratings,

632.

Du Bois and Elias, magnetic rotation,

543.

Dufour, abnormal Zeeman effect, 521.

Earth's motion, effect on intensity of

light, 677.

effect on rotary polarization, 676.

Echelette grating, 227.

Echelon, mica for demonstration, 278.

resolving power of, 276, 286.

theory of, 275.

Echelon grating, 274.

Egoroff and Georgiowski, polarization by
magnetic field, 520.

Einstein, "Licht-quanten hypothesis,"
554.

principle of relativity, 684.

Electro-magnetic theory, 350.

Electro-optic effect, 548.

Electro-optics of benzol, 550.

Ellipsoidal mirrors, 48.

Ellipticallv polarized light, bv reflection,

335.

constants of, 334.

direction of revolution, 336.

position of axes. 335.

production and properties of, 332.

theory of, 369.
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Elliptical polarization, 32<;.

Elster and Geitol, photo-olectric efifect,

552.

Emission, of polarized light, 604.

of substances with absorption bands,

601.

polarization by, 300.

Emission and absorption, 592.

of incandescent salts, 603.

of rare earths, 603.

Energy, flow in interference fringes, 128.

average kineinc, of vibrating particle,

120.

Eriometer, 241.

Errors of gratings, ghosts, 220.

Ether, contractile, 3.

Exner, pseudo-lenses, 87.

Extinction coefficient, 397.

Fabry and Perot, interferometer, 278.

Faraday efifect, 496.

duration of, 500.

Fermat's law, 72.

Fermat's principle, 63.

Fery, optical pyrometer, 616.

Feussner, polarizing prisms, 297.

Films, for showing interference colors,

170.

frilled, on metal plates, 172.

liquid, thickness of, 268.

Fish-eye views, 67.

Fizeau, effect of earth's motion, 677.

in moving media, 668.

interference methods in astronomy,
137.

velocity of light, 17.

Flames, absorption by, 593.

Flash-spectrum, 117.

Fluorescence, 557.

absorption, 564.

angle of emission and intensity, 561.

destruction of gas fluorescence by
other gases, 583.

eifect of solvent, 569.

methods of investigating, 558.

of iodine vapor, 582.

of mercury vapor, 579.

of sodium vapor, 571.

of vapors, 570.

theories of, 568.

Fluorescence, polarized, of crystals, 560.

of gases, 585.

Focal isolation of heat-waves, 414.

Focal length of lens, 80.

Focal lines, 60.

Foucault, velocity of light, 18.

Foucault polarizing prism, 297.

Franck and Wood, destruction of

fluorescence by electro-negative gas,

584.

Fraunhofer class of diffraction phe-
nomena, 186, 195.

Frequency and wave-length, 10.

Fresnel, bi-prism of, 130.

explanation of rectilinear propagation,

29.

explanation of rotatory polarization,

479.

interference of polarized light, 148.

mirrors for showing interference, 125.

optics of moving media, 669.

rhomb, 330.

theory of double refraction, 309.

Fresnel class of diffraction phenomena,
189, 244.

Fresnel integrals, 247.

Fringes, achromatic interference, 139,

166.

distribution of illumination in inter-

ference, 122.

interference with white light, 134.

limit to number of, 132.

shift by transparent plate, 133, 140.

Garbasso, electrical resonance, 630.

nature of white light, 651.

Garnett, colors of metal-glasses, 641.

of finely divided metals, 643, 645.

Gases, temperature radiation of, 594.

Gehrcke and Lummer, interferometer,

282.

Gehrcke, interference points, 284.

"Ghosts" of gratings, 220.

Goldstein, phosphorescence at low tem-

perature, 567.

Gouy, acceleration of phase, 35.

anomalous propagation of waves, 261.

nature of white light, 648.

Graphical methods in diffraction, 190.

Grating, achromatization of prism by,

105.

analy.sis of white light, 656.

diffraction, 203.

echelette, 227.

echelon, 274.

laminary, 211.

plane diffraction, 213.

Grating spectra, intensity of, 218.

Gratings, concave, 231.

focal properties of, 217.

groove form and energy distribution

of, 230.

intensifying glass, 219.

polarizing action of, 632.

predominant spectra, 226.

resolving power, 215.

Grimaldi, discovery of diffraction, 182.

experiment on interference, 124.

Group-velocity, 20.

Hackett, F. E., and Wood, R. W., mag-
neto-optics of sodium, 537.

Hagenbach, fluorescence, 559.

Haidinger's bru.sh, 300.

Haidinger's fringes, 158.

Hale, Zeeman effect on the sun, 519.
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Halos, 240, 347.

Hamilton, Sir Wm., conical refraction,

317.

Heat waves, 409, 411.

focal isolation of longest, 414.

Helmholtz, dispersion theory, 380.

Haidinger's brush, 300.

opthalmometer, 69.

Hull, radiation pressure, 612.

Huygens, discovery of polarization, 288.

Huygens's construction for crystals,

305.

Huygens's principle, 28.

and reflection, 41.

verification of, 37.

Hydraulic analogy of radiator, 600.

Hydrogen, absorption by, 433, 446.

Hyperboloid mirrors, 50.

Iceland spar, double refraction, 303.

Illuminators, monochromatic, 12.

Images, nature of optical, 222.

formation of, by reflection, 60.

Incidence, principal, 464.

Infra-red photographs of landscapes,

625.

Ingersoll, magnetic rotation, 502.

Intensification of glass gratings, 219.

Interference, application to astronomical

phenomena, 137.

by thick plate, 159.

colors of chlorate of potash crystals,

160.

distribution of illumination, 122.

multiple reflections and, 157.

of light, 119.

of polarized light, 148.

of waves of different lengths, 138.

of white light, 134.

when sources are in line, 146.

Interference fringes, bordering caustics,

148.

consonance and dissonance, 152.

energy flow in, 128.

polarized, 168.

Interference points, 284.

Interference refractometcr, 136.

Interferometer

:

adjustments, 266.

investigation of long heat waves, 411.

Michclson's, 265.

of Fabry and Perot, 278.

of Lummer and Gehrcke, 282.

refractive index by, 268.

resolving power of, 285.

silvering of plates, 281.

visibility curves, 272.

Invisibility of objects, 98.

Iodine vapor, fluorescence of, 582.

temperature emission, 597.

Iridescent crystals. 160.

Isochromatic surfaces, 322.

Ives, study of Lippniann process, 177.

Jamin, compensator, 334.

.Johonnott, thickness of liquid films, 268.
Julius, solar anomalous dispersion, 115.

Kayser, "black-body" radiator, 608.

emission by gases, 596.

Kelvin, Lord, contractile-ether, 3.

Kerr, electro-optic effect, 548.

magneto-optic effect, 501.

Kirchhoff's law, 593, 605.

Kirchner, optical resonance, 640.

Kundt, anomalous dispersion, 113.

magnetic rotation of iron films, 501.

Kurlbaum, determination of radiation

constant, 615.

Ladenburg, emission and absorption of

gases, 595.

Ladenburg, E., photo-electric effect, 552.

Ladenburg and Loria, absorption by
hydrogen, 434, 446.

Lamb, absorption by resonator, 454.

Lambert's law of absorption, 437.

Laminary diffraction phenomena, 250.

Laminary grating, 211.

Landolt's fringe, 301.

Larmor, radiation pressure, 610.

Lebedew, radiation pressure, 611, 613.

Lenard, emission of fused salts, 603.

Lenard and Klatt, phosphorescent
spectra, 568.

Lens, aplanatic, 78.

focal length, 80.

refraction by, 77.

spherical, 78.

Lenses, achromatic, 106.

Light, aberration of, 667.

sources for experimental purposes, 11.

velocity of, 17.

Light beats, 138, 340.

Light-waves, as standards of length, 269.

possibility of structure in. 555.

Lippich, on Landolt's fringe, 301.

Lippman, color photographs, 176.

Lippman plates, colors of, and optical

resonance, 640.

Lippman process, preparation of plates

for, 177.

Lloyd, conical refraction, 317.

Lloyd's single mirror, 130.

Lodge experiment, with moving media,

676.

Lommel, diffraction by particles on mir-

ror, 242.

Stokes's law. 559.

Lorcntz, absorption and Zeeman effect,

521.

optics of moving media, 678.

theory of Zeeman effect. 523.

Zecniaii effect and spectral series, 512.

Lummer, black body, 007.

Lummer and Gehrcke, interferometer,

282.



INDEX 701

Lvimmcr and Pringsheim, energy curves,

622.

Stefan's law, 615.

Liimmer and Sorge, elliptical polariza-

tion, 370.

Macaluso and Corbino, magnetic rota-

tion, 530, 540.

Mach, experiment on rotatory dispersion,

479.

Magnetic double refraction, 547.

Magnetic rotation, and field strength,

500.

and second law of thermodynamics,
500.

at low temperatures, 543.

circular components, 497.

direction of, 499.

explanation of, 497.

of mercury vapor, 539.

of plane of polarization, 496.

of sodium vapor, 531-536.

positive and negative of sodium, 537.

theory of, 524, 544.

within absorption band, 542.

Magnetic rotatory dispersion, 501.

Magnification by an atmosphere, 84.

Magnifying power of prisms, 76.

Malus, law of, 293.

polarization by reflection, 288.

Martens, selective reflection, 417.

Maxwell, radiation pressure, 609.

Maxwell's equations, 350.

Mercury lamp, 13.

Mercury vapor, fluorescence, 579.

selective reflection, 430.

Meslin, circular interference fringes, 147.

Metal-glasses, colors of, 641.

Metallic reflection, theory, 460.

Metal particles, colors shown by fine de-

posits, 635, 637, 643-645.
Metal powders, transmission of long heat-

waves by, 632.

Metals, absorption by films of varying
thickness, 466.

absorption of, 449, 456, 464.

color of, 456.

emission coefficients and temperature,
475.

optical constants of, 469.

relation between electrical and optical

properties, 472.

theorj- of dispersion of, 469.

Michelson, astronomical phenomena and
interference, 137.

diffraction gratings, 287.

echelon grating, 274.

interferometer, 265.

light-waves as standards of length,

269.

velocity of light, 19.

visibility curves, 272.

Michelson and Morley, experiment, 672.

velocity of light in moving media,
669.

Microscope, dilTraction theory of, 223.

objective, 79.

Mills, velocity of circular components,
499.

Minimum deviation of prism, 75.

Minkowski, relativity, 693.

Mirage, 81, 85.

Mirrors, concave and convex, 54.

interference of Fresnel, 125.

Mock suns, 347.

Molecular changes effected by light,

589.

Molecular collisions, effect upon spectra.

588.

Morse, phosphorescent spectra, 568.

Moving media, optics of, 678.

Moving plate, retardation of, 670.

Newcomb, velocity of light, 20.

Newton, experiments on dispersion, 102.

interference colors of thin plates, 152.

Newton's rings, 154.

effect of prism on, 166.

Nichols, E. F., transmission of quartz,

392.

Nichols and Hull, radiation pressure,

611.

Nichols and Merritt, fluorescence, 560.

Nicol prism, 296.

Nitroso-dimethyl aniline, dispersion of,

399.

polarization by, 290.

Non-homogeneous media, 81.

Normal velocity surface, 313.

Norrenberg, polariscope, 291.

Opals, colors of, 160.

Ophthalmometer, 69.

Optical images, nature of, 222.

Optical resonance, 630, 635.

Optic axis, 316.

Parabolic mirrors, 49.

Parhelia, 347.

Parhelic circle, 347.

Paschen, emission and absorption of

gases, 595.

Periodic motion, 5.

Pernter, theory of rainbow, 346.

Perot, Fabry and, interferometer, 278.

Pfliiger, absorption by hydrogen, 434,

446.

dispersion of absorbing media, 395.

energy distribution in spark spectrum,

623.

test of Kirchhoff's law, 604.

Pfund, simple mercury lamp, 13.

Phase change at polarizing angle, 368.

Phase distribution over illuminated area,

145.
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Phosphorcsconrc, 564.

and temperature, 566.

duration of, 565.

Phosphorescent spectra, 567.

Phosphoroscope, 565.

Photo-electric effect, in gases, 553.

selective, 553.

theory of, 554.

Photo-electric effects, 550.

and wave-length, 551.

Planck, "licht-quanten," 554.

radiation formula, 621.

theory of absorption, 452.

Plates, table of transmission of oblique,

366.

Pohl, theories of photo-electric effect, 555.

Pohl and Pringsheim, photo-electric

effect, 551.

selective photo-electric effect, 553.

Poisson's problem, 38.

Polariscope, Norrenberg's, 291.

Polarization, abnormal, of light scattered

by absorbing particles, 628.

angle of, 289.

by double refraction, 295.

by nitroso-dimethjd-aniline, 290.

by oblique emission, 300.

by reflection, 288.

by refraction, 292.

circular and elliptical (see under cir-

cular and elliptcial).

discovery of, 288.

of scattered light, 626.

partial, 337.

plane of, 291.

rotatory (see rotatory).

Polarized fluorescence of crj'stals, 560.

of gases, 585.

Polarized light, convergent, 318.

detection of, 298.

determination of per cent, 298.

interference of, 148.

Polarized waves, stationary, 301.

Polarizing action of gratings, 632.

Polarizing power of oblique plates, 364.

Polarizing prisms, aperture of, 297.

Porous surfaces, absorption bj', 449.

Porter, A. B., nature of optical images,

222.

diffraction theory of microscope, 224.

Powders, determination of dispersion, 112.

residual-rays from, 410, 632.

Poynting, radiation pressure, 612.

Pressure of radiation, 609-613.

Princijial incidence and azimuth, 464.

Pringsheim, deduction of Kirchhoff's

law, 605.

Prism, achromatization by grating, 105.

Foucault's polarizing, 297.

minimum deviation, 75.

Nicol, 296.

quartz dispersion of, 103.

refraction by, 74.

Prismatic colors, origin of, 657.

Prisms, achromatic, 104.

calculation of achromatic and direct

vision, 106.

cyaninc, 114.

direct vision, 105.

magnifying power of, 76.

resolving power of, 108.

Pseudo-lenses, 87.

Pulse, nature of, constituting white light,

653.

Pyrometer, Fery optical, 616.

Quarter wave plate, 328.

Quartz, dispersion of, 391, 393.

residual rays from, 410.

rotation of polarization plane, 477.

table of rotatory power, 478.

transmission and absorption, 392.

Quartz prism, dispersion of the two rays,

103.

Quincke, laminarj' grating, 211.

Radiating body, hj'draulic analogy of,

600.

Radiation, and surface condition, 598
as function of temperature, 614.

complete formulae, 621.

equilibrium, 608.

of solids and gases, 591, 594.

of solids and liquids, 597.

of transparent substances, 598.

pressure of, 609.

pressure on absorbing gas, 613.

pressure tangential component, 612.
spectral distribution, 616.

Rainbow, 342.

Rare earths, absorption by, 450.
Ray filters, 14.

Rayleigh, Lord :

group-velocity, 21.

iridescent crystals, 161.

nature of white-light, 650, 653.

optics of moving media, 670, 675.

origin of prismatic colors, 663.

residual blue, 627.

resolving power of jirisms, 108.

scattering of light, 625.

shift of fringes by sodium vapor, 143.

surface films and reflection, 370.
theory of gratings, 210, 216.

vi.sihilitj- of transparent objects, 99.

Rays, curved, 90.

Rectilinear propagation, 29.

Reflection, at perpendicular incidence,

368.

I)y Huygens's principle, 41.

I)y metals. 466.

change of pluuse by, 464.

from plane and curved surfaces.

Chapter 3.

from rougli surfaces, 42.

metallic, theory of, 460, 465.
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Wood, interference colors of crystals of

chlorate of potash, 162.

interference colors of frilled films on
metal, 172.

magnetic rotation of sodium vapor,

531-536.

magnetic rotation spectra, 536.

nitroso-dimethyl-aniline, polarization

by, 290.

optical resonance, 635.

polarized fluorescence of gases, 586.

polarized interference fringes, 00.

positive and negative magnetic rota-

tion of sodium vapor, 537.

radiation of transparent substances,

598.

residual rays from powders, 632.

resonance spectra, 575.

scattering of light by sodium and
potassium fogs, 639.

selective dispersion of sodium, 420-430.
selective reflection of mercury vapor,

429.

shift of helium fringes by sodium
vapor, 142.

Wood, Rubens and, focal isolation of

heat-waves, 414.

Wood and Franck, destruction of

fluorescence, 585.

resonance spectrum of iodine in

helium, 588.

Wood and Trowbridge, energy distril)u-

tion of gratings, 230.

residual rays, 410.

Young, change of phase by reflection,

155.

colors of mixed plates, 252.

discovery of interference, 125.

eriometer, 241.

interference colors of thin plates,

152.

Zeeman, 509-512; 516-519.

Zeeman effect, 503.

abnormal in band spectra, 521.

and spectral series, 512.

asymmetrical triplet, 509.

complicated types of, 508.

elementary explanation, 504.

inverse, 516.

magnetic rotation in absorption band,
542.

magnitude of separation, 514.

on the sun, 519.

shift of middle component, 510.

study without a spectroscope, 515.

theory of, 523.

Zeeman and Geest, magnetic double re-

fraction, 547.

Zone-plates, 38, 217.

Zones, Fresnel-Huygens, 36.
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plified and inserted. The treatment of the subject and the

numerous diagrams render the work an important addition to

the literature of the subject.
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